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PREFACE 


An experience of more than twenty years in teaching Mathematics, 
the greater part of which has been devoted mainly to Senior 
Engineering Students, ha^ shown that there is need for a single 
volume dealing with those departments of Pure Mathematics 
which such students require. 

This book has therefore been written to supply this want, and 
following what the author considers to be the most efiective 
method of teaching, much of the necessary bookwork is given and 
proved in the form of illustrative worked examples, of which 
there are 190. Most of the fundamental formulae are thus 
established, and are numbered for reference. 

Great care has been taken to incorporate a large number of 
actual practical calculations, and many standard works both on 
Engineering and Mathematics have been consulted. In some 
cases the branch of Applied Science with which an exercise deals 

indicated in the data, but this plan has not been followed 
throughout, since there is a danger of the student selecting only 
those exercises which he thinks deal with the professional matters 
in which he is interested, and thus he misses the knowledge of 
fundamental principles which make mathematics a real working 
tool. 

The branches of Pure Mathematics required for an Engineering 
degree are here dealt with in a single volume ; but in many cases, 
especially in the chapters on the Calculus and Analytical Geometry, 
a much fuller treatment has been given than the majority of such 
syllabuses demand. The book should* therefore be of service to 
all students reading niathematics for a degree, whether in Arts, 
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Science or Engineering, and many examples from University 
papers in these faculties have been included. 

As one of the chief aims of the book is to provide a large number 
of exercises for practice, no attempt has been made to treat the 
bookwork with the utmost rigour required in modern mathe- 
matical theory ; many theorems have, indeed, been merely 
stated and then applied. A list of books for reference has, 
however, been given, where complete and rigorous proofs may be 
found. 

The general development throughout is that which experience 
in teaching has shown to be the most effective, and for this reason 
some divergence from the usual lines of treatment will be found 
in certain sections. Especially is this the case in the chapters on 
Analytical Geometry. 

A large number of exercises — 1337 in all — are original, whilst 
the others have been selected from the examination papers of the 
Universities of Birmingham, Bristol, Durham, Leeds, Liverpool, 
London, Manchester and Sheffield. For permission to reproduce 
these, thanks are hereby gladly accorded to the authorities of 
those Universities, and also to the Controller of H.M. Stationery 
Office for the use of certain questions taken from papers of the 
Board of Education. 

The following abbreviations have been used to indicate the 
University questions taken from papers set in the Facult 3 ^of 
Engineering : 


B.U. University 
Br.U. 

D.U. 

Le.U. 

Li.U. 

L. U. 

M. U. 

s.u. 

In cases where questions have 
other faculties, ‘ Sc/’ is added t 


of Birmingham. 

Bristol. 

Durham. 

Leeds. 

Liverpool. 

London. 

Manchester. 

Sheffield. 

been taken from papers set in 
0 the appropriate abbreviation 
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given above. Questions which may be omitted on a first reading 
are marked with an asterisk. 

To Sir Richard Gregory and Mr. John Duncan, Head of the 
Engineering Department of the West Ham Municipal College, 
the author owes a very great debt of gratitude, for it is mainly 
due to their valuable advice and untiring co-operation that the 
author's lecture notes have developed into the present form. 

Thanks are also due to Mr. E. H. Madden, B.A., B.Sc., Mr. F. 
Sandon, M.A., Mr. W. H. Salmon, M.A., B.Sc., and Mr. A. J. V. 
Gale, M.A., for help in the tedious work of revising proof-sheets 
and for useful criticism ; to Mr. E. A. Branch for drawing many 
of the figures ; and to the printers for the excellence of their 
share of the work. 

Although the answers have been well checked, it is scarcely to 
be expected that every error has been removed ; the author will 
therefore be glad to hear of any cases of inaccuracy that may 
have inadvertently crept into any part of the book. 

F. G. W. BROWN. 


Goodmayes, 

September, 1925 . 


PREFACE TO THE SECOND EDITION 

As a new edition of this book is now required, the opportunity has 
been taken to correct a number of small typographical errors 
which were, unfortunately, overlooked in the original proof 
sheets. Some minor changes have also been made. Fig. 18 on 
page 207 has been replaced by a new diagram in which the angle 
X'OC has been drawn in the positive direction, as required by the 
relevant text. Two additional exercises have been added on 
page 301 and the introductory paragraph to Chapter XVIII on 
page 429 has been slightly modified in order to show more 
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clearly the reason for eliminating constants from functional 
relations. Finally, a number of inaccurate answers have been 
corrected. 

The author desires to offer his thanks to the many correspon- 
dents who have not only expressed appreciation of the book, but 
have directed attention to errors and, in addition, have made some 
valuable suggestions, many of which have been adopted as far as 
possible. It is hoped that this new edition is free from blemishes, 
but the author will be grateful to know of any further inaccuracies 
that readers may still find uncorrected. 

F. G. W. B. . 

February^ 1938 . 
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CHAPTER I 

BINOMIAL THEOREM. PARTIAL FRACTIONS. 
SIMPLE SERIES 


1. The Binomial Theorem. This important theorem may be 
stated generally as follows : 


the (r + l)th term being 


I n(n-l)(n-2)(n-8) , | 

+ |4 X 


n(n~l)(n~2)...(n-r + l) ^ 


This is true for all values of n, integral or fractional, positive 
or negative, provided that -1< a? <1, when n is not a positive 
integer. It should be carefully observed that when w is a positive 
integer the series terminates with the (M + l)th term, but when n 
is not a positive integer, the series consists of an infinite number 
of terms, hence the restriction on the value of a;, as will be seen 
from § 4. A proof of the theorem by induction is given in Ex. 1, 
for the case when n is a positive integer. 

Ex, 1 . Prove the bitiomial theorem when n is a positive integer ; 
hence, expand (2 +«)’ and (1 + 

Shew also that the term independent of x in the expansion of 

(i) Proof of binomial theorem when n is a positive integer. 

In (1) put 71 = 1, 2, 3 respectively, then 

(1 +x) =1 +.T, 

(1 +a;)2 = l 4-2.'C + a;2, 

» (1 +aj)® = l +3a;^ + 0 ?^ 

which are known to be true by direct multiplication. 



2 HIGHER MATHEMATICS [ch.i 

Multiply (1) throughout by (1 +a:), then 

(1 +x)"+* = (l +a!)"(l +*) =1 + {« + l)a; + — +w| x* 

f«(»i-l)(n-2) w(«-l)'| , 

^1 +(n +l)x r . ^ +... . 

\1 1.1 

This expression so far is precisely the same as the right-hand side 
of (1), except that n +1 replaces n. To test the general term, it 
should be observexi that the coefficient of in the product of 
(1 +x)^ and (1 +a;), i,e. in (1 is equal to the sum of the 

coefficients of and in (1 -l-a;)^ ; this is 

n(n- 1)(>? - 2) + 2) - 1)(>^-2) ... (?? -r -f 1) 

ilEl Li 

Li 

which is of exactly the same form as the (r + l)th term in (1 -f .r)^, 
one being derivable from the other by writing + 1 in place of ??. 

Hence, if the theorem is true for the index ??, it is true for n + 1 ; 
and as it is known to be true in the first three cases, it must be 
true for all integral values of n. 

(ii) To put (2 -^xy in standard form, take out the factor 2^ ; then 

(2+x)’=2’(l+|y 


= 27 


+7 

2 '^1.2 



7.6.5 

■^1.2.3’ 


7.6.5.4 

\ 2 ) ■^ 1 . 2 . 3. 4 



, 7.6.5.4.3 /xV ,7. 6. 5. 4. 3. 2 /'x\* 
■*■1.2.3.4.5 12/ ■*■! .2.3.4.5.6 V2/ 


, 7.6.5.4.3.2.1 /xVl 
■*■1.2. 3. 4. 5. 6. 7 U/ ■ 


=2’{1 + Jx f + + 3 4. .^^.356 4.^1 ,^-7 j 

= 1.28 + 448± + 672x« + + 280x* f 84x- + Ux® + x’. 
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(iii) To put (1 - X + X®)* in standard form, write m for x - x®, then 


(1-x+x®)« = (1-m)« = ] +4(-m)+J •-^(-m)® + 


4.3.2 


(-«)* 


4. 3. 2.1, 

-I ‘"o >1 ( 


1.2. 3. 4' 

= 1 ~ 4m + 6m* - 4m* +M^ 

= 1 +6(a;-a;*)*-4(a;-cc*)* + (ic-a;*)^ 

= 1 -4(a;-a;*) +6(a5*-“2aj* +xl^) - 4:{a^ -^Sx^ - x^) 

+ x*-4La^ + 6afi-4:x'^ 

= 1 - 4x + lOx® - 16x» + 19x* - 16x» + 10x« - 4x’ + x». 

(iv) Putting the expression in standard form, 

hence the term independent of x is that involving l/x® in the 
expansion of the binomial ; this is obviously the third, so that 

3rd term in expansion of J ^ ^ ^ 

■■ 

2. Fractional and Negative Indices. A proof of the binomial 
theorem when n is not a positive integer is beyond the scope 
of this book. It will therefore be assumed that the theorem 
is true for all values of v. 

Ex. 2. Expand (1 +a;)“” as far as X*, and shew that when x is 
small (1 •\-x)~^ may he taken as nearly equal to 1 - nx. What is the 
percentage error in this when n = 2 and x = 0*01 ? 

From (1), 


(1 +05)“” = 1 -wa5 + 


a + -n(-n-l)(-n-2) ^ 


-n(-n-\) 

12 " - [3 

-w(-«-l)(-n-2){-w-3) . 

+ 2 

.1 „| n(n + l) -^ n(nH-l )(n + 2) 

* 12 * 1.3 

. n(n + l)*{n + 2)\*n + 3)^ 

- x*--. 
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When X is very small compared with unity, and higher 
powers of x will be much smaller, hence approximately 

When a;=0-01, n = 2 ; (1 + = -01 0*9804, and 

= 1-0*02 =0-98, 

percentage error = + 0*0004 x 100 0*9804 = 0 0408. 

3. Approximate Expansion. In practical calculation, the 
following approximations are usually sufficient, when x and y are 
very small compared with unity : 

(1 ± x)® = 1 ± nx, n positive or negative, \ , 0 ) 

(l±X)(li:y) = l+X:iry. j 

Ex. 3. If X he so small that its cube and higher potvers may he 
neglected^ prove that 

(l+a:r’+(2+a:)* ^ (L.U.) 

Taking each binomial in turn, and expanding as far as 

. (1 - 1 + ( - f ) ( - X) + ^ - 1-r-- 

= 1 +fx + ^g*-a!:*+..., ~ 

(16 +8x)^ = 16*(l +!)■ =4(1 +ix - jVx* + . . .) 

(l+xr* = l-la: + j!r*-..., 

(2 + a:)® = 4 + 4a? + a;*. 

Hence, denoting the fraction by F, 

jP_l + 5a5 + %’^a;® + ... +4 +a?- + ... __5 + -5a; + Y-x® + ... 

“ 1 -Jaj-f fa?2-... +4+4a?+a?2 ' ~5 +|a; + ••• * 

The desired result may now be obtained by division, but it is 
better to make another application of the binomial theorem, as 
will be seen in Chap. VII ; thus, taking 5 out of the denominator, 

^ =T(5+5a:+V-®®+*”)(l+TO» + n®* + "-)~* 

= i(5 + |x + + . . . ){1 - {^x + + {^x + i^x*)* + . . . } 
= J(6 +|x +-V-a!* +.-M1 -(tV +^\^)+-) ^ 

=l(6+-V/a:® + -)=i + ?i^** + 
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Ex. 4. Prove that the series 

1j.21i 21 271.2 1 27 38i2l 2 7 33 39i 

1 -Y'-g- . -h-^- . fg . • -jn: • +••• 

is a binomial series, and find its valite. (L.U., Sc.) 

Suppose the first three terms to be the expansion of (1 +x)”, 

then «*=-”, and . a:® = y- . 

Substituting the first in the second, then (-V)*“ • fxi 

from which a: = - 1 ; inserting this value in the first equation, 


Now (1 - J)- 5 = 1 + ( - 1 ) ( - 1) + J )* 


+ __ _( 




— 1 4. 2 1 j. 2 1 2 7.21 2 7 3 3 j. 2 1 2 7 33 3 « t. 

- 1 + -g- i . 1 + a • 1 6- • iNT ^ ¥" • Ttf * 2T • ^ f 

which shews that the given series is the expansion of (1 - 
and its value is therefore (J)~^ = 4^ = 128. 


4. Convergency. By the binomial theorem, 

1/(1 -ir) = (l -a;)"^ = l -h 

Put 5 c = 5, then -0*25 = 1 +5 -1-25 + 125 +625+... , which is 
obviously untrue, since the greater the number of terms taken in 
the series, the greater their sum will be, so that ultimately, as the 
number of terms tends to be infinite, the sum will tend to infinity. 
Such a series is said to be divergent, and is useless for practical 
calculation. 

Now let x=0*2, then 1*25 = 1 +0*2 + 0*04 + 0*008 + 0*0016 

+0*00032+... 

= 1*24992, taking six terms only. 

By taking more terms it will rea’dily be seen that the sum gradually, 
tends to the value 4*25 ; such a series is said to be convergent, 
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and for purposes of calculation, it is essential that the series 
employed be convergent for the required range of numerical 
values. 

An infinite series is thus convergent, when the sum of n terms 
tends to a definite value as n is indefinitely increased. 

5. D’Alembert’s Ratio Test for Convergence. This is one of the 
most effective tests for convergency, and may be stated as follows : 

If + 1^2 + Wg 4- . . . + + . . . be an infinite series, then it will be con- 

vergent or divergent according as the Lt (Wn+i/^n) is numerically-^ 

n-^ro 

less or greater than unity. Should this limit be unity, some 
further test is needed. 


Ex. 6. Find the range of values for which each of the following 
is valid, i.e. convergent, and therefore legitimate for purposes of 
calculation. 


(a) The expansion of l/(a - bxy, where a, b, p are positive. 

(b) The series whose nth term is 1 n~l . 

Hence, from (a), indicate how (PjQY be calculated when P 
and Q are positive and nearly equal, and illustrate the method when 
P - 13-64, Q = 13-75 and n = J. 

(a) 1 /(a ~ bxY = ^ j a'^. 

Write fi for b/a which is positive, then if be the (n + l)th 

and nth terms respectively in the expansion of (1 -fixy^. 


"n+l u; 


.(-^x)^ 


and 




^ -2) ... (~y~n+ 2) 


In-l 




•• Wn n 




fUO-, 


Lt ^1 = 

n-xx) 




Hencq, for convergency, ffx<l, or x< 


1 . a 
-, %.e. x<y. 

/Ji 0 



j6] PARTIAL FRACTIONS 7 

Similarly for {a+hx)~^, Lt = - /w:. The sign, how- 

n-^oo 

ever, may be neglected, since the limit of the ratio must be 
numerically less than unity ; hence the expansion of 

will be valid as long as a;<g 
(6) Since \n-l , /. Un+i = »”/ 1 n ; 

• Lt = Lt ^ =0, for all finite values of x. 

n->QO n->ao^^ 

The series is convergent for all finite values of x. 

Since P and Q are nearly equal, let P=Q±/x, according as 
P< or > Q, then P/Q = {Q± fi)IQ = 1 ± fi/Q. 

Now ii<Q, so that /V0<1> hence the expansion of 

(PIQ)^=^(i±M- 

is valid, and may be employed for the calculation ; thus, with the 
given values, 

(P/Q)n = (13-64/13-75)i = (1 - 0-ll/13-76)^ = (1 - 0-008)1 
= 1-1 (0-008) - (0-008)* - ^1^(0-008)® - . . . 

= 1 - 0-002 - 0-000006 - 0-000000028 - . . . 

= I -0-002006 ... =0-997994 to six figures. 

6. Partial Fractions. Let f{x) be a rational algebraic fraction 
which may be written in the form <f>{x)f\l/(x) ; then, if (i) <f){x) is of 
a lower degree in x than ^(x), and (ii) ^(a?) is resolvable into real 
factors, f(x) may be expressed as an algebraic sum of simpler 
fractions, each having as its denominator one of the factors of 
^(x). For a prime factor of of the nth degree in x, the 
numerator will, in general, be of the (?i - l)th degree in x. 

When <l>{x) is initially of the same or higher degree in x than 
\p(x), it must first be reduced by division. 

, This process is known as splitting a given fraction into its 
partial fractions, and is of great importance in Integration. (Sec 
§38, p. 111.) It is also of use in expanding algebraic fractions 
in series, as is illustrated in Ex. 6. ’ . ,, 
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Ex. 6. Resolve into partial fractions : 

. . -\2x-¥\Z 3(42c® + + 5) 

4x2 -16a; + 15 » W x(27^ -\-l)(x^ + ‘ 

(a) Since the numerator is of the same degree in x as th« 
denominator, 

/. by division, 

4x2-12x + 13 4x-2 4x-2 

4x2 - 16x + 15 ^ + 45 c 2 > 16a; + 16 - ^ (2x - 5) (2x - 3) * 

Now suppose 

4x-2 A B 

(2a:-6)(2x-3) 2a;-6'‘'2x-3’ 

where A and B are constants to be determined, there being no 
in the numerators because the denominators are of the fii 
degree in x. 

Clearing off fractions : 

4x-2 = ^(2x~3) + J5(2x-5). 

This is identically true for all values of x ; to find the constant 
it is therefore only necessary to give x any two values in order i 
obtain two equations in A and B ; thus suppose x=0, and x = 
then 3i4 +6R = 2, A + 3R = ~ 2, giving -4 — 4, B= -2. 

It is shorter, however, to give x those values which make eac 
of the factors of the denominators zero in turn ; thus, if 

x = l*5; -25 = 4, or B= -2, and if 

x = 2*6; 24=8, or 4=4. 

When the factors are not all linear, it may be very difficult t* 
apply this method, and in such a case 4 and B must be chosei 
by making corresponding coefficients on either side of the identit} 
equal ; thus 

4x-2=2(4 + 5)x-(34 +55), 
so that to fulfil this condition 


2(4 + 5)=4; 34+55=2, 


from which 4 =4, 5 = - 2 as before. 

It may, indeed, often happen that some combination of all th^ 
above methods may be necessary. 


Hence 


4x^-12x+13 4 2 

4**-16® + 16~ ■^2x-5 2s-3' 
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(b) In this case, the prime factors of the denominator are 
Xf 205® + 1, and a;® + 3 ; hence the corresponding numerators must 
be of degrees 0, 2, 1 in x. 

3(405®+®® +5) Aa^ + Bx-i-C JDx-hB F 
®(2a3 + l)(x*+3)“ 2»* + l »»+3 ■*'®’ 

where A, B, C, D, E, F arc constants to be determined. 
Clearing ofi fractions : 

12a:!® + 30!* + 15 = (ifx* + Bx + C) (sc® + 3) a: + (Dx + £) (2x* + l)x 

+ B(2x» + l)(x*+3) 

= {A +2D + 2F)ofi + {B+2E)x^ + (C+3A +6F)x® 
+ (3B + I> + J')x® + (3C + B)x + 3B. 
Since this is identically true for all values of x, 

3B = 15, F=5. 

3C + E=0, 

3B + Z> + B = 3, 3B=-2-I). 

0 + 3.4 +6F = 12, 0= -18-34. 

B+2B=0, 

^ A+2D+2F=0, A=-10-2D. 

‘The first equation gives the value of F directly ; to solve the 
jmaining five equations, insert the value of F and add them ; then 

4(4 + B + C) +3(1) + B) = - 30. 

Expressing 4, B, C, E in terms of D, 

-40-8B-^(2 + B)+48 + 24B+32)-108-54B= -30; 

• _10»n_218 

U .. -3-" 3-. 

■0 that D= — 2, and A — -Q, B =0, 0=0, E =0. 

' , 3(4x»+x®+6) 5 2x 6x® 

•• x(2se® + l)(x®+3)“x x® + 3 2x» + l* 

Ex 7. Resolve ^ 3j;j fractions ; state the 

ondition that the fractions can be expanded by the binomial theorem, 
nd, assuming this condition is satisfied, find the expansion as far 

43X + 13 4x + B 0 . 

(4x® + 3)(6-3x)*4x*+3 ■*'6-3x’ 

’ 43x + 13 = (5-3x)(4x + B)+(4x»+3).0 

. =(40 - 341xa + (54-3B)x+6B+*30. 


b.m. 


B 
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Hence, 4C-3A=0, 5A-3B = 43, 6B+3C = 13, 
which, on solving, give : A =8, B= - I, C=6. 

43*4-13 8x-l 6 
•• (4** 4- 3) (6 -3*) "4** 4- 3 ■*■ 5 - 3 ** 

8ir-1 

Now = ^(8* - 1) (1 -h J (8x - 1) (1 -Sa? 4- . . .), 

and = +1^35+^ . 2 :* + ...). 

By § 4, the series for (1 is valid if t.e. a5<^f, 

or a: <0*866, and the series for is valid if yaj<l, or 

a? <1*67; hence both series will be valid if a; <0*866 ; assuming 
this condition fulfilled, the giveq fraction 

= i(8a;-l)(l-jx2 + ...)+l(l+fa: + Ax* + ...) 

The expansion may also be obtained without first resolving 
into partial fractions, by a direct application of the method of 
undetermined coefficients ; thus, let 

(43a; + 13)/(4a;2 4-3) (5 - 3a;) =il 4- Ba; 4- Ca;* 4- Da? 4-... , 

where 4> D, C, D are coefficients independent of x, whose values 
are to be determined. 

Multiplying throughout by (4a;® 4 - 3) (5 - 3a;), 

43a; 4- 13 = (4a;® 4-3) (5-3a;)(^ 4‘Ba;4-Cx® 4“Da?4- ...) 

= 15i4 4 - (15B - 9^)a; + (15C - 9B + 20^) a;® 4- . . . . 

This must be identically true for all values of x ; hence, equating 
corresponding coefficients : 

1621=13, 155-921=43, 150-954 2021=0. 

Solving for A, B, 0 : 

J_13 rf_986 

hence the first three terms of the expansion are 

, , if 

as before. 

7. Summation of Simple Series. Many algebraical series may 
be summed by the methods of undetermined coefficients and 
partial fractions, the former beirg most useful when the terms 
‘ are whole numbers, and the latter when the terms are fractional. 
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The following important results are quoted for reference. 

(i) Arithmetical ProKrassion. 
a+(a+d)+(a+2d)+...+B + (n-l)d=g{2a+(n-l)d}.’| 

Whena = d = l, i 

Si = 1 + 2 + 8 +... +n='2(ii + 1). J 

(ii) Geometrical Progreseion. 

a + ar + ar*+... +ar“-^ = a^-j- 3 ^ . | 

When -l<r<l, I 

a + ar + ar*4-... to inflnity = , . 1 


It should be noted that this infinite g.p. is really the binomial 
expansion of a(l -r)“^ ; hence the restriction on the value of r. 


Ex» 8. Sum to n terms each of the series 

( а ) 12 + 22 + 32+..., 

(б) 12 + 22 + 32 + ..., 

(c) 1 .3. 6+2. 4. 6+3. 5. 7+.... 

(a) Denote this sum by S .^ ; it will obviously be a function of n. 
Assume that ^ 0 + -^ 1 ^ + ^ 2 ^^ + -^ 3 ^® + . . . , 

where the il’s are numerical coefficients to be determined. 

Change n into n + 1, then 

iS2 + (n + l)2 = i4^,+^^(7i + l) . 

by subtraction, 

(n + l)2=:^j +i42(2w + l) +-43(3n2+3w + l). 

This must be identically true, so that all the coefficients after A^ 
vanish, since the highest power of n on the left-hand side is v ? ; 
hence, equating corresponding coefficients, 

3^3 = 15 2.^2 5 Ai A2’\~ A^ = l, 

from which = h ^ 2 =h = 

When 11 = 1 , S 2 -I; Aq+Ai+A^+A^^Ij giving Aq-0; 
hence ^ Sj=|n+^n* + J«(2»*+3n+l), 

so that S,=it*=4ii(n+i)(8n+l) (6a> 
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(b) Let S3 denote this sum, and suppose 

then proceeding exactly as in (a), the following values are readily 
Aq^ A^^O f Af^A^^^ ^ ^3=-^ I 

^3 = (^ + 1 )^, 

S3=ir*=in*(n + l)“=Si» (Sb) 


obtained : 


hcnc (5 


(c) The rth term of this series is r(r +2)(r + 4 ) =r^ + 6/^ +8r. 

/. Sum of n terms = ^ (r^ 4- Gr^ + 8r) = S3 -f GSg + SS^ 

1 

= Jn^(n + l)2+n(n + l)(2n + l) +4n(n + l) 

= Jn(n + l)(n4-4) (n+5). 


Ex, 9 . Prove, by summing the series in each case, that 

1 35 4 - 35 ^ 

and (b) l-x+ 2 'j? to infinity 
provided x<.l. 

(a) The nth term = 7V5 ^ = \( ^ ; 

' ' (2«-l)(2n + l) 2V2»-1 2n + l/ 

1st „ =i(l-J), 

2nd „ 

3 rd „ 


” ”2(2n-l 2n + l)’ 
Hence, on adding, 

sum to « terms =1(1-2^^) = 

(6) T4et S denote the sum, then 

S = 1 + + 4 a;*~... , 

‘and • xS- x- a!?+ 2 x®-- 3 x* + ,*. . 


2n+l 
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EX. 1] 

/. By addition, 

(1 l-a;)S-=l 

= (1 +x 

= (1 +x)“i 4-a?, by (3), since a;<l, 

= (1 ■\-x + x^)/{\ +x). 

S = (l+x+x2)/(l+x)2. 

This result .nay readily be verified by expanding (1 +x)“* by 
the binomial theorem, and multiplying the series by (1 +ic + x^), 
the product being the given series. 


Exercises 1. 

1. Find the middle term in the expansion of ( 2a; + - \ • 

2. Expand (l + 2a;+ \x^)^ as far as x^, 

3. Find the coefficient of a;’ in the expansion of (l+a;+ a;*4-a;*)®. 

4. Determine the coefficient of x^ in the expansion of (l+a;-2a;®)^°. 

5. Use the binomial theorem to expand (1 -\-px-^qx^)^ in the form 

1 + aja; + a^x ^ + + a 4 a;* Prove that = 0. 

“ (Lc. U., Sc.) 

6. Explain how the value of the expression (pjq)^ can be determined 
to any desired degree of accuracy by the binomial theorem, if p and q 
are nearly equal. 

/32*13 

Evaluate \ o^oQ ^ seven figures. (L.U.) 


7. Shew by the binomial theorem that 

(^t>j)J=o.919l662. 

8. Shew that, in the expansion of (a+ft+c)**, there will be three 
terms whose sum is 

n(n- \)ahc{a^~^ f 


9. If x bo so small that its cube and higher powers may be neglectoa, 
prove that r /i « 

— — ^=2+S^ 




10. Verify that, if x is large compared with y, the t wo expressions 
X - y^l2x, X - y^l2x - y*/S3^ are approximations to n/^;* - y\ proving that 
the first es^ression is greater than the second, w hen x is p ositive. 

By using the first approximation, calculate n/663 x 667, and give an 
estimate of the magnitude of the error. • (B.U.) ' 
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11. Prove that, when x is small, an approximate expression for 




6 + 9a; 


12. Prove that 


1+a; 




is + 


*l+4fl?+9x*+17a:*+... . 


(B.U.) 


13. Assuming that the series 1 - 6a; + 20a;* - 56x^ + ... is identical with 
he expansion of (1 +ca;)/(l +ax+ba^), determine a, b, c, (Le. U., Sc. ' 

14. Prove that the series 

is a binomial series, and find its value. (L.U.) 

16. Prove that 32 = l+¥+¥-H+¥- + . (L.U., So.) 

16. Shew from the binomial theorem that the series 

represents the cube root of 0*625. Find the next term and calculate 
the cube root to three significant figures. 

17. Obtain the first four terms of the expansion of by the 

5N^+3a 

binomial theorem, where a<N^ ; hence shew that N , is an 

approximate value of (.Ar*+a)^. 

Deduce that the difference between (100100)' and is the 

order I/IO^®. (L.U.) 

18. Identify the series 1 + Ja; + | . ^^a;* + f . iV • A®* + — binomial 

expansion, and find its sum to in^ity when x=j. {L.U., Sc.) 

19. Sum the series 1 + 1^6 + iV • '36 + it • ^6 • l\ + — • 

If (l+a;)"=Ao+-4ia;+A2a;*+ ...+i4^a;”, prove the following properties 
of the coefficients : 


20. Ao+^i+i42+...+^„=2^ 

22. Ao»+Ai*+.4,a+...+^^»=[^/([w)*. 


« 23. ^ 2 ^ 8 +... + 2n/(|n~l . | n+l ). 
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24, Expand ^ in ascending powers of x, and find the sum of 

the first n coefficients. (L.U., Sc.) 

3-a; 


26. Resolve - 


- into partial fractions. 


{l-2x)(l+x^) 

State the condition that the fractions can be expanded by the 
binomial theorem, in a series of ascending powers of x, and assuming 
this condition fulfilled, write down the expansion as far as the term 
involving x*. (L.U.) 


28. Shew that 

l-X + X^ 

if powers beyond a;® are neglected. 


(L.U.) 


14a;+ 19 

27. Resolve — qwq~ 2 “o\ partial fractions ; hence expand the 

(4a7 — o)\ox^ Z) 

fraction as far as and state the condition that this expansion should 
be valid. 


28. Express the fraction ^ partial frac- 


tions. Deduce the series for the given fraction in ascending powers 
of X, and state the value of x for which the series is convergent. 

(L.U., Sc.) 


29. Express (4 _ partial fractions. Under what con- 

ditions may this function bo expanded in a series of ascending powers 
of a; ? Find the coefficient of a;^® in the expansion. (L.U.) 


30. Shew that the sum of the first n even numbers is equal to 
^1 + ^^ times the sum of the first n odd numbers. 

31. Prove that the sum of the first n odd integers is n^, and that the 

sum of the squares of the first n odd integers is - 1). (M.U., Sc.) 


32. Find the sum of n terms of the scries 

ia+2*-H3a+... . 

A pile of shot is arranged in an incomplete pyramid whose base is 
an equilateral triangle. If each side of the base contains 30 shot and 
each side of the top layer contains 10 shot, find the number of shot in 
the pile. • (L.U.) 


33. Sum the series 


l*-l-2*+3*+...+n*. 
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Sum each of the following series : 

34. 1 . 2*+2 . 3®+3 . 4*+ ... to n terms. 

35. Prove that the sum of n terms of the series 

1.3 + 2. 4 + 3.5 + ... 

is »(w + l)(2w + 7)/6. 

36. 1 . 2 . 3+2 . 3 . 4+3 . 4 . 5+ ... to n terms. 

or. 1 1 1 ^ ^ 

37. 1 — o + 6 + e' „+ ••• to w terms. 

1.0 0.0 0.7 

38. Prove that the sum of n terms of the series 

1 1 1 


|0H. Z 


(S.U., Sc.) 
(L.U.) 

(L.U.) 


is Jw(3w + 5)/(n + l)(n + 2), and that when n increases indefinitely the 
sum approaches the value 3/4. (S.U., Sc.) 

39. g + s ~5 ir”8 ^ terms. (L.U., Sc.) 


40. l+a;(l+a;)+a:2(l+a;+a;*)+a;®(l+a;+a;*+a:®)+ ... to infinity, when 
x<l, 

41. Shew thatf 

l+2a;+3a;2+4a:®+ ... to n terms= — ^ » 

and verify it when n=3. 



CHAPTER II 


DETERMINANTS AND THEIR APPLICATIONS 


8* Solution of Linear Simultaneous Eauations. The solution of 
the system of linear equations : 

ax + 62 /+c= 0 , 
paj + g'y +r=0, 

is easily found to be 

x = {br- qc)l(aq - bj )) ; y = {cp- ar)f{aq - bp), 
which may be written 

. = 1 ___ 
hr -cq cp-ar aq-hp' 

and the denominators, being of the same form, may each be 
conveniently represented symbolically, thus : 


aq-bp= 


a h 
p q 


The right-hand member of this identical equation is called a 
determinant, whilst the left-hand member is known as the develop* 
ment or expansion of the determinant. The numbers b, p, q 
are called elements, and since each term in the expansion is the 
product of two elements, the determinant is said to be of the 
Second Order, 

The expansion of a determinant of the second order is therefore 
^formed l>y taking the product of the elements on the diagonal 
passing downwards, from left to right and subtracting from it 
the product of the elements on the other diagonal. • 

b.m. 17 b2 
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Representing the denominators of x and y in & similar manner, 
the solution of the equations 

ax-\-hy+c=^0, 

is given by 

^ = -Z_=^ (6) 

b 0 c a a b 
a r r p| I p q| 

in which each denominator is formed by writing down the coeffi- 
cients in cyclic order in two corresponding rows, when the terms 
involving the numeration are deleted. 

The principle of cyclic order implies that h follows a, c follows h, 
and a follows c, as in moving round a circle upon the circumference 
of which the coefficients a^b^c are placed. 


Ex, 1. Expand the determinants : 


(a) 8 6 

(6) a +6 

9 6 

2a a ] 

and (c) solve the equation 


lOx 6 

= a; -3 

-9 2a; 

17 7 

(a) 18 5 1=8.6-5 

.9 = 48-45 


|9 6| 

(6) a+h 26 =(a+6)2-4a6 = (a-b)2. 

2ci ct + 6 
> (c) The equation 

I 10a; 5 = X - 3 becomes, on expansion, 

1 -9 2a; 17 7 

20a;2+45^7a; + 5i, 

or 20a;2-7a;-6=0 ; 



(4a;-3)(^+2)='0, 


a; « 0*76 or -0*4. 



DETEEMINANTS 


19 


5 9 ] 

Ex- 2. Solve the equation 

8a5 - ?/ = - 26, 6a; +21/ = 29. 
Arranging the equations in proper order, 

8a;-- y+25=0, 
6a;-i-2y-29=0; 

• g; _ .V 1 


-1 

25 

25 

8 

8 

-1 

2 

-29 

-29 

5 

5 

2 


X 

y 

1 




“21 

357 

21 * 




T— - 

- i » y = 

= 17 . 




9. Equations in Three Unknowns. Consider the simultaneous 
linear system : ax + hi+cz+d^Q, 

ex+fy+gz + h==0, 
fx-¥qy + rz-\-s—0- 

Solving these by the ordinary process of elimination, 

X = (hhr ■\-cfs+ dgq - hgs - chq - dfr)JH, 
y = {chp + der + ags - ahr - ces - dgp)IH, 
z = (hes 4 - dfp + ahq - afs ~ bhq - deq) jHy 
where U = afr + bgp + -cfp- agq - 

=a{fr-9q) +Hgp-er)+c(eq-fp) 

=a f g +h g e +c e f . 

q r r p p q 

Following the analogy of § 8, however, H may be represented 
symbolically by the determinant 

a b c y 

e f 9 
p q r , 
which is of the Third Order ; so that 


a 

h 

c' =a / 

9 

+h g e 

+c e f 


f 

g' q 

f 

t P 

p q 

2? 

q 
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Thus the coefficient of a is the determinant formed by deleting 
the row and the column in which a lies. Similarly for b and c, 
provided the elements on each row are taken in cyclic order. 
Each of these second order determinants is called the minor of 
the element which multiplies it. 

Taking now the numerator of the expression giving the value of 
bhr+cfs +dgq -bgs- chq - dfr = - b{gs- hr) -c{hq -fs) - d(/r - gq) 
= -6 g h -c h f -d f g b c d 

r s s q q r f 9 b 

q r s 

Similarly the numerators of the values of y and z may be 
expressed as determinants ; hence the solution of the equations, 
oa; + +C 2 : =0, ex +/y +^2 + A =0, px+qy +r2 =0, 

may be written in the form 

bed oda dab 

fgh ghe bef 

qrs rsp spq 

the denominators being formed in precisely the same manner as 
in the case of the equations of § 8 ; the signs, however, are alter- 
nately negative and positive in order to preserve cyclic order. 

A determinant of the third order may be easily expanded by 
the Rule of Samu, Thus repeating the first two columns of the 
determinant on the right, the expansion may be written down by 
taking the algebraic sum of the products formed by the elements 
on each of the six diagonals shown, the products taken downwards 
being positive, whilst those taken upwards are negative. 


a b 0 
e f g 
P q r 





-pfe- qga-reb 
/ / / 


x' 

\r 

\ Si 

+afr + bgp-\’ccq. 
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Ex. 3. Expand each of the determinarUs : 


( 0 ) 16 7- 

. (6) 1 

sin6^ 2 


2 5 8 

sin^ 

1 cos 6^ 


3 4 9. 

0 

cos^ 1 


1 6 7 =1 

5 8 +6 

8 2+72 


2 5 8 

4 9 

9 3 '3 

4 I 

3 4 9 





-13+36-49=0. 


Or, expanding by the rule of Sarrus, the given determinant 
= 1.5. 9 +6. 8. 3 + 7. 2. 4 -3. 5. 7-4. 8. 1-9. 2. 6 
= 45 + 144+56-105-32-108=0. 

(6) Similarly 

1 sin^ 2 =1 +0+2 sin^ cos^^-0-cos^6^-8in*^ 

sind 1 cosO 

0 cos6^ 1 . =2 sin 6^ cos ^ = sin 2^. 

Ex. 4. Solve hy determinants the equations 
4a; + y +22 -15=0, 

3a; -2?/- 2 -. 7 =0, 

7a; + 3f/-32 + 10 = 0. 

Since the equations are written in proper order, the solution 
by (7), be written down in symbolic form, thus : 


-a; 

y 

-2 

11 2-15 


2 -15 4 


-15 4 1 

1 

1—1 

1 

1 


-1 -7 3 


-73-2 

3 -3 10 


-3 10 7 


10 7 3 


1 

4 1 2 

3 -2 -1 

7 3-3 

which becomes, on expanding the determinants : 

X _ ?/. _ _ 1 

x = 2, y=-3, z = 5. 


pving, 



HIGHER MATHEMATICS 


22 


[oh. n 


10. General Solution for n unknowns. The method of solution 
by determinants is applicable in precisely the same way to any 
system of homogeneous linear equations. Let 

^11^1 "f" 0 ^ 22/2 “H • • • “f* “f* *“ Cj 

+^ 22^2 +«23®3 +••• +« 2 A +*2 


Unia^i + a^a^a + a,, 32:3 + . . . + a^n^n + *« = 0 , 

be a system of n homogeneous linear equations, then the solution 
may be written in the form 

*1 _?* — —A 

(-i)“Di D* (-i)“D3 D4 bo' 

where Dq is the determinant of the coefficients, when the column 
of absolute terms is deleted, and Dj. (r = l, 2, 3, ... n) is the 
determinant formed by the coefficients when the column of terms 
involving x^. is deleted, and each row is written in cyclic order. 
Each of the determinants will be of the wth order, and it becomes 
necessary to examine briefly the principles upon which a deter- 
minant of a higher order than the third may be expanded. 

Ex, 5. Cite the chief properties of the determinant 

Oi a^ O 3 . 

hi 62 ^3 

Cj C 2 C 3 (L.U.) 




®3 “■ ^2 

63 

"^■^2 ^3 

h 

+ <^3 

h 

h 

62 

63 C2 

C3 

^3 


Cl 

C2 

Cl 

C2 

^3 







— Uj ^3^2) ®2^3^1 ^2^1^3 ^3^1 ^2 “ ®3^2^1 

“ Oi (&2^3 ^ 3 ^ 2 ) *t ^1 (^2^3 ^ 3 ^ 2 ) (^2^3 “ ^ 3 ^ 2 ) 

= Ui 61 Cl . 

^2 ^2 ^2 

% ^3 ®3 # 

« Hence (i) The value of a determinant is unaltered by changing 
OCdomns inm rows, and rows into columns. * 
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The above exj^nsion may also be written 

— ~ +®l(^ 3®2 ~ ^2^3) +*3(^2^ ~ ^1^2)} 

^3 > 

^2 ^3 

^2 ^3 

SO that (ii) The sign of a determinant is changed if two rows or 
columns are interchanged. 

Again, from the above expansion, it is readily seen that if 
«3=«2» ^3=^2 ^3 = ^2> value becomes zero, so that 

^2 =^* 

hj ^2 ^2 

^2 ^2 

Hence (iii) When two rows or columns are identical, the deter- 
minant vanishes. 

Now let 6 j, Cl, be replaced by m&j, mci respectively, 
then it readily follows from the expanded form, that 

0-2 U3 = rn Ui U3 

mhi 62 ^3 ^2 ^3 

WCl C2 Cg Cl C2 C3 

Hence (iv) The effect of multiplying each element of a row or 
column by a given factor is to multiply the determinant by that 
factor. 

Further, let Ui = Oi 4 - p, hi = /?i + q, Ci = y 1 + r, then the expanded 
form becomes 

(«! +p) ( V3 - +<^z(hyi + - Pf .'. - C3I) 

+a.J,PiC^+c.£-b^yi-h/) 

= {(Xi{h./s.j, - 6,02) +a.lh^yi - ftCj) +a,(PiC^ - bjyi)} 

+ {p(V3 - V 2 ) + «2(^3»' - ‘■ 3 ?) + «3{^i!? - h^') }> 
which is the sum of the expansions of two determinants of the 
third order ; hence 

Oi +p Oj «3 1 = «1 «2 »3 + P <*2 ®3 » 

? ^2 ^3 'Pi ^2 ^3 ? ^2 ^3 

yi+»' Oj Cj. 71 c, C3 r c, (% 
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so that 

(v) When eatdi element of any row or column consists of the 
algebraic sum of two or more terms, the determinant is equal to 
the sum of two or more determinants, each of whose elements 
consists of a single term. 

From this property and from (iv), it is easily seen that 

h h 

Ci+JW 2-?C3 Ca C 3 




«2 

«3 

+v 

«2 

«2 


-S' 

«3 

«2 

«3 


h 

h 



h 

h 

^3 


h 

h. 

h 


Cl 

C2 

C3 


^2 

C2 

^3 


C3 

C2 

C3 


= % > 

^1 ^2 ^3 

Cl Cg C3 

since the last two determinants vanish by (iii). 

Hence (vi) When equimultiples of the elements of one or more 
columns or rows are added algebraically to the corresponding elements 
of another column or row, the value of the determinant is unchanged. 

11. General System in n Unknowns. The properties established 
in § 10 for a determinant of the third order are quite general and 
apply to determinants of all orders. For a determinant of the 
nth order, expansion may be effected by minors. Thus let 


»11 

®12 

®13 ••• 

O'ln 

®21 

®22 

®23 ••• 



®n2 

®r/3 

• ^nn 


then a first expansion is given by 

where (r = 1, 2, 3, ... n) is the minor of a determinant 
formed by deleting the row and column containing and writing 
the rows in cyclic order. Each of the minors is of the (n - l)th 
order, whilst D is of the nth order. In practice, a con^bination 
^of this rule and the six properties ^established above is employed, 
as the neikt example will shew. • 
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Ex. 6. Solve the equations 

16a;-12«/+ 72J + 15t(?+3=0, 

22a;- 3y+ 32J + llt^ + 2=0, 

76a; + 10^ - II 2 : + \%w + 4=0, 

- 6a;-38y + 102 + 19 i(;+5=0, 

by first finding a;, and using this value to reduce the system to three 
simuUaneom equations. 

The value of x is given by 

a; _ 1 

D,-Do 

where 


-12 

7 

15 

3 

and Dq = 

16 

-12 

7 

16 

- 3 

3 

11 

2 


22 

- 3 

3 

11 

10 

-11 

16 

4 


76 

10 

-11 

16 

-38 

10 

19 

5 


- 6 

-38 

10 

19 


Taking the former, 


-12 + 14 

7 

15- 

-15 

3 


by (vi) 



-3+6 

3 

11- 

-10 

2 





10-22 - 

11 

16- 

-20 

4 





-38+20 

10 

19- 

-25 

5 





2 7 

0 

3 

= 


2 

0 

0 

3 

3 3 

1 

2 



3 

-5 

1 

2 

-12 -11 

-4 

4 


-12 

9 

-4 

4 

-18 10 

-6 

5 


-18 

41 

-6 

5 


on taking the sum of twice the first column and the fourth column 
from the second column : 


=2 

-5 


1 2 

-3 

3 

- 5 

1 




* 9 

-- 

4 4 


-12 

9 

-4 




41 

-< 

6 5 


-18 

41 

-6 



= 2 

0 

1 

0 

-9 

1 

-5 

1 

^2 

12 

13 


13 

-4 

12 


-4 

9 

-4 


17 

46 


45 

-6 

17 


-6 

41 

-6 



-2* 

12 

1 

1 = 638. 

• 






17 

28 

• 








by (iii) 
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8 

-12 

7 

16 

= 2 

16 

3 

- 6 

16 ; 

11 

- 3 

3 

11 


14 

8 

0 

11 

38 

10 

-11 

16 


27 

26 

- 1 

16 

- 3 

-38 

10 

19 


7 

-19 

-28 

19 


on adding columns 1 and 3, 2 and 4, and 2 and 3, 


16 

3 

-15 

15 

2 

— n 

0 

3 

0 

0 

14 

8 

0 

11 


- 26 

8 

14 

11 

27 

26 

- 3 

16 


-103 

26 

24 

13 

7 

-19 

-84 

19 


102 

-19 

-77 

-65 


on subtracting 6 times column 2 from column 1, and adding 
columns 1 and 3, and 3 and 4, 


2 

14 

11 

- 26 

- -2 

3 

11 

- 1 


24 

13 

-103 


11 

13 

— 66 


-77 

-65 

102 


-12 

-65 

-40 


*2 

3 

2 

1 

= 2 

0 

0 

1 


11 

-20 

66 


-35 

-152 

66 


-12 

-29 

40 


-23 

-109 

40 


= 2 

35 

152 

= 2 

35 

12 

= 2 

- 1 

12 


23 

109 


23 

17 


-28 

17 


Hence, x = Di/Do=l. 

Inserting this value in the first, second and fourth equations, 
the system becomes 

-12y+ 72: + 15i(;-f 19 =0, 

- 3y-f 32:-fllw; + 24=0, 

-38y + 102: + 19 i«;- 1=0, 
the solution of which is given by 


-y „ 2 


7 

15 

19 


15 

19 

-12 

3 

11 

24 


11 

24 

- 3 

10 

19 

-1 


19 

-1 

-38 


- tt) 1 


19 

-12 

7 


-12 

7 

15 

24 

- 3‘ 

3 


- 3 

3 

11 

-1 

-38 

10 


,38 

10 

19 
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Now 


7 

16 

19 

= 

7 

1 

4 

= 

= 


7 1 

0 

3 

11 

24 


3 

6 

13 




3 6 

- 7 

10 

19 

-1 


10 - 

1 - 

20 



10 -1 

-16 





0 

1 

0 

= 


- 7 

-32 





-32 

5 

- 

7 



-16 

17 





17 

1 

-IG 






By similarly developing the other determinants, 
y _ z _ 1 

so that y = - 1, z — 2, w = - 3. 

These values also satisfy the third equation, so that the com- 
plete solution has been found. 

12. Elimination. When a system of linear homogeneous 
equations contains more equations than there are unknowns, it is 
not, in general, possible to find values of the unknowns which will 
simultaneously satisfy the system when all the equations are 
independent. 

When a complete set of values does simultaneously satisfy a 
system of (m + n) equations in n unknowns, then m of the equa- 
tions are not independent, and the system is said to be consistent 

Let a^x -f- h^y + c^z -f = 0, 

ajjiK + ^2^ + Cog + ^2 = 0, 

+ hg?/ + Cg? + dg = 0, 

a^x + + -f ^4 ^0, 

be a consistent system, then from the last three equations : 


-X _ _ y __ -z ^ 


g2 


C2 dg 0^2 


dg (f'2 ^2 

11 

0>2 ^2 ^2 

^3 Cg dg 


Cj ’ dg dj 


d'i ®3 


^3 ^3 ^3 

64 C4 


% ^4 «4 


(?4 64 


«4 'h 
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Inserting these values of x, z in the first equation, and 
multiplying throughout by the common denominator with its 
sign changed, 


Le, 


&3 

^2 

(^2 


■h 

C 2 

<3^2 

a 

2 

+ Ci 

d^ 

02 

*•3 


(^3 


^3 


a 

3 


d^ 



C 4 

d. 


^4 

d. 

a 

4 


di 

»4 









-d. 

a^ 











O 3 

63 










«4 

b* 





bi 

Cl 

fli 

= 

= 0. ... 






a. 

b. 

C2 









aa 

b. 

Ca 









ai 

b. 

C4 

a. 






^2 

63 

h 


<h 

^3 

^4 


- 0 , 


( 10 ) 


This is the condition that the system should be consistent 
hence : 

A system of (n + 1) homogeneous linear equations in n unknowns is 
consistent when the determinant of the ooeflScients is zero. 

The condition (10) is also called the Eliminant of x, y, z in 
the given system. 


Ex, 7. Express in the form of a determinant the condition that 
the three equations 

UiOJ + biy + Ci2=0, a2® + 62^+^225=0, 033; + 63!/ + 032=0, 

should he consistent. 


rr 5aj~22 6y + 2 _ -2a; + y + 2 _y^ 

£j _ _ - 

X y z 

obtain an equation from which to find k. 

Solve this equation and find^ the mutual ratios of x^y^z correspond- 
ing to the several solutions, (L.U.) 

The given system is not quite in the same form as that given 
in § 12, but if the unknowns be considered as ratios of ?/, 2 , 
formed by dividing each equation throughout by one of these 
quantities, it immediately assumes that form ; thus, let 

^ u—xjz and v—yjz. 
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then the system becomes, assuming z is not zero, 

a2M + 62^ + 02=0, 

hence, by (10), the condition that the system should be con- 
sistent is 

^1 “0» 

(^2 ^2 ^2 
^3 C 3 

This is the eliminant of a;, z in the given system. 

In the second system, clear off fractions and change a?, y, z 
into u and v, as above, then, 

(5-A;)i^ -2=0, 

(5-A;)v + l=0, 

-2M+V+1 -k =0; 

hence, if these equations are consistent, 

6-i 0 -2 =0, 

0 5-A; 1 

-2 1 1-A; 

which, on expansion, gives 

A;(5-A;)(A;-6)=0; 

.% k=0, 5 or 6. 

Solving the equations for these values of k gives : 

(i) A;=0; w = x/z = 0’4; t;=y/z= -0*2 

and xjy-^ujv^^ -2. 

(ii) A=6; u=oo ; ▼=« ; 

this shows that a=0. 

To find aj/y, divide the equation 

-2x + y + (1 -fc)z=0 
by y; tlen, since z=0, •x/y=0*5. 

(iii) ^=6^ u=J-2, v=l, and x/y= -2. 
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Ex, 8. Determine the values of a such thit the system 2x + z=^ 4, 
4ic-ay = 20, 6x + y + 2z==^7y 144a; + 128^ + 02 + 96=0, is consistent. 
Writing the given equations in standard form : 

2a; +2 - 4 = 0, 

4a;- ay ^ -20=0, 

6a;+ y + 2z- 7=0, 

144a; + l2Sy + 02 + 96 =0, 
the condition for consistency is Z)=0, where 


D= 

2 

0 

1 

- 4 


0 

0 

1 

0 


4 

-o 

0 

-20 


4 

-o 

0 

-12 


5 

1 

2 

- 7 


1 

1 

2 

3 


144 

128 

o 

96 


144-20 

128 

a 

384 


-12 

4 

-o 

1 

CO 

II 

4 -a 

3 

1 

1 

1 

1 1 

384 

144-20 

128 

128 

144 -2a 128 

0-4 

4 

-o 

= 3(0-4) 

1 144 -2a 

0 

1 

1 


1 128 

0 

144-20 

128 




= 6(0 -4) (0-8). 

Hence when I?=0, 

0 = 4 or 8. 

It should be observed that one of the given equations is not 
independent, for it may be derived from the others when a has 
either of the values just determined. Thus, taking o = 8, and 
multiplying the first and third equations by -31 and 16 
respectively, and adding, the resulting equation is 

18x + 16y + 2 = — 12, 

which is the fourth equation, after inserting the value of o and 
dividing throughout by 8. (See Ex. 10 (2), on p. 89.) 
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Exercises 2. 

Evaluate each of the following determinants : 


7. 


9 . 


11 . 


1. ! 

30 

27 

24 j. 8. 

1 

4 

271 

3 . 1 23 

6 

1 


18 

16 

11 ! 

2 

9 

64 

136 

5 

2 


7 

5 

4i(L.U.) i 

3 

16 

125 

(L.U.) 1 63 

13 

3 

4. 

31 

91 

47 1. 6. 

37 

-3 


. 6. il 

6 

9 j 


14 

29 

30 

16 

2 

3 

|2 

7 

3 

1 

21 

36 

37'(L.U.) 

6 

3 

-2 

{L.U.) |6 

4 

6 


2-2 0 5 

-4 6-2 2 

-3-2 6 3 

12 3 4 

13 7 19 3 

22 4 15 16 

14 5 14 12 
36 6 25 20 

4-5 7 18 j 

-15 0 17 19 

17 11 -15 -13 

34 -8 -23 -12 


8. I 1 111 

4 3 2 1 

16 9 4 1 

64 27 8 1 

10. I 5-10 no 
-32 -35 34 0 

11 12 -11 2 
1 5 3 0 

12. 15 6-7 4 

7- 80 9 

9 10 6 -44 

8- 15 21 -41 


Solve, by determinants, each of the following equations : 


13. 7x + 5y-l3z+ 4 = 0, 

9a; + 22/+ Hz - 37 -0, 

3a;- y- z- 2 = 0. (L.U.) 

15. a;+ 2y+ 32 = 0, 

4a; + 9?/+ 162=1, 

27a; + 642/ + 1252 = 2. (L.U.) 

17. a;4’ y+ 2= 9, 

2a; + 6y + 72 = 62, 

2a; + y- z— 0! 


14. 7a; - 3y + 62 = 21, 

2x’ + 6y- 2=12, 
a; + 62/ + 32= 2. (L.U.) 

16. x+ y+ 2 = 1 , 
llx + 122/- 7z = ll, 

37a; + 402/ + 242 = 38. (LU) 

18. 3a; + 2y + 82 = 38, 

a; + 3y + 92 = 37, 1 

2a; + 2 /+ 2 = 16 . 
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19. 2x -I- 5t/^3z + 4w- 23 ~ 0, 
3x + 21/ - 5w; + 23 = 0, 

5x -7z + 6w-19 = 0, 
9y-8z-7iD + 77 = 0. 


20. 8a; + 9y =35^ 

10y + ll2 = 8, 
122 + \3w - 67, 
a;+ 2/+ 2+ 9. 


21. If aTi-yrj+vr5=0, a;~2-v=0, w-y-v-O, aTi+2r3=i7, and 
yr^-{-yjr^-E^ are five equations to determine x, y, 2, w, v in terms of the 
other quantities, write down v as the quotient of two determinants of 
the fifth order, and, reducing the numerator to a determinant of the 
third order, shew that i;=0, if (L.U.) 


Solve the following equations : 


a; 6 3 
1 a; 1 
-2 4 a; 


24. 


= 0 . 


(L.U.) 


8 + 2a; 13 11 

9 + 4a; 19 8 

17 -2a; 12 14 


= 0 . 


(L.U.) 


25. 


X 2x+\ 2x + \ 
2x^\ 3a; - 1 4a; 

3a; - 1 4a; 6a; - 1 


a;* X 1 
-13 -7 8 

-35 1 6 


= 0 . 


= 0 . 


(L.U.) 


26. 


X c-Ha; 6+a; 
c+a; X a-\-x 
6+a; o+a? x 


= 0 . 


27. 

7^ 

a;* 

X 

1 

= 0. 

28. 

a-x 

b 

c 

d 


5 

3 

65 

147 



b 

c — x 

d 

a 


-3 

5 

3 

65 



c 

d 

a-x b 


0 

^3 

5 

3 



d 

a 

b 

e-x 


(B.U., Sc.) 

= 0 . 


29. Shew that if the equations aa;*+6a;+c=0, j>a;*+graf+r=0, have a 
common root, then 


c a 

b c 

X 

a b 

r p 

q r 


P Q 


Simplify this condition when p=c, q=h and r=a. 

30. Express, by means of determinant, the condition that the three 
cones 

aj*+y*-22*=0, 2a;*-2/*+2*=0, aa;*+6y*+C2*=0, « 

•should have a generator in common, and find the value of a when 
6=2 and c= -3. • (L.U.) 



EXERCISES 


EX. 2] 


31. Prove that 

a+6 

b+c 

c+a 

=2 

a 

b 

c 


b+c 

c+a 

a+b 


b 

c 

a 


c+a 

a+b 

h + c 


c 

a 

b 


32. Evaluate the determinant : 


abed 
-h a -d c 
-c d a -b 
-d -c b a 


(L.U.) 


*33. Prove that the order of a determinant may be depressed by unity 
by reducing to zero all the elements but one of any row or column. 
Hence verify the following rule for the formation of the equivalent 
determinant, first given by Ohio in 1853 ; In the given determinant /), 
select the smallest element p and delete its row (the rth) and its column 
(the cth) ; then each element in the new determinant = corresponding 
element in D diminished by (product of deleted elements in same row 
and column divided by p). The new determinant must then be multi- 
plied by p( - !)'■+«. 

Apply this rule to shew that 


7 

2 

1 

-11 

=; - 

25 

3 

35 

4 

-3 

-3 

- 2 


41 

13 

17 

13 

5 

-4 

27 


59 

9 

73 

3 

-7 

-8 

15 






and by similarly reducing the iatter determinant, shew that its value is 
zero. 


♦34. Establish the following results : 


(a) 1 flg 

. 

Cl Cg 

— ^2^2 a -^ d ^ 4 " ^2^2 

1 61 6, 


d ^ C?2 

5iCi -f- 62^2 “1* ^2^2 


( 6 ) 

ttl 


«a 

• 1 

Pi 

Pz 

Pz 



h 

63 


Qi 

92 

Qz 




^3 


ri 

^2 



= aiPi+U22^2+«3?^3 «i5'i+«2?2+«373 • 

^iPl + + hPz KQi + hQz + ^3^3 ^1^1 + + ^3»*3 

ClPl + C2P2 + C3P3 4 C2<?2 + C^ri + -f Cgfg 

Hence, assuming the method to hold generally, deduce a practical 
rule for forming the product of two determinants as a determinant. 


Evaluate each of the following products as a determinant : 


*86. 1 a\ 0 , ». *36. 

9 JO 

2 . *37. 1 

4 51 . 

8 3 

\bi b. 

8 11 


6 7 I 

9. 2 


B.M. 
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1 

~2 

3 

, 

3 

1 

2 

*80. 

1 

11 

8 

2 

-1 

2 


1 

4 

3 


2 

- 4 

3 

3 

3 

-1 


2 

3 

4 


3 

1 

7 


♦40. If i denotes n/ - 1, shew that 

2 + 3t 4 + 5i =2a + 3a + 4* + 62, 

-4 + 6* 2-3i 

and express 1* + 3® + 6* 4- 7® as a determinant ; hence shew that 
(2* + 3® 4- 42 + 62)( 12 + 32 4- 6* 4- 7*) = 82 4- 12® 4- 22* + 62*. 


♦41. Establish the general result 

a + ih c4-id |=a2 4-&2 4'C2 4-d2; 

- c 4- td a ~ib\ 

hence prove Euler’s theorem that the product of two sums, each of four 
squares, is itself the sum of four squares. 


*42. Shew that 


6c4-ca4-o6 bc+ca+ab 

6c4-ca4-a6 6c+ca4-a6 024-6*4-0* 

a*4-6*4-c* 6c4-ca4-a6 6c4'Ca-i-o6 


is a perfect square. 


43. Prove that 


a b b h 
a b a a 
a a b a 
b b b a 


= -(a-6)«. 


♦44. If P and Q denote respectively the determinants 


a+x h-^y C4-2 

and 

a-x b-y c-z 

64-a; c4-y a+z 


b-x c-y a-z 

c+x a+y 64-2 


c-x a-y b-z 


find the value of 

Find also the form assumed by P*-©* when x=b-c, y=c-a, and 
z=a-b. 


♦46. Shew that ii A, B,C are the angles of a plane triangle, then 


-1 
cos C 
cobB 


cos G 

-1 

cos A 


cos B 
cos A 
-1 


= 0 . 


Deduce that 

® cos*A4"Cos*P+cos*C4-2 cos A cos P.cos C= L 
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*46. Pi'ove that sia^a sin a cos a cos^a 
sin*/j sin /3 cos /? co8*/j 
sin*^ sin y cos y cos*y 

=sin(a-j8) sin (a-y) sin (jS-y), 

47. Shew that a a+6 a+6+c =a\ 

2a 2a+2b 4a+3&+2c 

3a 6a+36 10a-f-66+3c 

*48. Shew that the square of the determinant 
0 cos X - sin a: 

sin X 0 cos X 
cos a; sin x 0 

can be written in the form 1 - A A , 

-A 1 -A 
A ~A 1 

and determine the value of A. (L.U., Sc.) 

49 . Evaluate x+1 x+2 x+4. 

x+3 x+ 5 x+ 8 

x + 7 x + 10 x + 14 (L.U..SC.) 

60 . Find for what value, or values, of a the three equations 

x*-|-2y "-x = lla, 

3x*-l- y + x = l2a, 

2x2- y^X=0, 

are compatible, and solve them when they are so. (L.U., Sc.) 

61 . Evaluate 2 3 1 6 5 . 

3 12 2 3 

5 4 11 2 

4 2 3 4 15 

1 5 4 3 12 



CHAPTER III 


TRIGONOMETRICAL FORMULAE. EXPONENTIAL SERIES. 
COMPLEX NUMBERS. DE MOIVRE’S THEOREM. HYPER- 
BOLIC FUNCTIONS. SIMPLE SERIES 


13. Trigonometrical Formulae. The following important 
formulae are here quoted, without proof, for future reference : 

(а) sin (A=bB) = siii AcosB±sinBcos 

(б) cos (A± B) = cos A cos B =Fsin A sin B, | 
tan A t an B_ 

"l^tan A . tan B 


(c) tan(A±B)=:: 


.( 11 ) 


By putting in the first of each of the above identities 

the following are easily deduced : 

(а) sin 2A - 2 sin A cos A, 

(б) cos 2A=cos’^A-sin^A 

= 2 cos*A -1=1 -2 sin*A, ^ 

(c) tan 2A = 2 tan A/(l - tan*A). ^ 

By repeated application of (11) and (12), it may readily be 
shewn that : 


(a) sin 8 A = 8 sin A - 4 sin^ A, 
(/j) cos 8A = 4 cos^A - 8 cos A, [ 


(c) tan8A = 


8 tan A - ta n^A 
1-8 tan^A ' 


(13) 


and finally, by adding and subtracting one to and from the other 
of each pair of (II), and writing P for A + P, and Q £ot A - P, 
the following identities are derived : 

(a) sin P + sin Q =2 sin J(P +Q) • cos i(P “ ®)." 

(ft) sinP-sinQ=2co8i{P+Q).sinl(P-Q).[ 

(c) COB P + COS Q = 2 cos 1(P, + Q) . cos i(P - Q)f ' 

‘ , (d) cos Q - cos P = 2 sin i(P + Q) . sin i(P - Q). . 

36 
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14. General Solutions to Trigonometrical Equations. If 

sin -4= a, cosJ5 = 6, tanC=c, where a, h, c are positive, and 
a, P, y are the three principal values oi Ay R, G respectively, 
i,e» the smallest positive angles satisfying the respective equations, 
then it can readily be shewn that : 

(i) A=n7r + (~l)“a ; (ii) B=2n7rrhi8 ; (iii) C=n7r+7, (15) 

where n is a positive integer, including zero. 

These formulae give all the positive angles satisfying the 
respective equations. 

Ex, 1. (a) Shew that 

tan (^i + 6^2 + ^3 + ^4) = {^-i^)/{l + 

where tan Oi, tan K tan tan 6 ^ are the roots of the equation 

4- qx^ 4- rx 4- &* — 0, 

and deduce that when the roots of the equation are J and 0, 
(6) Solve the equation 

sin 2 x - sin 3 x - sin bx 4- sin 6x 4- 2 sin ix =0. 

(a) Let tan 6^ = aj., (r = l, 2, 3, 4) ; 

then from (11c), A = 0^ + 62 and R = ^^3 4-^4, 

tan A=(ai + a2)l(l - aia2)> R = (^3 4- a4)/(l ~ 
and since «], ag* ®4> roots of x^4-px^4-(7x^4-rx4-s=0, 

~ +<*2 +^4)> + “^^3®4* 

r = - {aiG^,^ 4- (iia^.^ 4- a^a^a^ 4- a^^a ^) , and s = 

Hence tan 4- ^2 ^3 + ^4) 

= tan (A 4- R) = (tan A 4- tan R)/(l - tan A . tan R) 

_ g, + gg 4- Oa + ~ + ^2^3^*) 

1 ~ (g^gg + a^a^ + g^g^. + + <*20^4 + <^3^4) + ^iCt 2 ^ 3^4 
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Putting ®2“f> “*3n)» <*4=0, 

P— VT + T IDV )3;8^> 9-!SU HS j5?TF> 

r = |f and s=0; 

•*• (^1 + ^2 ~ ^a) “ (SS^ + ^sS)/(l + /jTxr) ~ 1 j 

^1 + ^2 “"^3 = 4 * 


(5) Observing that 2a; + 6x = 3a; + bar, and rearranging terms 
accordingly, 

(sin 2a; 4- sin 6a;) - (sin 3x + sin 6a;) = - 2 sin ix. 

/. From (14a), 

2 sin 4a; . cos 2a; - 2 sin 4a; . cos a; = -- 2 sin 4a; ; 

/. sin 4a;(cos 2x-cos x + l)=0 ; 

or, from (126), 

sin 4a;(2 cos* a; - 1 - cos a; 4- 1) =0, 
ix. sin 4a; . cos a; . (2 cos a; - 1) =0 ; 

sin 4a; =0, cosa;=0, or cos x= 0-5. 

The principal values of x in these equations are given by 


4a;=0, a ;=2 or 


x--^~. 


From (15), 


x = ^xi7r, i(4n±l)7r or J(6n±l)7r. 

15. The Exponential Series. By expanding » when 

w>l, by the binomial theorem, and then increasing n indefinitely, 
it can be shewn that 


f 

^This series is convergent and is denoted by e, the base of the 
Napieiiali system of logarithms. 
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In a similar manner, the more general theorem may be estab- 


lished : 

T, /, 1\“* , a? 0 ^ 

= l ^-®+[2 + [3 + -+[ r +-- 


But 

u(i+*r- 

n“>oo\ n->ool\ J 


so that 

X* X* X' 

•'=l + *+[2+[|+-+Ir+ 

(16) 


This result is known as the Exponential Series, and it has 
already been shewn, in Ex. 5 of § 5, that this series is con- 
vergent for all values of x. 


Ex. 2. Calculate the value of e to four figures ^ and sum the 
series 

, 22 32 42 , . . . 

1 -f + p + to injimti/. 

From § 15, 

c = l + l+~ + i + ... 

= 1 + 1 + 0-6 + 0-16667 + 0 041 67 + 0-00833 + 0 00139 

+0 00019 + 0 00002 + ... 

= 2-718 ...to four figures. 

The rth term of the given series 

f* _(r-l)* + 2r-l_ r-1 ^2(r-l) + l 


1 r-1 


|r-l 


|r-2 


|r-l 


r-2+1 2 1 


1 3 1 

+ 1-; — s + r 


LLz2 \1z1 \Lz} \^' 

Hence, since the series is infinite, it may be written : 

00-1 00 -i 00 -• 

=e + 3e + c = 6e. 

16. De* Moivre’s Theorem. * If a be any number, the roots of 
the equation x^ + a^i= 0 are a; == ± ^ - a^. * 
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Since, however, a negative quantity cannot have a real square 
root, the quantity J -a^ is called an imaginary quantity, and 
some meaning must be assigned to the symbol denoting it. 

It is convenient to define J -a^hy the relation 

7 - X >/ - = ~ ; 

hence ^ -I x^-l = -1 

and - 1 X a7 - 1 = “ a* ; 

/. J may be regarded as equivalent to ~ 1. 

The symbol - 1 is generally denoted by the letter i, so that 
- 1, i® = . i = - i, = (^®)® = 1, , i = % = (^2)3 == _ 

and so on. With this meaning of t, an important theorem, first 
given in 1730 by Abraham De Moivre, may now be established. 
The Theorem may be stated as follows : 

For all values of n, cos nO + i sin nO is one of the values of 

(cos 6 + i sin 0)^ (17) 

This very important theorem will now be proved. 

Ex, 3. Prove De Moivre* s Theorem when n is any real number^ 
integral or fractional, (L.U.,/or n positive,) 

Shew also that there are only q values of 

t 

{cos 0 + i sin 

when q is a positive integer. 

By multiplication : 

(cos + i sin 0 ^) (cos ^ sin Oq) 

= cos 6^1 cos ^2 + ^(sin cos + sin ^g cos 0 i) 

+ sin 6^1 sin ^g 

= cos cos ^3 - sin sin ^g + i sin { 0 ^ + ^g) 

=co8 (01 + 02) + i sin ( 0 ^ + ^g), by (11). 

Again, (cos 0 i + i sin 0 i) (cos ^g 4* i sin ^g) (cos 0 ^ + i sin 0 ^) 
as {cos (01 + 02) + i sin (0i 4 - ^ g )} (cos 0^ + i sin 0^ 
cos (^1 + ^2 + ^3) + i sin (^1 + 6^2 + ^3), by the first result. 



§ 16] DE MOIVRE’S THEOREM 

Similarly, by repeating the process, 

(cos + 1 sin 6 ^i)(cos ^ sin 6 ^ 2 ) •• • (cos + i sin 0^) 

= COS + + +^n)+^‘sin (6 >i + 02 + **- +^n)» 

where w is a positive integer. 

Put = = = = iiben 

(cos 6 -hi sin 6)^ = cos n6 + i sin nO. 

Further, let w = - m, where m is a positive integer, then 
(cos i sin 6)^ = (cos ^ + 1 sin 6 ^)“*” = l/(cos 0-\-i sin 6)^ 

= a s by the previous result 

cos mu + ^ sin mu *' ^ 
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cos md — i sin mO 


= cos mO - i sin mS 


cos^md/ - sm^m^^ 

= cos ( - nO) - i sin ( - nO) = cos nO + i sin nS, 

Finally, let n==plq where p and q are integers, q being positive 
but p unrestricted in sign ; then, from the first result, 

(cos sin = cos qfj> + i sin q^. 

Taking the qth. root, 

1 

cos </) + ^ sin <^ = (cos qffi + i sin 
Now put 0 — q(l), and 

0 0 

cos - + i sin - = (cos O + i sin Oy, 

And from the previous results, whether p is positive or negative, 
since it is an integer, and 


0 


0\P 


\P K 

\ =*(cos 0 + isin 6 ^)ff, 


cos ~ + 1 sin 

\ q q 

p 

it follows that cos - 0 + i sin ~ 0 =■ (cos ^ + ^ sin 0)q, 

q q ^ 

Hence the theorem is completely established for all real values 
of w. 

Further, the expression cos sin 0 is unaltered if for 0 is 
written 0^ 2m7r, where m is an integer ; hence 

, /I . • /iv- 0 . i 0 0 + 2mTr . . ^ + 2m7r 

(cos ^ + »sm a)« = cos - + »sin -=cos + isin -- ^ 

* 9 9 9 9 


b.m. 


o 
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By putting m= 0 , 1 , 2 , different values are obtained until 
m^g, then 


^ + 2g3r . . 0-h2g7r o \ . • o \ 

cos 2 — + ^sjn 2 - = cos{ - + 27r ) + ^ 8 m ( ~ + 27r ) 

g g \g / \g / 

e . , e 

= cos - + ^ sin 


which is the value obtained when m= 0 . 

Similarly, when wi = <7 + 1 , the value at m = l is repeated, and 
so on ; hence : 1 

There are q values only of (cos 0 + i sin 0)^, where q is a positive 
integer, and these are given by 


QQn — gin where m=0, 1, 8, ... (q - 1). 


.( 18 ) 


17. Complex Numbers. Any quantity of the form a + ib, where 
a and b are real numbers, is called a complex number. For two 
complex numbers to be equal, it is necessary and sufficient that 
the real parts shall be equal and the imaginary parts shall be 
equal ; for let 

a + i6=p + ^. 


then g) =0, 

from which it is evident that a=p and b = g. 

From this fact it is always possible to put a complex number in 
the form of a De Moivre expression ; thus, let 
o + ih = r (cos d-hi sin 6), 
then equating real and imaginary parts, 

a=rcos0. b=rsin0, \ 

from which r* = a* + b« and tan0=b/a./ 

Since o, b are real, and a*, ¥ are positive, r is always real : also 
a real value of d can always be found to satisfy the equation 
tan ^ = 6 /a; hence, it is always possible to find real values of 
f and 6, so that 

a + i 6 *=r(cos 0+i sin 6). 

Since tan ^ = tan ( 6 ^ + 2 m}r), where m is an integer, the Principal 
^ Value of B, and therefore of a+e 6 , is defined as that* which lies 
between'^r and - ^r. . 
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Ex. 4. Define the modulus and argument of a complex quantity. 
Prove that the modulus of the product of two complex quantities 
is equal to the product of the moduli of the quantities, and that the 
argument of the product is equal to the sum of the arguments of the 
quantities. 

Writing /om L'ip + R\ find the values of 

V and B! . Shew also that if R is small compared with Lp, and 
LCp^ small compared with unity, then U = L(\-\-']^CL) and 
R = fi(l + 2p^CL) approximately. (L.U.) 

(i) Let a + 1*6 be any complex number ; then it has just been 
shewn that a + t6 = r(cos ^y + isin 0), if r2=a2 + 6* and tan B^hja. 
The positive square root of + V^, which is always taken for the 
value of r, is called the Modulus, and B, the Argument or Amplitude 
of the given complex number. 

The modulus r of a + ib is usually written |a + i6|, so that 

|a + t6| = +\/a^-hb^. 

(ii) Let a + ib, p + iq be two complex numbers, then 

(a + %b){p + iq)-ap ~ fwy + i(aq + bp) ; 

/. I (a + ib) (p 4- iq) | = {{ap - bq)^ + (aq + bpf}^ 

= (aV + h^q2 ^ ci2q2 + 

= {(a2 + 62)(p2 4-?2)}4 

= |a + i6| . \p + iq \ ; 

The modulus of the product of the numbers = the product 
of their moduli. 

This may be shewn to be true of any number of complex 

numbers. Again, let v 

® a 4-^o=rl(cos + i sin 6^^), 

and p-\-iq = (cos B,^-\-i sin B^) 

then, on taking the product, 

ap-bq + i{aq + bp) = {cos {B^ + + i sin {B^ + B 2 )}, 

by Ex. 3, p. 40. 

Argument of product = 6^1 + 6^2 

• =sum of arguments of the numbers. 

This is true for any number of complex numbers, by De Moivre’s 
theorem. • 
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(ui; L,%p + K “xiip + fi + i/cip'l-Cl^+tCEp 

— + R)(l- CLp^ - iCRp) 

~ (1 - CLj]^ + iCRp) (1 - CLp^ - iCRp) 

{L--CL^p^-CR^)ip + R 
■" (\-CLp^f + (^E^p^ ‘ 

Hence, equating real and imaginary parts : 

Z' = (L - CLV - CR2)/{(1 - CLp*)* + C W)} 
and R = »/{(! - CLp*)* + C^V}. 

The numerator of V — L-C(L^p^ + R?), and the common 
denominator to U and R — \-WLj^ + C^p\l?j^-\-R?^). 

Hence, if R is small compared with Lp, it may be neglected as 
a first approximation ; 

z' = (z - czy )/(i ~ ozp2)2 ^ z(i - czp2) (i - cip^)-^ 

= Z(l-CZp2)-i; 

and since CLp^ is small compared with unity, (1 -CLp^y^ may 
be expanded by the binomial theorem, and the square and higher 
powers of CLp^ neglected ; 

/. Z'=L(l + CLp*) approximately. 

Similarly, i2' = B(1 - CLp^y^ = R (1 + 2CLp*), approximately. 

Ex. 5. Express 75--10(H’ in the form R(co8 0 + i sin 0)^ where 
R is positive, and write down expressions for its three cvhe roots. 
If a + ih is such a cube root, Jmd, for one root, the values of a and b 
correct to three places of decimals. (L.U.) 

Let 75 - lOOi * R (cos 0 4 i sin ^), 

then, by (18), 22 cos ^ = 75, 22 sin ^ - 100 

and tan <9 = - 100/75 = - 1*3333 ; 

hence, 222 = 752 + 100 ® = 252(32 + 4?) = 252 . 52 . 

/, 22 = 125, and from the tables, 0= - 53° 8 ' very nearly, 

/. 75 - lOOi = 125 {cos ( - 53° 8 ') + i sin ( - 53° 8 ')} 

• = 126 (cos ( - 63® 8') - i sin 63® 8'}. 


4 
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Now the cube roots of 75 - lOOi are given by 
125i(cos ( - 63” 8') + i sin ( - 53° 8'))^ 


_ ( / 63°8'\ / 63°8'\'| , ,,,, 

6 |co8 g- j + 1 sin ^ - — g- j I , by (17), 

}.by(18). 


2mir-63°8' . . 2mir-63°8' 

=5 {cos 3 


- + 1 sin 


where »n=0, 1, 2. 

Putting in these values of m, the cube roots become : 
(i) 6{cos( - 17° 42-7') +i ain( - 17° 42-7')} 

= 5(cos 17° 42-7' -t sin 17° 42-7') 

= 5 (0-95263 - 0-30412t) = 4-76315 - 1-52062 . i, 


(ii) 5(cos 102° 17-3' +t sin 102° 17-3') 

= 5 ( - cos 77° 17-3' + i sin 77° 17-3') 

=6( -0-22010 + 0-97549t) = - 1 00050 + 4-87745 . 1 , 

(iii) 6(cos 222° 17-3' + i sin 222° 17-3') 

= 6( - cos 42° 17-3' -t sin 42° 17-3') 

= -5(0-74114 + 0-67285i)= - (3-70570 + 3 36425 . i). 


C 


Since five-figure tables have been used, the values will be 
correct to four places of decimals. It should be observed that the 
question only required one value to be worked out, whereas the 
three have been calculated to exemplify the method. 

The values of a and 6, to 
three places, will therefore be Y | 



a- -1001, -3-706, 4-763 ; 

6= 4-877, -3-364, -1521. 

18. The Argand diagram. A 

complex number may be repre- 
sented geometrically by means 
of a simple diagram, originally 
published in 1806 by J. B. 

Argand. ^Let P (Fig. 1) be any 
point (Xy y), referred to rectangular axes OX, OY ; then if x + iy^ 
be denoted by z, th^ point P is said to correspond to z, * 


Fig. 1. The Argand diagram. 



46 HIGHER MATHEMATICS [oh. m 

The modulus \z\=^\x-\-iy\ = («* + = r = OP, 

and if lXOP=^ 0 , 

argument of 2 = tan~^y/a; = ^^ = 2m7r + ^, where m is an integer. 

It should be noticed that if OX* be equal to OX in length, then 
OX* = - OX ; hence the operation - 1 performed on OX turns it 
through two right angles. 

But -l=v^ -1x^-1, so that the operation J -I per- 
formed twice has the same effect as the operation -1 ; it is 
obvious, therefore, that the operation J -I may be considered to 
have the effect of turning a length through one right angle in the 
positive direction. 

Ex. 6. SheWy by means of the Argand diagram, that the geo- 
metrical representation of the sum of two complex numbers follows 
the vector law ; hence deduce that the modulus of the sum is less 
than the sum of the moduli of the numbers. 



Fio. 2. Sum of two complex numbers. 


Let Zr=x,+iy, {r = l, 2, 3), and let z,, z,, Zg be represented by 

PitPftP, (Fig. 2) respeetively, such that Z 3 =z, + Z 2 . Join 
P 1 P 3 , P 2 P 3 , and draw parallels to the axes as indicated. 

Now + 

X3 + iy3=Xi+X2+i{yi + y2), 

so that a:i + ® 2 =i*s and yi+y 2 =ya'> 

0N, + 0N,=02Vg, .. OM^+OMi^OM,; 

hence * ■ OM^^M^M^^P^Q. 
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Let Oi, e, be the arguments of Zi, Z 2 , S3, so that 

then tan P^P^Q^PzQIP^Q-^M^M^JON^^OM^ION^ 

= N^P^jON^ = tan 

tan P3P1P = P3P/P1P = N^Q/N^N., = N^PJON^ = tan ; 

/. ^2^3110^1 and PxPallOP^. 

so that OP3 is the diagonal of the parallelogram on OPi, OPg. 

Hence the geometrical addition of complex numbers obeys the 
vector law. 

Similarly it may be shewn that the vector law equally applies 
to the geometrical representation of the difference of two complex 
numbers. 

Since 0P3<0Pi + P1P3, t.e. OP3<OPj+OP2, 

it follows that the modulus of the sum of and Sg is less than the 
sum of their moduli. 

It is easy to shew also that the modulus of the sum is greater 
than the difference of the moduli of the numbers, hence 

|2ll~l*2l<|23|<l^l+*i!|- 

19. Series and Exponential Values of sin 0 and cos 0. When z 
is a complex number, some meaning must be assigned to e*. It 
will be sufficient in this book to define e* by what is called its 
principal value, viz., the series, 




where z = a? + «/, and x, y are real numbers. 

This series is convergent for all values of z, and with this mean- 
ing of e* it will now be established that 

cos 0 + i sin 0 = eW (20) 

Ex. 7. Establish the exponential value of cos 0 -{-i sin 6 ^ and 
from it deduce the series and exponential values of sin 6^ cos 6 
respectively^) hence shew that (1) any complex number a + ib may be 
expressed in the form e^^/Ja^ + b^, where 0 is the principal value of 
tan^^bja, and (2) 16 oos^8=cos b8 + ca)s 36^ + 10 cos 0. * 
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In (17), let ^ = one radian; then cosw + isinn is one of the 
values of (cos 1 + i sin 1)”. 

Now let z = a where a and h are real numbers, and suppose 

a and h can be determined so that the principal value of is 
cosl + i sinl, then 

cos — (cos 1 -f i sin 1)® = 


-(2 ^ u - T6- ■" •••) ~ 13- ^ fs- - • ••) 


636>3 


As a is real, e®® is real; 

hence, equating real and imaginary parts, 


(ii) sin 6/ = e“» (bd - + ^| g- - . . 

626 « h*0* 


From (ii), 


sin 6 




XT T i. (*■ + l)tt term of series _ . ^ 

Now Lt i = - Lt s-7S— rr=0, 


rth term 


2r(2r + l) 


r->oo 

if 6, 6 are finite. 

Hence the series converges to a finite limit, and 

T^8in(^ T4. ii M , 

But Lt sin =1, by Elementary Trigonometry ; 

6 = 1 . 

Again, the ratio test shews that the coefficient of e®’ in (i) is 
convergent, so that, with 6 = 1, 


cos 
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Write - 6 for 6, then 

C03^ = e-“*(l-|2 + ,V 



since cos ( - ^) = cos and every power of d in the series is even ; 

gae = e or = 1 ^ from which a = 0, provided 6 is not zero ; 

/. cos ^ + 1 sin 6^ = and cos 6^ - ^ sin 6^ = 
on writing ~ 6 for 6, 

Further, putting in the values of a and h in (i) and (ii), 


sine:=e 


03 e® \ 


02 04 02r-2 

00*e = l-j2 + |-|-. ..+{-!) |-27r2+- 


(21) 


These results are established by another method in Chap. VII. 

Again, by addition and subtraction, of the expressions, 
cos (y + 1 sin ^ and cos 6^ ~ i sin 

2i sin ^ = ei ’ - e~i®, 2 cos 0 (22) 

(1) From § 17, 

a -f = r(cos B-^i sin 6), 
where r = N/a2 + 6^ and 6> = principal value of 
Hence, from (20), a + = Va^ + 

(2) 16 cos®(y = J + from (22), 

= 1 + 563i« + \0e^ + \0e-i^ + + e-5»«), by (1), 

== 1 (g5i0 4 . e-5ts) 4 . 5 (gsis 4 . g-3ts) + 5(eis + 


= cos 56 + 5 cos 36 f 10 cos 6. 


20. Hyperbolic Functions. Just as the circular functions are 
related to the circle, so a corresponding group of functions is 
defined in relation to the rectangular hyperbola ; hence the name. 
Hyperbolic Functions. These functions are denoted by adding 
h to the abbreviation for the corresponding circular function; 
thus, sinh w, cosh u, etc., denote the hyperbolic sine, cosine, etc., 
of u respectively. In analysis it is convenient to define the hyper- 
bolic functions exponentially thus : 


2 sinlii u=e"-e“** 2 cosh u = e® + e-®, \ 

tanh n =^sinh n/cosh u = (e® - e“®)/(e® + e“®). / 
c2 


.(28| 


B.M. 
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Ex. 8. Prove that cos ix — cosh and sinix^i sinhx. From 
these results, shew that cosh ( 2 c + y) = cosh x . cosh y + sinh x sinh y, 
and obtain the formula for tank (x-^y) in terms oftanh x and tank y. 

From (22), 2 cos 6^ = e^^ + 

Let 0 = ix, then cos ix = J + e®) = cosh x, by (23) . 

Similarly, 2i sin ia; = e“® - ; multiply out by - i, then 

sin ix = ii(e® - e“®) = i sinh x. 

From (116), cos {A + B) ==cos A cos R - sin ^ sin B ; 
put A=ix, and B = iy, 

then cos i(x + «/) = cos ix cos iy - sin ix sin iy, 
or, cosh {x + y) =cosh x cosh y-i^ sinh x sinh y, from above results. 
i.e. , cosh (x + y ) = cosh x cosh y + sinh x sinh y. 

Again, tan ix = sin ixjco^ ix = i sinh cc/cosh x = i tanh x. 

But from (11c), writing ix, iy for A, B respectively, 
i tanh (x + y)— tan i(x -hy) = (tan ix + tan iy)/(l - tan ix . tan iy) 

— (i tanh x + i tanh y)/(l - i^ tanh x . tanh y) ; 
tanh (x + y) = (tanh x + tanh y)/(l + tanh x tanh y). 

Ex. 9. If x = log (sec 0 + tan 6), shew that sec 6 — cosh x. 

Find the values of sinh~^xla and oosh~^xla in terms of x and a. 

(i) Since sc = log (sec 6 + tan 0), 

sec 6> + tan 

or tan^ 6> = (e® - sec 0)^. 

Bec^O sec ; 

sec 0 — (e^® + 1 ) /2c® = ^(c® + c” ®) = cosh x. 

(ii) Let w = sinh“ia;/a, then 

sc = a sinh w *= |a (e»® - c~") ; 

.*. ac^^* -2scc“ + a=0. 

Solving this quadratic for e~, 

sc±\^*+a® 

% e« = 

r 
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Now u is always defined by this equation, when the positive 
root of the radical is taken ; hence, disregarding the negative 
root and taking logarithms, 

u = sinh =log . 

In exactly the same way, by taking the exponential value of 
the hyperbolic cosine, it is readily shewn that 

cosh“^a;/rt =log 

^ ° a 


81. Formulae for Hyperbolic Functions. The formulae proved 
in the above examples arc so important, that they are here 
collected for future reference. 


{a) sin ii=i8inlix, cos iz- cosh x, tan ix - i tanh x. 
(b) sinh (x ± y) = sinh x . cosh y ± cosh x . sinh y,^ 
cosh (x :i: y) ~ cosh X . cosh y dr sinh x . sinh y, | 


an (x y) — j ^ ^ ^ • 


.(24) 

(26) 


y X • 1 * , X4-\/x*d a* 

(c) Sinh-^ ^ - log 

a a 


^,x , x + Vx-'-a'* 

cosh-^ =log 

a a 

. . , X 1 , a+x 

tanh-^- = j,log--^. 


(26) 


82. Summation of Simple Series. The simple methods of 
finding the sum of a trigonometric series depend mainly upon a 
skilful application of the identities given in § 13, and sometimes 
upon the exponential values given in § 19. 


Ex, 10. Find the sum of the first n terms of the series : 

(i) cos a + cos {a + 0)-\-cos (a + 26^) + ... ; 

(ii) cos a cos ^ 4- cos {a + 0) cos + 0) 

+ cos (a + 26^) cos (^8 + 2t^) 4- . . . . (L.U.) 

(i) The rth term of this series = cos {a + (r - 1) 6). 

Now, ftom § 13, , 

2 cos (a 4- (r “ 1) . sin = sin 4* ^ - sin ^ ~ ^ T 
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/. 2 sin . ^cos {a + (r ~1)^} 


f*i 


= g (« + . 6») - sin (a + . ^)| 

«sin^a + |^-sin^a-|^ + sin^a + ~^-sin^a4-0+ ... 


, 2ii-l ^ 
+ sin( a + — 2 =j — • ^ 


sin 


^-sin ^a + - 


2w-3 


’) 


= 8m(a + ?^.<^)-sin(a-0 


.(« 


= 2 cos{ a + ^- . 6^ 


/. 2cos{a + (r-l)6^} = 


. sin \n6 : 

cos . 6/^ . sin ^nO 


f-i 


2 
sin 


Or, let C^ = cosa + cos(a + 6^) + ...+cos{a + (n-l)6>}; 

then, putting in the exponential values from (22), and writing a 
for c*®, and u for e*®, 

20,^=a+- + au + — +au2.+ _i. +... ^ 

a au au^ 

=a(l+M + «* + ...+M«-i)+J(l + Ui+...+^) 

< 1-M 1-1/m’ 

= {« (m~ 2" - «-i) + ^Mi - M’'"2-)}/(„i _ „-i) 

Of 

- {mm^ („i - m'!) + (m^ - M‘^)}/(Mi - M-i) 

au 2 


= (aM"2 ^ + — I::., ) (m” - - m"*) 

' avT I 

= 2 cos (a + 0 ^ sin ^n^/sin ; 

(7„ = cos (a + 0 ^ sin Jn^/sin as l^efore. 
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(ii) Let 0„ = cosacos/i + cos(a + <^)cos(/8-f + , 

the rth term = cos {a + (r - 1) 6} cos {fi + (r-l)d} 

= I cos {a + ^ + 2(r - 1) 6^} + 1 cos (a - )8), by (13o) ; 

G„^l^[cos{a+p+2(r-l)0} + co3{a-P)]. 

Now the first sum is precisely the same as (i), a + ^8 replacing a 
and 26 replacing 6 ; the second is constant for every term ; hence, 

C„ = J cos {a + j8 + (n - 1 ) ^} . sin n6^/sin 6 + In cos (a - j8) 

_ cos {a + i8 + (n - 1) . sin n6^ + n sin 6 cos (a - j8) 

” 2 sin 

Exercises 3. 

1. Prove that 

sin A + qui 3^+8in 5^+sin 7^4=4 cos A cos 2A sin 4:A, 

2. If A sin (a5+a)=4 cos x+3 sin x is identically true, find the values 
of A and ct which are constants. 

3. The space s described in time ^ by a moving particle is given by 

s-{a^-b^) sin (^t+2ab cos co/. 

Shew that this is the same as 

a=(a2 + 6-) sin (coi + e), 

whf-re tan c/2=&/a. 

Hence find s when 0=2*3, ?>=0*92, ti>=0*5 and ^=0-7008. 

4 . Prove that if ^4 ® 

sin(a-j8) a-b 

6. Given that (l + Vf+o) tan prove that sin 4a=a. 

6. If sin sin 26= a, cos ^+cos 26=b, shew that 

(o2+6a)(a2+6a-3)=26. 

7. Given that p = l+sin*^, and q~ 1 +cos*^, shew that 

2 (p* + q ^) + V ^ 27 ( 1 + co8*6). 

8. Shew that the relation 

X=a+6 cos X 

may be transformed into the relation 

• X(l + ^2)=»(a-6)(p*+^a), 

whe^e ^=tan * and fx^^{a+b)l(a-b). 



54 


HIGHER MATHEMATICS 


[oh. m 


9. If ^\-e. tan . tan prove that 

(1 + e cos ^y)(l-c cos c/))=l-c®. 

10. If a sinM + 6 sin2J5=c, and a sin 2A-6 sin 2fi, shew tha+ 
sinM — - — 


and find a similar expression for sin^R. 
11. Shew that tan-^a ± tan-^/^?=tan- 


VlTa/8r 


hence shew that 


tan-^ ^+tan-i ^ +tan-i ^+tan-^ ~ 


12. Prove that sin"^ P+sin“^ Q=sin"^ /?, where P=2ahj{a^-^h^\ 
Q=2cdl(c^-\-d^) and i2=2(ac-6d)(ad+6c)/{(ac-6d)2+(ad+6c)2}. 

Hence shew that sin-^ + sin“i ^6^=sin-^ gg. 

Solve the following equations : 

13. sin 3i^+oos 66>=cos 6. 

14. 3(tana(9+sec26^-7) + 14=:0. 

15. sin 76/+sin 3^^=13(cos 7^+cos W)* 

16. sin 2d . sec 46/ -cos 26/+ cos 60=0. 

17. sin 20 . (6+4 cos 20) = 3(sin 3 y+sin 0). 

18. Calculate the value of x from the equations 

3 sin 0 + 5 cos 0=5 ; 6 sin 0 - 3 cos O-x, 

19. Shew that any complex number z may be written in the form 
r(cos 0+i sin 0), where r is real and positive and 0 is a real angle. 

If, as usual, the symbol \z\ denotes r, shew either geometrically or 
analytically, that z^ and Zo* being any two complex numbers, 1 21+^2 1* 
is not greater than |Zi| +f22l» ^ equal to it when the 

ratio Zi : Zg is real and positive. (L.U.) 

20. Explain how the sum or difierence of two complex quantities 
may be represented by means of an Argand diagram. 

If Zj, Zg, Z3 be three complex quantities such that 23=Zi+Zg, and 

(^i» ^1)* (^2» ^*)> (^3» ^3) corresponding values of r and 0, prove 

that if ri>r2, then ri-r2<rg<ri+rg, and 

0j - sin-1 < 03 < 01+sin-i ^ 2 ^ 

Ti . rj 

where sfn-i -- denotes an angle between 0® and PO®. 


<L.U.) 
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21. 0, A and B are the points which represent zero, unity, and 
a+t6 in the diagram of the complex variable ; OC is the internal 
bisector of the angle BOA, and the parallel through B to OG meets 
AO in D, Shew that the point in which the circle through B, D and A 

meets OG represents one of the values of {a-{-ib)K Indicate the point 
which represents the second value. (L U.) 

22. The centre of a regular hexagon is given by 2-i, one of its 
vertices by -l + i, find the numbers giving the remaining vertices. 

(L.U.) 

23. Define a complex number and prove that in general (i) the 
product of any number of complex numbers is a complex number, 
(ii) the quotient of two complex numbers is a complex number. 

Express in the form A + iB, 

24. Express 5+4i in the form r{cos U+i sin d), hence extract its 
square root. 

25. By expressing - 2*35 +1*96/ in the form r {coa O + i Bin 0), find 
the three values of {-2*35+l‘96i)^. 

26. Express log {a+ib) in the form p+iq, hence shew that 

(i) log|i*^=2»tan-*6/a and (ii) l-7632+ 0-5405i 
is one of the logarithms of 54-3i. 

27. Express the complex products 

(i) (7-8i)(8 + 7i), (ii) 

in the form r(cos sin (y), tabulating corrcsi)onding values of 
r and 0, (L.U.) 


28. If P-\-iQ^\og(x-a+iy)/{x+a+iy), where P and Q are real, find 
the values of P and Q in terms of x and y. Show that the family of 
curves P- constant, Q— constant, cut each other at right angles. 

P.203.) (L.U.) 

29. If .i;+7y=cosh (u+iv), shew that 


^ _ J/* ^ ?/’* . ^ I 

cosh^a sinh^w * cos^v sin®i; 


(L.U.) 


11 

30. If ~ + r- = l, where * 0 ;, y, w, v are real quantities, find tl^ 

x+iy u+tv » # 

values of x and y in terms of u and v, Sc.) 
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31. Shew th at wh en a and h are both positive, a+ 16 may be expressed 

in the form where tan d=hla. 

Examine the cases when a and b are not both positive, illustrating 
by a diagram. 

Given that ^ 

express p in the form Aei^, giving the values of A and 6, (L.U.) 

32. Express cosh (1 + t) hi the two forms, p+iq and r (cos 6-\-i sin f^). 
The current entering a telephone line is found to be given by the 

real part of 

cos at + i sin c»< 
cosh (p + ip) 

Express the current in the form a sin {at + h). 

33. Shew that the modulus of the function 

2 + cos 9 — i sin 9 
2 + cos 9 + i sin 9 

is unity. 

34. Express {a-\-iby+*^ in the form A + iB, where a, b, p, q are all 
real ; hence determine the condition that the given expression should 
be real. 

35. Show that if a;=cos 0+i sin 0, 2 cos n^=a;"+x“”, and 

2i sin ; 

hence prove that 

64 cos’^=cos 16+1 cos 56+21 cos 3^+35 cos 6» (L.U., Sc.) 

36. Prove that sin 76^/sin 6=1+2 cos 2^+2 cos 4:6+2 cos 56. 

37. Shew that 

(i) cosh (n+ l)a;+cosh (n- l)a:=2 cosh nx . cosh x, 

(ii) sinh (n+ l)a;“ sinh (n- l)a;=2 cosh nx . sinh x. 

38. If tan |=tanh g, prove that sinh u=tan x, cosh w=8ec x, and 
«=logton(j + ®). 

Calculate by the tables sinh (0*5) and cosh (0*5). (L.U.) 

39. Define tanh x and shew that if a;=log tan ^ + 0, then 

tanh a;=9in 6. 

Prove tfiat sinh-^ -=log 

. a ° a 


(L.U.) 
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40. By expressing sinh-‘ in logarithmic form, calculate its value 

to four places of decimals. (IkU.) 

__ J 

41. Prove that tanh-^ (M.U.) 

42. Deduce from the exponential values of cos $ and sin 0, their 
connection with the hyperbolic functions. 

From the identity tan 2a; =2 tan a;/(l-tan*a;), find the corresponding 
value of tanh 2x, 

Shew that by a proper choice of A and B, can be made 

equal to 5 cos 26/ - 7 sin 26/. (L.U.) 

Solve the following equations : 

43. e*-9-3c-*=8*3. 

44. 8c'+15e *=22. 

45. cosh a; - 6 tan 23-9° =0-6. 

46. cosh a; + 10 sinh a; =2-007. 

47. 9 cosh a; + 23 sinh a; — 64 =0. 

52. WLat is the sum of the series 

1 + + 1 . J + to oo 

when a^<l ? " " 

Deduce the sum of the series 

l + lacos^ + ^. 2a*cos2^ + to qc 

when 6 is an angle in the first quadrant, and a*<l. (M.U.) 

Sum the following series : 

53. sin a+sin^a+^^+dn ^a + ^^+ ... to n terms. (L.U.) 


48. a;=co8h-^ (f^). 

49. a; = sinh (1-05). 

50. tanh .r= 0*13+ loge 1*6. 

51. a;= tanh (logc 1*6). 


54. cos X . cos 2a;+cos 2a; . cos 3 a;+cos 3a; . cos 4a;+ ... to n terms. 

(L.U.) 

55. 1 + p ••• ^ infinity. (L.U.) 

56. 2a; - a:® + ,^ a;® - ~ a;’ + — (B.U., Sc.) 

ii L5: LZ 

57. sin a + sin (a + /i/) + sin (a + 2j8) + ... to n terms. (L.U.) 

KQ V 2r+l 

Oo. 2^ cos — Yo~ . TT. 

r^O 

*59. Prqye that 2 sinh (2r- l)x/ 2 cosh (2r-l)a;=tanh nx, 

r-\ J r=l 


*60. Shew that ^l+<3bs 


|)(l + C08 ®g”:)(l + C08 ®g^)(l + C08 
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*61. Find the sum of the lengths of the lines joinii^ a vertex of a 
regular polygon of n sides to each of the other vertices in terms of 

(i) the length « of a side of the polygon, 

(ii) the radius r of the circle circumscribing the polygon. 

Hence, by making n indefinitely great, or other virise, deduce that the 
average length of a chord of a circle of radius r drawn through a fixed 
point on the circumference is 4r/7r. (L.U.) 

*62. Find the sum to infinity of the series 

X cos a - Ja;* cos 2a + Jx® cos 3a - ... . 

(iSfee Ex. 3, p. 146.) (L.U., Sc.) 

*63. Shew that the sum of n terms of the series whose rth term is 
cos’* ff cos rS is sin nO cos^+^ 6 cosec d. 

*64. J^C,8 denote the infinite series 

cos tf-fa;cos 2^+a;® cos 36> + ... , 
sin d+x sin 2^ 4- a;* sin 2d+... 

respectively, shew that C'=(cos O-xyO, and /Sf=sin 6 ID, where 
2) = 1 -2a; cos a;*, 

it being assumed that x is less than unity. 

n-l 

' 65. Shew that the sum 2 ( ~ 1)*" cosh {n-r)x is 
r=o 

cosh |(n 4- 1) a; cosh ^nxlcosh Ja;, when n is odd, 
and ' sinh i(n 4- l)a; sinh |na;/cosh Ja;, when n is even. (L.U., Sc.) 



CHAPTER IV 

SPHERICAL TRIGONOMETRY 


23. Spherical Triangles. The line of intersection of the surface 
of a sphere and any plane passing through the. centre of the 
sphere is called a great circle. 

The figure bounded by the arcs of three great circles is a 

spherical triangle. 

Formulae for the Cosine and Sine Rules 
for spherical triangles will now be investi- 
gated. 

Ex, 1. Ei^tablish the formula 
cos a^cosh , cos c + sin b . sin c . cos A, 
for a spherical triangle ABC, and deduce 
from it the rule of sines. ^ ^ 

Use the formulae to determine the angles ^ i | 

of a triangle in which a — 48° 18', h = 65° 24', \ ' ' 

a«rfc= 83° 64'. \ 1/ 

Let ABC (Fig. 3) be a spherical triangle |i* . 

formed by the arcs AB, BC and CA of 
great circles on the sphere whose centre p 

0. 3^ Spherical triangle. 

Suppose the tangent at A to. AC meets 
OC produced in Z), and the tangent at A to A B meets OB 
produced in E. Join BE, then l DAE^A. 

From the triangle BE A, by the cosine rule for plane triangles, 

BE^=^EA^ + AB^-2 , EA .AB.co^^A, 

Similarly, for triangle BEO ,0 

BE^ = EO^^OB^-2, EO.OB.coaEOB, • 
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Hence 


jSO* + OZ)®-2 . EO . OD . cos EOD 

^ EA^ + AD^-2.EA. AD. CO& A. 

But L EOD=a, any side being measured by the angle its arc 
subtends at 0 ; 

and since l DAO = l EAO = 90®, 

/. EO^ = OA^ + AE^, and OD^ = OA^ + AD\ 
and the above relation becomes 


EO . OD . cos a = OA^ + EA . AD .cob A; 


_OA OA EA ^ 
*• ^°'~6E‘ OD'^ OE ' OD 


COS A^ 


%.e. 


cos a — cos c . cos b + sin c . sin b • cos A, 


which is the required formula. 

Similar formulae may be proved for cos h and cos c, and these 
may be written 

cos a - cos b . cos 0 


cos A = 


cos B = 


sin b . sin c 
co s b ~ cos c . cos a 
sin c . sin a ’ 


^ - cos c - cos a . cos b 

cos 0= — — ; . . 

sin a . sin b 


This is the Cosine Rule for spherical triangles. 
Since sin^-r^ = 1 - coa^A, 

by substitution from (27) for cos A, 

<coa a - COB b . cos cV 


sinM = 1 




sin b . sin c 


— « sin^c - (cos a - cos b cos c)^ 

ain^b . sin^c 


( 27 ) 


(1 ~ cos^6) (1 ~ cos^c) - (co s a - cos b . cos c)* 
sin* 6 . sin*c 

1 cos*a -- cos*b — cds^c + 2 cos a . cos b . cos c 
8in*6 . sin*c * ' 
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The function forming the numerator of this fraction is usually 
denoted by so that 

. . 2n 

sin A = -r-T — • — ; 

sin 0 . sm c 

• ^ 

* * sin a sin a . sin 6 . sin c* 

In a similar way it may be shewn that 

sin B _ 2n sin C 

sin 6 ~ sin a . sin b . sin c ~ sin c ‘ 

Hence the rule of sines : 

sin A _ 8in B sin C 2n 

sin a sin b sin c ~~8in a . sin b . sin c* 
where 4n* = 1 - cos* a - cos*b - cos*c + 2 cos a . cos b . cos c. 

In the given triangle, substituting in (27), 
sin 66° 24' . sin 83° 54' . cos ^ = cos 48° 18' - cos 65° 24' . cos 83° 64' 

=0*6652 - (0*4163 x 0*1063) 
=0*6652-0*0442 
=0*6210 ; 

log cos A = log 0*6210 - log sin 65° 24' - log sin 83° 54' 
= T*7931- 1*9587 +T-9975 
= T*8369=log cos 46° 36' ; 

/. .4 =46° 36'. 

Similarly for B, 

sin 83° 54' . sin 48° 18' . cos B = cos 65° 24' - cos 83° 54' . cos 48° 18' 

=0*4163 - (0*1063 X 0*6652) 
=0*4163-0*0707 =0*3456 ; 
from which log cos B = 1*6680 = log cos 62° 16' ; 

/. B = 62°15'. 

Lastly, sin 48° 18' . sin 65° 24' . cos C 

. = cos 83° 54' - cos 48° 18' . cos 65° 24' 

=0*1063 - (0*6652 x 0*4163) 

*=0*1063-0*2769= -0*1706. 
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Since this value is negative, cos G must be replaced by 
cos (180® - C), because cos (180° - C) = - cos C ; 
log coa (180® - C) = log 0*1706 - log sin 48® 18' - log sin 65® 24' 
= 1*2319-1*8731 -1*9587 = 1*4001 
=log cos 75® 21' ; 

/. 180® -0 = 75® 21'; 

/. 0 = 104^*39'. 

Having found the angle A, the remaining angles could be found 
from the sine rule, thus, from (28), by taking logs : 

log sin B = log sin A + log sin b - log sin a 

=log sin 46® 36' + log sin 65® 24' - log sin 48® 18' 

= T*8613 + T-9587 - T*8731 = T*9469 

=log sin 62® 15' ; 

/. jB = 62° 15", as before. 

It must be remembered, however, that the sine rule always 
gives two possible solutions, since sin 6^ = sin (180® -6>), and unless 
the data are sufficient to allow the proper value to be select^, it is better 
to avoid the sine rule. 

24. Spherical Excess. In the above triangle, 

^4 + R + 0 = 46® 36' + 62® 15' + 104® 39' 

= 213® 30' 

= 180® + 53® 30'; 

thus the sum of the three angles of the spherical triangle is greater than 
180 ®. This is true of every spherical triangle. 

If B = spherical excess, i.e, 

E = A + B + C — TT, 

the angles being expressed in radians, then 

^ Area of Spherical* Triangle =Er*, (29) 

wherfi r= radius of sphere. (See Exercises i6, No. 20.) 
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Ex, 2. Prove that in any spherical triangle ABC, 

^ __ (s-h) . sin (g - c) 

2 sin s , sin (s-a) * 

where 2s==a-hh + c. 

Use this formula to verify the angles found for the triangle given 
in Ex, 1, viz. one in which a = 48° 18', 6 = 65° 24', and c = 83° 54'. 
From Plane Trigonometry, 

1 -tan^ ~ 
cos A = J 

1 4- tan^ ^ 



1 - co s A 
i 4 cos A 


sin 6 . sin c - cos a 4 cos h cos c 
sin 6 . sin c 4 cos a - cos h cos c 


, from (27), 


_ cos (6 - c) - cos a 
cos a - cos (6 4 c) 

__ sin \{a ~ 6 4 c) . sin |(a 4 6 - c) 
sin J(a 4 6 4 c) . sin - a 4 6 4 c) 

_ sin (s ~ h) sin (5 - c) 
sin s sin (s - a) 

B C 

Similar expressions can be likewise proved for tan and tan 

Hence A ^ sin (s-b ). sinjs^-^ . 

2 sin s . sin (s - a) 

*«„2 ? _ sin (s-c) . sin (s-a) . 

2 sin 8 . sin (s - b) 

tan* ® = sin (s-a). sin (s-b) 

2 sin s . sin (8 - 0) 

where 2s=a4b4c. 



In the given triangle, 

25 = 48° 18' 4 65° 24' 4 83° 54' = 197° 36' ; 

5 = 98° 48', and log sin s = 1*9949 
s-a = 50° 30', log sin (5 - a) = T-8874 

s - 6 = 33° 24', • log sin (5 - 6) = T*7407 ; 

5 - c = 14° 54', log sin (s - c) = T-4102. 
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log tan I = 1 -7407 + T-4102 - 1 -9949 - 1 -8874) = 1 -6343 

log tan 23° 18' ; 

/. ^=46“ 36'. 

log tan f =^(T-4102 + T-8874 - 1*9949 - T-7407) =T*7810 

=log tan 31° 8' ; 

5=62'’ 16'. 

log tan 5 = J(T*8874 +T-7407 - T-9949 - T-4102) =0*1115 
= log tan 52° 17'; 

/. C=104^34'. 

These values agree quite closely with those previously found, 
and it will be seen that formulae (30) are much more convenient 
to apply than (27), as they are more readily adapted to loga- 
rithmic computation. 


Ex. 3. In any spherical triangle ABC^ prove the formulae : 

(a) tan l(A + fi) = 

(h) tan ^{A - B) = ^ . cot JC, 

and apply them to find the shortest distance between Southampton 
{Lat. 50° 54' N., Long. 1° 24' W.) and New Orleans (Lat. 30° iV., 
Long. 90° W.), regarding the earth as a sphere of radius 3960 miles. 

sin b 


Let 


sin a 


sine 


sin A sin B sin C 




then 


sin g -f- sin 6 k sin A sin B _ sin .4 + sin 5 
sin a - sin 6 A sin .4 - A sin i? ” sin ^4 - sin B' 


Hence, from (14), 


sin \{a + b) . cos l(a - h) ^ sin ^(4 + jB) cos |(4 - B) 
cos \(a + 6) . sin J(a - 6) cos J{4 + B) sin J(4 B) 

, . sin coi4(a~b) _ taii i(A+B) 

’ * sin i(a - b) ’ oos i(a +b) Un'l(A - B) 


( 81 ) 
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Again, 
tan + B) 


sin \{A + B) _ sin \{A + B) , cos i(A - B) 
cos i(A + R) ” cos i(A + B ) . cos l(A - B) 


sin + sin R 
cos A + cos B 


, from (14a) and (14c), 


sin g . sin C 

sin c 

cos a - cos b . cos c 
sin 6 . sin c 




+ 


sin b .Bin 0 

sin c 

cos 6 -cos c . cos a* 
sin c . sin a 


from (28) and (27), 


sin a . sin & . sin C(sin a + sin b) 

sin a . cos a - sin a . cos b . cos c + sin 6 . cos 6 - sin 6 . cos c . cos a 


sin a . sin 6 . sin (7 (sin a + sin b) 

J sin 2a + J sin 2b - cos c(sin a . cos 6 + sin 6 . cos a) 

sin a . sin 6 . sin C(8in a + sin 5) . 

— . — . . 7 y , from (14)) 

sin (a + b) cos (a - o) - cos c , sm(a + o) 

sin a . sin b . sin C (sin a 4- sin 6) 

sin (a + 6) {cos (a - 6) - cos c} 

sin a . sin 6 . sin C (sin a + sin 6) 

sin (a +b) {cos a , cos 6+8in a . sin 6-sin a . sin 6 . cos C - cos a . cos 6} 


2 sin |(a + 6) . cos |(a + 6) . 2 . sin* ^ 


from (27) q q 

. ^ . . 7 y 2 sin . cos o • 2 . sin J(a + 6) cos 4(a - 6) 

_ s m G . (sin a + sin 6 ) 2 2 ^ f 

sin (a + 6) (1 - cos Gj 
from (12) and (14) 

^ . cot which is formula (a) of the data. 
cosi(a-f-6) 2’ ' ' 

Divide this result by (31), 

s in . cot ^ = tan i(A - R), which is formula (6) of the data. 

Hence („) ton 1{A +B) =^^{5^ * 

. (6) fn*(A-B)=^g^j;.cotlC. 

These formulae are, known as Napier’s Analogies, 


( 82 ) 


B.M. 
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Let N in Fig. 4. be the North Pole, S, C, the respective positions 
of Southampton and l^Tew Orleans ; draw the meridians through 
8 and 0, then the great circle arc SC is the shortest distance 
between the towns. 


N 



FiQ. 4. Distance between two places on the earth. 


In the spherical triangle NSCy 

NS = complement of latitude ol S = 90° - 50° 54' = 39° 6', 
NC^ „ „ „ 0-90° -30° -60°, 

L /SNC— difference of longitudes of S and C 
= 90° -1° 24' = 88° 36'. 

Now, to find aSO it is necessary to determine the angles NSC^ 
8CN ; denoting these by S and C, and applying (32), 
log tan J(iS + 0) 

QOO 

= log cos K60° - 39“ 6') + log cot - ^ - log cos ^(60° + 39“ 6') 

=log cos 10° 27' +log cot 44“ 18' - log cos 49“ 33' 

- T-9927 + 00106 - 1-8121 =0-1912 
=logtan67“13', 
and log tan |(/S - 0) 

• = bg sin 10“ 27' + log cot 44“ 18' - log sin 49“ 33' 

= T-2585 + 00106 - 1-8813= T-3878 
«=logtanl3“43'. . 
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Hence J(/S + C) = 57“ 13', 

i(S-(7) = 13“43'; 

S = 70‘>56' j C = 43“30'. 

Finally, from the sine rule (28), 

. sin ONS . sin AC sin 88° 36' . sin 60° 

sm SC = = - 70°-56'— ' 

/. log sin iSO = log sin 88® 36' +log sin 60° - log sin 70° 56' 

= T-9999 + T-9375 - 1-9755 = 1-9619 
= log sin 66° 21' ; 

/. ^C = 66° 21' = 1-158 radians. 

This is the angle SOC^ and since OS = OC = 3960 miles, 

/, lengt>h of arc SC = 1 158 x 3960 miles 
^4585 miles. 

Distance between Southampton and New Orleans is approxi- 
mately 4585 miles. 

The side SC might have been found from formula (14), as 
follows : 

cos SC = cos NS , cos NC + sin NS . sin NC . cos CNS 

= cos 39° 6' . cos 60° + sin 39° 6' . sin 60° . cos 88° 36' 

= 0-3881+0-0134 =0-4015 
= cos 66° 20' ; 

/. SC =66° 20' = 1-158 radians ; 

/. length of arc SC = 1-158 x 3960 miles 
= 4585 miles 

as before. 

It should be observed, in general, that if the positions of S 
apd C are given by lat. a°, long. 6° ; lat. /S°, long. </)°, respec- 
tively, then lSNC = 0'^<I>, if longitudes are either both E. or 
both W., but L>SiVC = ^ + <^>, when one is E. and one is W. 

Also z. iVSC = 90°Ta°, according as the latitude is N. or S., 
and simiikrly for L NCS. , 

If both latitudes are 8., the south pole should be t^ken as a' 
vertex of the triangte. 



68 


HIGHER MATHEMATICS 


[oh. IV 


Exercises 4. 

1. Prove that in a spherical triangle ABCy having a right angle at 0, 

(a) cos c=cos a . cos 6, 

(h) tan c=tan a . sec B, 

(c) sin a=sin c . sin A, 

Hence, solve the triangle in which a =45° 42', and 5=51° 6'. 

2. Shew that in any triangle ABC, right-angled at C, 

cos A =cos a . sin B, 

Hence, solve the triangle in which A =68° 18', and R=43° 54'. 

3. From the results proved in Exs. 1 and 2, shew that the relation- 
ships between the sides and angles of a right-angled spherical triangle 
are given by the two following rules of Napier ; 



Taking C as the right angle, the sides a, h, together with the com- 
plements of the remaining parts, are called the Ciroolar Parts of the 
triangle. 

If a circle be divided into five sectors, and the circular parts be 
written in these sectors respectively in the order in which they stand 
in the triangle, then, after selecting any one part, called the Middle 
Part, the two contiguous parts are called the adjacent parts, whilst the 
two remaining parts are called the opposite parts. 

Napier*! Rules are then : 

(i) Sine of Middle Part = Product of tangents of adjacent parts ; 

(ii) Sine of Middle Part = Product of cosines of opposite parts. 
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Solve the following right-angled triangles : 

4. a=38® 30', 5=90°, c=62° 48'. 

6. a=71°, 6=52°, C=90®. 

6. A=1V 18', R=90°, C=68° 42'. 

7. a=50°, c=75°, 0=90°. 

8 . ^=37° 18', c=79° 42', 0=90°. 

9 . a=42° 36', 5=58° 12', 0=90°. 

10. A=a, 0=90° 

11. a=81°, 5=51° 42', 0=90°. 

12. A =73° 3', 5=42° 26', 0=90°. 

*13. If 5= spherical excess of a triangle in which 0=90°, shew that 
tan = tan . tan |6 ; 

hence, solve the triangle in which a =82°, and 6=64°. 

*14. In a spherical triangle ^50, a perpendicular is drawn from A 
to 50 meeting it in 5 ; shew that 

cos CD ; cos 55 =co8 6 : cos c, 
and deduce that tan 55 = tan c . cos 5. 


Solve the following spherical triangles : 


15. 

a = 62° 15', 

6= 43° 38', 

c=51°43'. 

16. 

a =48° 51', 

b= 39° 64', 

c=61° 53'. 

17. 

a =42° 15', 

b= 63° 54', 

c = 37° 27'. 

18. 

a=63° 41', 

6= 68° 38', 

c=84° 27'. 

19. 

a =41° 16', 

b= 43° 18', 

c=71° 36'. 

20. 

a =48° 42', 

6= 46° 64', 

0 = 76° 1'. 

21. 

a =68° 18', 

jB = 107°36', 

c = 86° 24'. 

22. il=55° 10', 

6= 72° 18', 

c = 88° 48'. 

23. 

a=82® 18', 

B= 28° 49', 

c=64° 42'. 

24. 

a =44° 24', 

6= 38° 42', 

0=38° 25'. 


25. In an equilateral triangle, prove that 

o ® A 
2 cos 2=oosec ^ . 

*26. Shew from the cosine and sine rules that 

cot a . sin 6=cot A din O+cos 6 . cos 0 ; 
hence find A when a=45°, 6=20=60°. 



HIGHER MATHEMATICS 


[ oh . IV 


70 

♦27. Prove that 

sin (s-h) . sin (s - c) + sin « . sin (s a) =sin h sin e, 
where 25 =a + 6 + c ; hence show from (30) that 
2 ^ _ sin 5 . sin (s - a) 


and deduce that 


i , . « 

2 sin 0 . sin c 

, ^ A sin (5 - 6) . sin (5 - c) 

sin* == — — r— ' -• 

2 am 0 , sin c 


A A 

*28. Assuming the expressions for sin ^ and cos ^ > from Ex. 27, 


L 2 uiJLxvi. v/vro 2 9 

2\/sin 5 . sin (s-a) , sin (5 - b ) . sin (s -c ) , 
sin 6 . sin c ’ 


prove that sin ^ - 

hence shew that 

4 sin 5 . sin (5 - a) . sin (s-h) , sin (s - c) 

= 1 - cos*a - cos*6 - cos*c -f 2 cos a . cos h . cos c. 

A A 

*29. Shew from the expressions for sin ^ and cos ^ in Ex. 27, that 
in any spherical triangle : ^ 

sin \(A +B) . cos Jc=cos J(a - h) . cos 
Hence deduce that 

cos \(A +J5) . cos Jc=eos J(a + 6) . sin \C, 

If (7=90°, prove that 


sin (^ + J5) = 


cos a + cos h 


1 + cos a . cos 6* 

*30. The area of an equilateral triangle is ^^^th of the whole surface of 
the sphere upon which it is traced ; find the angles of the triangle, and 
if a is one of the equal sides, shew without tables that 

sec a=v'® + \/2-l, 

having given that 4 sin 15° =>/6 - J2, 

Hence find a from the tables, taking ^0=2-4496 and ^^2 = 1*4142. 

♦31. Without using tables, and taking the value for sin 15° given in 
Ex. 30, shew from (32), that, if in a spherical triangle, 

a + 6 = |7r, a-6=j7r, and 0=^^; 
then -B)=tan-* 

Hence, from the formula of Ex. 11, page 64, shew that • 

lo , lij r ; ■ * ' 
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*32. The angular distance between two places, B, C, measured along 
the arc of a great circle on the earth’s surface, is a°. B is situated in 
latitude N., longitude /x° W., whilst C is situated in latitude </)® N., 
longitude W., /x being greater than Prove that 

cos a=cos $ . cos cfy . cos (/X - ^) +8in 6/ . sin 

assuming the earth to be a perfect sphere. 

Hence shew that if C were on the equator and the longitude of B 
were '+ 60°) W., then 

2 cos a=cos 6- 

♦33. The sum of the sides of a spherical triangle is 180° ; prove that 
sin® ~ + sin® ^ + sin® ^ = 1. 

Find the angles of the triangle in which 

0-58°, 6=52°, c = 70°, 
and verify the above formula. 

Assuming the Earth to be a sphere of mean radius 3960 miles, 
calculate the shortest distance, measured along the are of a gieat 
circle, between each of the following pairs of towns, using the appended 
table of approximate latitudes and longitudes. 


Town. 1 

T.atltude. 

Loniiitude. 

Adelaide 

34° 57' S. 

138° 38' E. 

Bombay 

18° 55' N. 

72° 54' E. 

Cape Town 

33° 40' S. 

18° 30' E. 

Gibraltar - 

36° 10' N. 

5° 20' W. 

Havre 

49° 30' N. 

0° 10' E. 

Honolulu - 

21° 18' N. 

157° 51' VV. 

Liverpool - 

53° 26' N. 

2° 59' W. 

London 

51° 30' N. 

0° 5'W. 

Melbourne - 

37° 50' S. 

144° 59' E. 

New York - 

40° 46' N. 

74° O'W. 

Plymouth - 

50° 22' N. 

4° 9'W. 

Port Nelson 

5f)° 30' N. 

92° 59' W. 

Quebec 

46° 48' N. 

71° 13' W. 

Yokohama - 

35° 30' N. 

139° 35' E. 


34. Liverpool to Port Nelson. 35. Liverpool to Quebec. 

36. Liverpool to New York. 37. London to Gibraltar. 

38. Havre to New York. 39. Plymouth to Cape Town 

t 

40 . Cape Town to Adelaide. • 41 . Bombay to Melbourne. 
42 . Yokohama to Honolulu. * 
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43. In a spheriGal triangle ABC^ the great oirole arc AK meets BO 
at right angles in A. Prove that 

(i) tan KC=oob C tan A 

(ii) sin a sin KA =2n, 

where n is as defined in (28), p. 61. 

Calculate KC, BK and KA when a=64^ 6=65^ and 

*44. Two ports are in the same latitude 1, their difference of longitude 
being 2 A. Shew that the distance saved in sailing from one port to 
the other along a great circle instead of due East or West is 

2r{A cos 1 -8in-^(8in A cos 1)}, 
where r is the radius of the Earth. 

Calculate the distance thus saved if the latitude is 60^^ and the dif- 
ference in longitude 90^ taking the radius of the Earth as 3960 miles. 

(L.U.) 

45. Calculate the great circle distance between Singapore (T 24' N.. 

103® 51' E.) and Yokohama. (Le.U.) 

46. For a spherical triangle ABC, prove that 

cos A=- cos B cos O + sin R sin 0 cos a. (M.U., Sc.) 



CHAPTER V 

DIFFERENTIATION 


25. Total Differential Coefficient. Let P (x, y) be a point on a 
curve y=f(x)y and let P' (a? + Ar, y + Ay) be another point on 
the curve close to P, then from Fig. 6, tan ^ = PP7PP = Ay/Aa!;. 



Fio. 6. Differential coefficient. 


Now let P' approach P so that ultimately the secant TPP' 
becomes the tangent at P ; then 

Lt ^ = tan^, 

where 0 is the angle made by the tangent at P with the a;-axis. 
This angle is called the slope and tan 6 the gradient of the curve 

at P, and Lt ~ is denoted by ^ ; hence 

dx 

* d7 

and the gradient of the carve y=f(x) at the point (x, y) i* ^ 
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^ is the total differential coefficient of y with respect to x, and 

expresses the rate at which y changes with x. 

In general, if Acc, Ai/ are corresponding increments in x and t/, 
then since y^f(x), + Ai/=/(a!; + Aa;), so that 

Ay=/(a; + Aa;) -f{x)\ 

• Tf /(^ + ^ ) -/W 

do; Aa;->0 ^ 

It is evident from this result that the differential coefficient of 
f(x) is also a function of x, so that it has a gradient at every finite 

point. This may be written ^ ^ called the second 

derivative or differential coefficient of /(x). Similarly the process 

may be repeated n times, the wth derivative being written 

0 

Ex. 1. Differentiate sin » with regard to B from first jn-incifiles, 
2 {L.U.) 

0 

Let y — sin s, and A^, Ay be corresponding increments in 0 and 
w, then 

y + Ay = sm— ; 


. /. Ay = sin- -2 sm2 = 

. A^\ . 


2 cos (^2 + -j) sin , by ; 


/d Ad\ 


/e Ad\ 4 


dy 1 Ti. 


10 . 

-cos-, since^^t^- 25 - = 
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26. Fundamental Standard Forms. The determination of the 
differential coeffiicient of any function of a single variable depends 
upon the following elementary standard forms : 


where 


(i) y = ax“, yi = nax®-\ 

(u) y=ae^*, yi=abe^*, I 


(iii) y = 8inax, y^^acosax. 1 

(iv) y = cos ax, y^ = - a sin ax, j 



( 84 ) 


together with the important theorems established in § 27. 


Ex. 2. Find the differ eniuil coefficients of the following func- 
tions : a®, logaXy sin~~^x; and deduce the derivatives of logeX and 
cos~^x. 


(i) Let y = a^, and suppose that a = e®, so that logea = c, then 

y = ; hence by (34) yi = -= a* loge a. 

(ii) Let y=^\ogaXy then x^^av \ 


by (i), ~dy^^^ ' ^ ^ 

Now let A;=logea, then so that e=a*; 


1 1 


k log^a ’ 


(iii) Let y = sin“^ 2 C, then x = sin y, and = cos y = sl\-x^\ 
. dy_ 1 ^ 


’ dx Vl -x® 


In (ii) let a =e, then y^logeX, and 

dx X 


Also 


cos“^a; = ^~sin“^sc ; 
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27. Function of a Function» Products and Quotients of Func- 
tions. Let y-f(u), u==F{v)y all the functions being 

continuous ; and let Av, Au, Ay be increments corresponding 
to a small increment Ax in x, then 

Ay Ay Au Av, 

Ax~*Aw Av Ax* 


hence, on proceeding to the limit, 

^ - Lt ^ - Lt ^ 
dx~^lo^ "au-o A« 


Lt J- 

At>-0 

since Ay, Aw, Av each tend to zero with Ax ; 

dy dy ^ ^ 
dx^dn ‘ dv * dz 


U p. 


hence 


.(86a) 


Again, let y = uv, where u = F(x) and v = <#>(»), then 
log y=log w + log V. 

Hence, by the results of Ex. 2 and the preceding paragraph, 

dy 


1 dy_l du 1 _ 

y ‘ dx u ’ dx^y ’ dx’ | 

dy_^ du dy 

dx dx dx 


.(86b) 


Similarly, if y = w/v. 


1 dy l du _l dy 
y ’ dx^u ‘ dx y ‘ dx' 


.(86o) 


Ex. 3. Differentiate tan x, tan^^x, and sec x mth respect to x. 


(i) Let y=tanx=sinx/cosx, 

then log y = log sin x - log cos x ; 

^ \ dy 1 


y Ax sin X dx 


d , 1 


cosx dx 


^(COBX) 


cos X sin X « / o j \ 

= — + , by (34) ; 

smx cosx •' ' 


. ^ 

' • dx 


1 +tan*x»=8ec*x. 
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(ii) Let y=ta,n~^x, then a:=tan y, so that ^=8ec*y=l +ac^ ; 

Ury 

. 

^ * dx 1 + x** 

(iii) Let 2/ = sec x, and suppose m = cos x, then y — ; 

. dw . , dv 1 

= - sin X and ^ = — s ; 


dx du 

. dy _dy du sin a? 


da? du dx cos^aj 


= sec^x . sm x. 


28. Summary of Standard Forms. The results of Examples 2 
and 3 are so important that they are here collected for reference. 

(i) y = a*, yi=a<logea. (v) y-=8in-^x, yi=(l-xT^. 1 

(ii) y=logAX, yi^^.Iogae. (vi) y = co8-^x, yi=-(l-xT^- 


(iii) y = logaX, yi=j. 

(iv) y=tanx, yi = Bec*x. 


(vii) y=tan“'x, yi=(l + x®)-^ 
(▼iii) y=8eox, y|=8iiix. seo*x. 


Ex, 4. Differentiate the functions : 

(a) y=x^ log a + 5a* + 2 tan'^'^hx -log (I - hx)-^ log (1 + hx), 

^'T — 4 

(b) y = lo9sin^^^. 

(a) From the standard forms, 

|=6^1oga + 5aMoga + j^ + j^ + j^ 

^ 4h 

= 5(** + aX)loga + j-^. 

Q/tt* A. 

(b) Let - g , then, by (35c), 

p ^ 3(4x-3[-4(^^ ^ _ 3^2 

dx (4a; -3)^ 

T ^ du 3a; -4 

Let V = sm u, then = cos u = cos -z 5, 

du 4a; - 3 

1 XT. a. 1 3a; - 4 , 

t/=log V, so that ^ = -=cosec -j 5 , 

dv V 4x-3 

• dv^du 7 3x~4 , 

•• da;“'du*dw’ da;"’(4x-3)* 4x-3’ 


and 



78 HIGHER MATHEMATICS [oh. v 

Ex. 5. Find the gradient at the point {x, y) of each of the foUotih 
ing curves : 

(a) 3x^ + 12xy-12y^ + lSx-6y + 5=0, 

^ 53^-3' 

(a) Since 3x^ 4- 1 2xy - 12y^ + ISa; - 6^ + 6 = 0, 
by difierentiation, 

6x + 12(xyi + y)- 2iyy^ 4- 18 ~ 3y^ =0, 

_dy _ 3 4- X 4- 2y 


dx i ~ 2x 4- 4y ’ 


from which 
(6) Taking logarithms, 

2 log 2 / = log (3x^ - 5) - log {hx^ - 3) ; 

^ 2 dy 3x lOa? 32a; 

* * ^ ~ ” (3i^"5) (5x2^ * 

• 


•• dx (3»2-5)(6»2_3) 


l3x^-‘b 

-3)‘ 'yhx^-3' 


16z 


3 s/(3x* - 5)“(5x* - 3)3 


Ex. 6. Find the nth differential coefficients of e®* sin bx and 
l/(a;3 - a®). If y^ {ax 4- h)l{cx 4- d), prove that 

2 dy d^y Q fd^y\^ (L U 1 

^ di dx^ ^Wv‘ ^ ^ 


(i) Let 
then 


where 


y = gjji 

= ea»(a sin hx-b cos hx) 
= (a^ 4- gin 4- 


tan""^ - = 
a ^ 

Repeating the process, 

i /2 = (a* 4- Z/2) sin {bx 4- 2</>) . 

yn = sin 4- n tan“i . 


Hence 


2/ = 


=.i|JL 


Vi 


x^-d^ 2a \x - a x 
= -.11^ 


JL\; 

;4-aJ 


1 


a. 


2a\(aj~a)2 (a;4-a)**j 


(ii) Let 
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Hence, on repeating the process, 

(iii) The numerator=aa; + 6=^^cx + =^^ca; + cZ + ^-d!^; 

CL Jc T_ 7 1 

ence y = --\ -j, where k = b , 

^ c cx + d 


(cx+d)^’ 'J^~(cx + df' 


e,k(^ • 

(cx + d)*’ 


• 9 12Fc« 2fe» 1 

•• 2/12/3 


Exercises 5a. 

Find the differential coefficient with respect to x of each of the 
following functions : 

1. (2ar-3)(5a;-l). 2. (3a; + 4)(a:-l)(2x + 7). 3. 

12 2 7 

3xT2' ®' (2i+3)»’ 

7. 10*. 8. oe ". 9. «'“+*. 

10. log (4a; - 9). 11. tan 4a;. 12. a sin (6a; + 3). 

13. sm-i^-. 14. sm-^ ^ — 15. tan-^ — . 

2a 5 a 

16. tan-i (2x - 1). 17. sinh (2x + 3). 18. cosh-i — . 

19. a;® + log g. 20. tan x-~x. 

Find the gradient at the point (x, y) of each of the following curves : 
21. 2/=(6a;2-2a; + 7)®. 22. y=(a2 4-a;a)l 2Z. y=(b^-^)^. 

^ ^=s/4x» + 3a; + l- + 

26. y = log tan ^2x4- 27. y=cos*2x. 

28. y=acos*^- 29. y =logsinx. 30. ^=tan®p:p. 
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31. y=Wa;* + 2a;+4. 32. y=x^ log 4x, 33. y =(« - a)^{x - &)*. 

34. ^= 0 ;^ log (a; + 3). 35. y=x\ogcot x. 36. y=^XBmx. 

37. y={4a;-3)8in 3a;. 38. y=tan (a; + 5) log (a;+9). 

39. y =2a;* sin (3a; + 2). 40. y =a 8in*(6a; + c). 

y = a; sin (log a;). 42. y = e* sin x. 43. y = c"*" =*. 

l-2a; 


41. 

44 . y=e“**sin 3a;. 


AH 2a; 

46. y=j— .. 


46. «= 


3a; 

2'=2^r 


48. y = 


47. 

50. 

52. 

54. yN/a* + a;*=2 -a;. 55. y = 


3a; + 7 


y (a - 6a;)® = (a + 6a;)®. 
y(a;*-a; + l) = 3-6a;. 


4a;-9 

51. y(l “a;)=2+a;®. 
53. ys/l +a;® = l - a;®. 


3+a;®’ 

'. y\/a^+x^=x. 


57. 

60. 


_^®-3xj-7 
^ 6a;® + 6a; -9* 
, 4a;® + 3 


2a;®-3a;-h5 
3a; -5 
a-2x 
a + 3a;* 


56. y= 


59. y = 


7a;®~4a;4-2 
6~3;r^* 
a;®(6-f a;)® 


(3 -fa;)® 


a- 1 a;® + a;-fl 6a; -9 

ei. y =log 68. y =x» log 


63. y=log 


1 -fa; sin a; 


65. 

67. 


1 - a; sin a; 

\/a® 
a^2a; 
y=e®* cos (6x-f c). 


^=ra®**“* log- 


69. y (a -f 6 sin a;) = cos x. 

Ml i. ,a;(3-a;®) 
71. y=tan-i-j-^. 


73. 

♦75. 

78. 

♦81. 

*83. 

* 86 . 

*88. 


Ail log X 

64. y=i T • 

^ 1 -fa; log a; 

66. y=(62-x®)®*. 

68. y { 1 + cos a;) = sin x, 

70. y=*»tan-‘^ 2. 

72. y=tan“i a; + tan a;). 

e* 1 

74. y=sin - . log 

Co X 


y=(sina;)*. 76. y=e*sin®x. *77. (tan a;)*' = (tan y)*. 

oa;® + 2Acy-f 6y* = l. *79. y=a;*'. *80. y=e**. 

y=a;*^. *82. y=sin-®(,~- ). 

. ^ \6 -fa cos a;/ 

y=a;*+af. * 54 ^ c*'=loga;. *85. 

y log cos a; = log sin a;. *^7. a;8in y=y tan a;. * 

a;=*6e’''*^. *89. a;®(ai*-fy®)=a*(y*--a;*). 
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1 -t- 2? 

90. y=tan-^a; + J log 

L ~~ X 


91. If y=secd, shew that + =iy*(3y*-2). 


92. Evaluate ^ tan-*- . 

ax a 


93. Find^, (i) when 10"®', 

(ii) when j/=log tan 

(iii) when y=sin“i(l -Sa:^). 

94. If xy —aa^ + 6, prove that x^ = 2y. 

96. Given that y = lc cos (log ar) + 2 sin (log x), shew that 

96. Evaluate ^ log (sin x^), 

97. If xy=ax^ + prove that ^ ^ ^ 

98. Differentiate cosec x and tan“^ tan x^» 


®rfa! 


2 = 0 . 


99. If y =a: sin a;, find the value of ^ ; hence, shew that 
da^ dx X 

*100. Shew that, if the independent variable x in the 
coefficient dyjdx can be expressed in terms of t, where x 
function of t, then 

dy , dy /dx 

^ becomes 


and 


gx—CS -2-1 •©/(*)■• 


Prove thaji if a;=c*, the equation 


»*^+»^+l>*y=0 becomes ^+p‘y=0. 


D2 


(L.U.) 


(L.U.) 


(L.U.) 


(L.U.) 


differential 
is a given 


• (L.U.) 


B.M. 
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'*'101. A ladder AB, I feet long, hinged at its lower end A, is raised to 
a vertical position by a rope attached to it at a point C distant s ft. 
from A. If C moves with a uniform horizontal velocity u ft. per sec., 
she w tha t when B has risen y ft. vertically, its vertical velocity is 
lu>J1^ -y^lsy ft. per sec., and that its actual velocity on the circle 
describe is Ihblay ft. per sec. 

Calculate the value of y when Z=26, « = 11, w=4*6 and JS’s vertical 
velocity is 4 ft. per sec. 


”‘102. A heavy uniform rod of weight W is suspended symmetrically 
and in a horizontal position by two vertical strings of length I distant 
2a apart *; a couple of moment M is applied twisting the bar about the 
vertical axis of symmetry through an angle 0 ; shew by virtual work, 
or otherwise, that 




Wa^ sin d 


V 


_ 4^2 gin2 


T 

2 


(L.U.) 


< 


PARTIAL DIFFERENTIATION 

29. Partial Derivative. Let u = /(a?, y) be a continuous function 
of two variables, and suppose any constant value be given to 
so that u becomes a function of x only, then the differential 
coefficient of u with respect to x is called the partial differential 

coefficient of /(a?, y) with respect to x, and is written ^ to dis- 
tinguish it from the total derivative 
Similarly, if a constant value be assigned to a?, then ^ is the 

partial derivative of f{x, y) with respect to y. In the same way 
partial derivatives of higher orders are defined, and, in general, 
for a function of n variables, the partial derivatives with respect 
to any one variable are formed according to the ordinary rules of 
differentiation, after the remaining (n~l) variables are con- 
sidered to have constant values. t 
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Ex. 7. For the following curves : 

{a) ax^ + 2hxy (b) x^-i-aa^y + bxy^-hcy^^O, 
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J. 'du 'du , 


; hence exhibit the relation between these three 


'du 'du 

derivatives, and shew that 

where u stands for the whole expression equated to zero, and n is 
the degree of each expression. 

(a) Let u — aoi?-^2hxy-\'hy^, then, considering y to be constant, 
g = 2ax + 2hy. ^ , 

and considering x to be constant, ^ = 2hx + 2by. 

Further, since ax^ ■\-2hxy -\-by^ = 0, 

by difierentiation, when botlwa; a«d y vary, 

2ax + 2/t(2/+a;|) + 262,|-=0; 

/. 2 {hx + M ~ 2 (ax + hy). 


or 


or 


?>u dy _ 'du 

dy dx'' dx' 

9u dy ^ 

dy dx dz 

Since each term involving the variables is of the 2nd degree, 

/. n=2. 

But 

ox - oy 

= 2 (aa? + 2hxy + by^) = 2u. 

(6) Let u = -vax^y -\-bxy^ ^ cy^, then, with y constant, 


a; ~ + 1 / ^ = 2 acc 2 ^ 2hxy + 2hxy + 2by^ 


^ = 3z2 + 2azy + by*, 

ux 

du • 

and with x constant, ;^ = az* + 2bxy + 3cy*. 

• • oy 
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Finally, when both * and y vary, 

3a?+a (2aw +®» I) + 6 (y* + 2a^g) + 3cy* g=0 ; 

/• (aa? + 2bxy + Scy^) ^ *» 

• ^ 3x* + 2axy + by » 

dx"" ax* + 2bxy + ^®’ 

The numerator and denominator of this fraction are equal to 
^ and ^ respectively, so that, again, 

3u dy 9u 
9y dx dz 

The degree of the expression is obviously 3 ; 

* *' ^ ^ ^ ^ ^ ^ 2aa^^ + fery® + ax^y + 2hxy^ + Sc^/® 

= 3 (jr® + a7?y + hxy^ + cy ®) = 3u. 

30. General Theorems. The formula 

dy 0u ^ dy 0u /0u 

•di+a* = ®* « d*=-W-8-y <»’> 

is generally true, and is very useful for finding the total derivative 
of any implicit function, /(a;, y)=0, as the above example shews. 

The formula ® ^ + 2/ ^ illustrative of Euler’s Theorem on 

Homogeneous Functions, which may be stated generally as follows. 

If u=:f(zi, Za, ... Zn) be a homogeneous function in n variables and of 
the mth degree, then 

( 88 ) 


0y 


du 


0u 


du 




du 

.+Xn^^=mu. 


Ex, 8. A rectangtdar plate is x inches long and y inches wide ; 
shew by considering an infinitesimal expansion of the plate, that if 
a be its area, then 

j 3a , 0a , 

Here 


a—xy. 

Let the side x increase to x-hAa?, whilst y remains constant^ 
the coivesponding increase in area being Aa ; 
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then 

and since 
so that 


a + Aa*(a;+Aa;);y ; 


da T X 

== Lt -ir-=y, 

Ax-^O 


dx' 


This gives the rate at which the area increases as x increases. 

da 


Similarly, 




=x. 


If, however, both x and y increase together, then 
da d , . dy da da dy 

dx ~~ dx dx'^ dy dx* 


from which 


or 


j da , da . 
da = ;^.dx + g-.dy. 

da d , . dx da dx da . 
dy dy dy^^~'dx dy^dy^ 


da 


da 


••• 


81. Total Differential. The result shewn in (37) on p. 84 gives 
the total differential in terms of partial derivatives, and the 
formula may be shewn to be true generally for functions whose 
partial derivatives are continuous. Hence : 

If u=f(zi, Z 2 , Xn) be a continuous function in n variables, whose 
partial derivatives are also continuous, then the total differential of u is 
§dven by 

an=|i • . a«. + ... . dx. (89) 

32. Partial Derivative of a Composite Function. Let y) 

where x^A{Uy v) and y = B(Uy v ) ; then by substitution 
iD^f{A{u,v), B(u,v)}, 
and, assuming v is constant, 

0U 0U 0A0U ^ 0B 0U 0X0U^ 0y 0U I 

Similarly, if u is constant, 

0f 01 0x . 0f 0y 


( 40 ) 
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These results are easily extended for any number of variables 
Multiply the above equations by dw, dv respectively, and add ; 
then 

ow ^ ox\ou ov / oy\du ov / 


t.e. 


02 / \ 


Hence the equation 


^ a. 


18 equivalent to the two equations, 

0u 0x ‘0u^0y ‘0u’ dv dx ‘ 


dx dt 
dv^dy 


av’ 


( 41 ) 


when f is a function of x, y each of which is a function of u, v. 


Fx. 9. If <jo = <f>(x, y) where x=F(%i, v) and y=f{u, v),find the 
‘partial derivatives 7 ^ in terms of u and v ; hence determine 
these derivatives when x^r cos 0 and y = r sin 0, Find also, in 
this case, the values of and shew that 


02(0 02(0 02(0 1 0(0 1 02(0 

05C^ ^ ^ 0r 06/2 ’ 

Suppose the values of x, y are substituted in the given function, 
so that it becomes a> = ^(t^, v), then, from (40), 


00) 00) 'dF 00) 'df 
'duT 'bx bu^ by bu 
00) 00) bF 00) bf 
bo'^bx' bv^ by bv 

Solving these equations for 

00 ) 00 ) 


bx _ by _ 1 


bf 00) 


00) bF 


dF df 

0M bu 


bu bu 


bu ^ 

3/ _3a) 


00) • bF 



3y 3» 


bo bo 


3t) dv 
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/3(o 


3(0 


do) 

/3(o 

dF 

3(0 

dF\/ 


3t; 

3y' 

^)r' 

dy ” 

V3t?‘ 

da 

3w 

dv)/' 


^ ?>f -dF df 

au cv oo M 

J is called the Jacobian or Functional Determinant of F, f, 

7)( W f) 

with respect to u, v, and is sometimes written Similarly, 

each of the numerators above is a Jacobian, and the transforma- 
tions may be written 

Bo) BK/) / d(F,f) dio djF, ui) l 'd(F,f) 

'dx d{u,v)f d{UyVy dy d{u, v) / d(u,v)‘ 

When x = r cos 6 and y=r sin 0, r, 0 replace m, v, and 


dF dx ^ 
= 7^ = cos 6^, 
dr dr 


T^ = ^ = sin 0, 
dr dr 


^=-rsmd. .^ = rcosd. 


Putting in these values, 

d(D 9(0 sin 0 9(0 d(o 9(o . ^ cos 9(o 

dx dr T dO dy dr r oO 

m n j j 1 i. ^ 3(0 sin 0 0(0 J 

To find —9 and let f = ^=cos if • and 

dx^ dy^ ^ dx dr r dd 

3(0 3(0 , cos 6 3(0 

r;= — = ^sin 6 + ; 

dy dr r dif 

- 3^(0 3 /3<o\ 3^ « 3^ sin 9 d^ . . . . 

^ • fe) = ^ ”7- • W ^ (or 

(0 in the above value for i.e. 

dr 


02(0 / 
2^ = cosd(^c 


« 3*(o sin 9 3^01 sin ^ 3(o\ 

dr^ r ' dr d9^ r^ do) 

V n sin 9 

’ ( cos 9 - sm 9 . 

\ 3r 39 dr r 


^ 9^(0 sin2 9 9(0 2 sin 9 cos 9 9‘^‘o 2 sin 9 cos 9 9(o 

«C08*^. ^ J — F5 T9 

* , sin® 9 9*(o 
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Similarly 

drj • n dri cos 0 dr) 

oy^ oy or r ou ‘ 

. ^ 3*o> cos*^ 9(0 2 sin 9 cos 9 9®(o 2 sin 9 cos 9 9co 

™ 9r* ^ r 9r ^ r dvdO dO 

cos* 9 9*(o 
r> 

Hence, on addition, 

9^(0 9*0) 9*(o 1 9(0 1 9®(o 


83. Independence Test for a System of Equations. A test for 
the independence of a system of homogeneous linear equations 
was given in § 12. A more general test will now be given, which 
is applicable to any system. 

LetWy(r = l, 2, ... n) be n functions of n independent variables 
Xf, then the functions will not be independent if the Jacobian J 
vanishes ; Le, if 



0Ui 

axi 

0n2 

0Xl 


0Ui 

0Xa *” 

0U2 ^8 

0X8 0Xn 


= 0 . 


(42) 


0aii 0Un 0aii 

0X8 Sn 


Ex. 10. Shew that the following systems of equations are con* 
sistentj i.e. the equations of each system are not all independent. 

(1) Ui = ^x^ + yZy (2) 2cr + 2:-4=0, 

U2^x^ + x^yz, x-y-b=0, 

Wo = yH^ - 3^25. Sx + y + 2« “ 7 = 0, 

36a; + 32y + 2 + 24=0. 

^=Ar»+2a^*. 

^^-Qxyz, ^=2yz^-ix^, ^=2,fz-Z3?y\ 
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2a5(2a^ + t/2;) x^z x^y 

- Qxyz z(2yz - 3x^) y(2yz - 305^) 


^2xyz 


3 

2x^ + yz 
-3yz 


1 1 = 0 , from§ 10 (iii) 

dfi (P- 23). 

2yz-3a^ 2yz-^x^ 


It is easy to shew otherwise that the given equations are not 
all independent, for 

- 9^2 = - ^m^yz + yh^ = u.^, 

( 2 ) In this system there are four equations and only three 
unknowns ; in order therefore to apply the general rule, another 
symbol, w, may be introduced, which will be put equal to unity 
after the partial derivatives have been found. The system may 
thus be written : 

Ui = 2x'\-z-^w=0, 


U2=x-y-6w=0, 

U2-6x-{-y-h2z-7w=^0, 


W 4 = 36a; + 322 ( + 2 + 24 w = 0. 

Since the system is linear, the partial derivatives will be equal 
respectively to the corresponding coefficients, and the Jacobian 
will become precisely the determinant of the coefficients, the 
vanishing of which implies that the given equations are not all 
independent, as proved in S 12 ; hence the condition expressed 
in (10) is a particular case of the general condition (42). 


Now J = 


2 

0 

1 

-4 

= 

0 

1 

0 + 4 

1 

-4 

1 

~1 

0 

-5 


1+1 

-1+5 

0 

-5 

5 

1 

2 

-7 


5-1 

1+7 

2 

-7 

36 

32 

1 

24 


36-32 

32-24 

1 

24 


= 2 


2 1 
2 0 
4 2 
4 1 


-4 

-5 

-7 

24 


= 0 . 


Thus the equations are not all independent, as is known from 
Ex. 8, p. 30, from which the -given system is derived by taking 

a=4. , • 
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Exercises 5b. 

Find ^ in each of the following cases : 

1. a;® + y® + 3aa;y=0. 2. ax^-\-2hxy + hy^-\-2gx + 2fy^-c^0, 

3. ar*/a* - y^jh^ = ] . 4. w = 2 log (a:* + y* + a*), 

6. i4=tan-^ 6. y® + oa;y + &a;*+.r® -c^=0. 

7. The tangent plane at the point (u, v, w) on a surface whose 
equation is f{x, y, z) =0, is given by 

(x-u)^+(9-v)^+{z~w)^==0. 


Find the equations of the tangent planes to the surfaces : 

(1) xy=az, Q,t the point (4, 6, 8) ; 

(2) x^la^-{-y^lb^ + z^lc^ = l, at the point (4, 3, 3). 


8 . Define the partial differential coefficients of a function of two 
variables with respect to one of them, and shew that if f{x, y)=0, then 

dx 'dxl dy' 

Prove that the conic 3a;* + 2xy - y* + 2a; + 4r/ - 1 = 0 is parallel to Ox at 
the points where it intersects the line 3a; + y + 1 =0. (L.U.) 


9. Denoting by suffixes those variables which are taken as inde- 
pendent in each case, shew that if a;, y, z are connected by a relation 
/(^f y* =0, it is not, in general, true that 



The pressure p, volume v, and absolute temperature T of a gas are 
connected by the equation pv=RT, where i? is a constant. Prove 
that if Q is a function of the state of the gas such that 


then 

and find the value of 



(L.U.) 


10. If V =f{x, y), what do and ^ represent ? 

If i>=^ . e”®*, prove that ' (L.U.) 
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11. Verify Euler’s theorem for the equations : 

(а) u—axy-\‘hy^L‘^czx, 

( б ) u = x^yz^ + ^yH^ + 

12. From Euler’s theorem on homogeneous functions : 

'du "du 

“hew that + 

13. Illustrate the theorem that 

_ 'd^u , 

'dx 'by ~ by bx * 

(а) when u = ax^ + 2hxy + hy^, 

(б) when M=log tan (ylx), 

*14. If F(x, y) — (i,f(x, z) = h, where a and h are constants, prove that 

bfj'^/dl 
zl 'by bx 


dz bx bzl 'by bx 


Shew also that if -e-M, where fx 

t 




then 


bv 2 bH , ,2 


bt 


bu b^u 

*16. The equation M ^2 conduction of heat along 

a bar without radiation ; shew that if 

u =Ae-^^ sin (nt - gx), 
where A, g, n are positive constants,, then 

«=V|- 

16. Verify that if w=a cosh 6(y + c) . cos (6x4- d), where a, 6, c, d 
are constants, then 

bH bH^j. 

*17. Shew that if tt=a cosh 6(2/ 4- c) . cos (6x -pi) satisfies the equation 
bhx 

a, 6, c, p, fi being constants, then7i=(6* -p^)lb^, provided neither 6 nor . 
u are zero. • • 
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18. What is meant by partial as distinguished from total differentia- 
tion t 

Find the partial differential coefficients of with respect to x and y, 
and its total differential coefficient with respect to x when x and y are 
connected by the relation x^ + xy+y* = l, (L.U.) 

♦19. The equation /(«, y)=0, where f{x, y) denotes the function 
ax^ + 2hxy + * + 2gx -f 2fy + c, 

represents a conic. Shew that by changing the origin to the point 
(w, v), f(x + w, y + v) =0 becomes 

aa:* + 2 Aicy -f * + a? ^ + y ^ + s = 0. 

Shew, further, that the equations ^ =0, ^=0, can only give finite 
solutions for u and v, provided ^ ^ 


> Zb 'da 


is not zero. 


Find 7^ when a=4, 6=1, 6=3, /=1, p= -2, c= -6, and assum- 
ing these derivatives both vanish, shew that /(a: + w, y + v)=0 becomes 
4x® + 6a;y + y* = l. 

♦20. If F(x,y,z) denotes the function /(a:, y, 2 ) +26r + 2wy + 2nz+d, 
where /(a?, y, 2 )=aa:* + 6y* + C 2 * + 2 /y 2 + 2 gr 2 a: + 26ay, shew that 
F(x + Uf y + v, z + w) 
may be written in the form 

'da . da da 


Bi V . 

/(x,y,*)+a!.g^+S,.g^+z^+*. 


"da da 

Shew also that the equations dv"^^* 

can only give finite solutions for u, v, w, when 
a 6 y I is not zero. 
6 6/ 
g J c 

da 


3»_0 


Shew further that a 


-K“ 


du 




and that when the derivatives vanish, subject to the above condition, 
then 


a 6 

g 1 


a h g 

6 6 

f m 


h b f 

9 / 

1 m 

c n ' 

n d 


g f e 


a = 



EXERCISES 


93 


BZ. 6b] 

21. If 2 — log (tan x+tan y), shew that 

em2®.g+8in2y.g=2. 

22. Given ^ as a function of two independent variables a:, y, define 

the partial derivatives ^ and and illustrate their meanincs 
geometrically. dx 'dy ® 

If /( 2 ) where z and u are each functions of x and y, prove that 

'dz 'du Jdu dz 

'dx* 'dy~^ 'by ' * *' 

23. If u=x^-y^ and v=2xyt find in terms of x and y the partial 

differential coefficient : 

ox 

(i) when u and v are regarded as functions of x and y, 

(ii) when u and y are regarded as functions of x and v. (L.U.) 

24. If tan w=cos a:/sinh y, tanh v=:sin a?/cosh y, shew that 

bu^bv j 
bx^by 

♦25. If a;=c“ cos v, y =e“ sin r, prove that 




{L.U.) 


♦26. Verify that 2 =^ sin (aj+aQ + Bcos (a;-aO satisfies the dif- 


ferential equation 


b^z , b^z 


bfi' 


ba^ 


(D.U.) 


♦27. If a: = cosh u . cosh v, y =smh u . sinh v, prove that 

b^Z b^Z , . , 2 . , a /T TT O V 

^,-g^=(8inh««-einh»r)(^-,^j. (L.U., So.) 

♦28. If a;=r cos $, y—r sin prove that 

^=g(logf|= -|i(logr). 2ft (L.U.,&.) 

♦29. If tt=a?-f y, v—xy, shew that 

♦30. If a:=e“ + e-% y=c*+e-*‘, prove that 

,.v bz bz bz bz 
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*81. If u =f(y!x) -has/x ^ + y®, shew that 


'du . 'du 

*32. If a;=r cos 6^, y =r sin 0, prove that 



*83., If x=cuvt y=cs/(l +w2)(l prove that 


'du d^u 


84. Shew that the equations, 8a;®-27y® + 2 ® + 18ii;y2=0, 
4a;® + 9y® + 2 ® + 6a;y - 2zx + 3y2 =0, 2a; - 3y + 2 = 0 
are consistent. 

35. Prove that the equations : 

w = a;8 4 - a;®y + a ;®2 - a; 2 ® - y 2 ® - 2 ®, 
t;=a; + 2 . 


(L.U., Sc.) 

(L.U., Sc.) 


t^=a;®- 2 *+a;y- 2 y 
are not all independent. 


MAXIMA AND MINIMA 

34. Practical Rules. If y=/(a?) be a continuous curve, the 

gradient of the curve measures the rate at which y changes 
du 

with X. Hence, when y passes through either (a) a maxi- 


mum value, (6) a minimum value, or (c) a point of inflexion. 

If in passing through the zero value ^ changes 

(a) from a positive to a negative value, i.e, ^ is negative, 
y passes through a maximum value ; 

{b) from a negative to a positive value, i,e» ^ is positive, 
y passes through a minimum value ; 

(c) from a positive to a positive, or from a negative to a 
negative value, tl^e curve passes through a point of 
* inflexion. 
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Hence, the following practical rules for finding maximum and 
minimum values : 

1. Find ^ and equate to zero. 

2. Solve this equation for x; let a? == a be a root. 

3. Find ^ and substitute x=a in it ; if the result is : 

(i) Positive, xj has a minimum value at a;=a. 

(ii) Negative, y has a maximum value at 

(iii) Zero, a further differential coefficient must be found, 

and the first one of even order which does not vanish 

dhf 

at 05 = a must be used in place of '7-4 for tests (i) and 
dhi 

(ii). If ^3 does not vanish at x~a, there is no 
maximum nor minimum value at this point. 

Ex. 11. Fhid the values of x xvhich make y either a maximum or 
a minimum in the following functions : 

{a) t/ = 4a;® + 3aj2~90a; + 144, 

3x^ + 2x-\-lVl 
' ^“i?"T6a: + 19-3’ 

(c) i/ = x^-5aj^ + 6, 

and calculate the corresponding values of y, 

(a) Since y==4x^-\-3x^-dOx + U4:, 

^^-12x2 + 6a:-90 = 6(2a;a + a;-15) = 6(2ic-5)(a;+3), 

and g^ = 6(4a; + l). 

Hence, when a; = 2*5 or -3. 

When x = 2*5, = 2/=0*25, and when a!;= -3, 

f|=-66 and w = 333. 

• dxr ^ 

/, y is a maximum at a;= -3, its value there being 333 ; and 
y is a minimum at a;«= 2*5, its value there being 0*25. * 
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(6) Since 

_ar* + 2a: + ll-l 
^“4** + 6® + 19-3’ 

. dy (4a;* + 6a5 + 19-3)(6a!+2)-(3** + 2a5 + ll l)(8®+6) 
•• dx (4ic* + 6a: + 19-3)a 

10a:® + 27a:-28 
~(4ai?* + 6a! + 19-3)*’ 

, -8(te8-324a:» + 672a; + 857-1 

S? (4ic2 + 6a? + 19*3)® 

When^=0, ] Ox* +27® -28=0, 

or (5a? -4) (2a; + 7) =0, 

giving a? =0*8 or -3*6, 

XWTI. no 1146*38 . _ 

When a? =0*8, ^"=^26^^’ which is positive, and 


Whenx=-35,p= 


(Py -2033-9 


which is negative, and 
=0-8636. 


/. y is a maximum at a7== -3*5 its value there being 0-8636; 
and 2 / is a minimum at x=0*8, its value there being 0*5109. 

(c) Since y = a?® - 5a?^ + 6, 

^=6x«-20x*=6x*(x-4). 

When or 4. 

!®=4, ^=320 and w= -260. 


WheA 
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d'^'U 

When 05=0, and further differential coefficients 

must be found. 

^ = 60x(x-2), which also vanishes at a;=0, 


y 


^ ^ = ]20(a;-l), which becomes - 120 at o;=0 and 

2/ = 6. 

/. y is a maximum at x = 0, its value there being 6 ; and 
is a minimum at 05 = 4, its value there being - 250. 


Ex, 12. A cylindrical tank closed at each endy of capacity 
V cubic feel y is to be constructed from sheets of metal having a total 
area of S square feet ; shew that when S is a minimum : 

(a) the length and diameter are equal, 

(b) F2:/S3 = l :547r. 

If the capacity is to be 20096 gallonSy findy without using tableSy 
the radius of the tank when S is a minimum. Take 7r = 3*14, and 
6*25 gallons to a cubic foot. Calculate also the total area of plate 
required. 

Let /* = the radius and ?=the length of the tank in feet ; then, 
since it is closed at both ends, 

S = 27rr2 + 27rrJ = 27rr (r + 1). 

V 

Also V = 7rr% so that Z = — « 5 
irr 


^: = 2;rr(r + -^) = 27rr* + ^- 

d/S . 2F 2 « y,. 


T, . . • dE « 

For a maximum or minimum, ’> 


= F /27r or CO . 

The former obviously gives a minimum, and the latter a 
maximum. 

Now, from above, - = • ^ = 2 ; 

* ’ r rrir TT V 

• Ir^r; 

Length = Diameter. • 
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Again, since l — 2r and S = 2Tcr{r + l), 

/S = 27rr(f + 2r) = 6jrr* ; 

. iS® 216ir3r«_216>r* 

•• y2 “ F® ' ’ 

S’ :V’ = 54)r :1. 

In the particular case, 

20096 gallons = 20096 -7- 6-25 = 3215-36 cu. ft., 
and from the above analysis, 

, F 3215-36 

’■^==2>r=-6-28- = ®^2cu.ft.; 

r = 8 feet. 

Also, it has already been proved that 

S = GTrr* ; 

/. 5 = 6 X 3 14 X 64 = 1205-76 sq.ft. 


£x. 13. The shape of a hole bored by a drill is a cone surmount- 
i'ng a cylinder. If the cylinder be of height h and radius r, and the 
semi-vertical angle of the cone be a where tana=^hlr, shew that ^ for 
a total fixed depth II of the hole, the volume removed is a maximum 

*/A=f(N/7-l)- (L.U.) 

Let I = height of cone and F = volume removed, then 

^ = A + ? = cot a = h + r^lh ; 

l = H-h and r^=^h(H-h), 

and V = 7rr% + ^irr^Z =.j7rr2 (3 ^ + Z) = Jtt^ (H - h) {2h + H) 

==i7r(H^h + hHI--2h^)\ 
dV 

= Jtt (H^ + 2Hh - GA^) = 0 for max. or min., 
i,e. -6A2 + 2iyA + //2=o, 

giving h==lH{-l±^7), 

It is obvious, therefore, for a maximum value of F, 
A=iH(V7-l). 
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35. Concavity, Convexity and Points of Inflexion. It will 

readily be seen from the results of § 34, that a curve y =/(») is 
concave upwards, or convex upwards in the immediate neigh- 

bourhood of a point a;=a, according as not being zero, is 
positive or negative. 


Further, at a point of inflexion, ^ does not change sign, but it 

does pass through a turning value ; hence, as long as both deriva- 
tives are continuous at the point considered, a necessary condition 

d^y 

for a point of inflexion is that ^ should vanish. 


Since 


Ex, 14. Find the maximum and minimum ordinates and the 
'points of inflexion on the curve 

y(x^ -\‘X-{-\)—2x^-{‘\, (L.U.) 

^ x^ + x + \ ’ 

, dy 2^2 + 2x - 1 

•• Si 

d^y 
dx^ 


and 


(x^-hx + l)'^* 

_2(2x + l)(a^^ + x -2) 
(x^ + x + l)^ 


dy_ 


For maximum or minimum values, ^ 


/. 2x2 4- 2x- 1=0, 
or x2 + x~|=0, 

giving x = J(-l±73). 

Substitute in 

2(2x-f-l)(x2-fx-|-f) 2(~l4z 73 + l)(-j ) 

dx^~ (x2 + X--| + 2)2 V' 

= ±f \/3. 

Hence y is a maximum when x= - ^(1 +v/3), and a minimum 
when x= -J(l -JS), and the values of y are 

2x2 + 1 (2x2 + 2x-l) + 2-5-2x JS 

^+x + l“" x2+x~i + f 
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y is a maximum at x= -^(1 + ^3), its value there being 
|(3 + ;73); and y ia & minimum at ®=-i(l“^3), its value 
there being |(3-^3). 

Again, for a point of inflexion, ^ =0, i.e, (2a5 + 1) (a:® + a: - 2) = 0, 

or (2a; + l)(a; - l)(a; + 2) = 0, giving a; = - 1, 1 , or - 2. 

To test these, denote (2a; + l)(a;-l)(a; + 2) by f(x), and let A be 
a small positive quantity less than unity. 

Then considering signs only, 


f(-l+h)= 2M-#+A)(f +A) = ( + )(-)( + )= 

Hence, ® ~ ^ passes through a turning value. 


Similarly it may be shewn that ~ passes through turning 
Jues at each of the other points. 


values 


points. 

Hence points of inflexion occur at 

x= “A, 1 and -2. 


Exercises 5c. 


Determine at what points the ordinates of the following curves have 
maximum and minimum values, and find also any points of inflexion : 

1. y=a:*-6a?*-15a;-6. 2. y=4a;* -33a;* + 90a; + 6*75, 

3. y=4a;*-15a;* + 18a;+7. 4 . + 2+^^. 


5. y=a;*(3a;*-40a; + 150)-4. 6. y=12aHi -45a;*+40a;*4-7. 


7. y = 


a;* + l 
4a;-3’ 


a „_(^-3)(2a;-9) 
®* 2 '- 


9, y=(*-l)(x-2)*. 10. y=x«-3x«+8. 

« 1+1 

11. y=x**-x “, where a = 14. 12. y =a sin a; + & cos a;. 

13. Find the magnitudes of the maximum and the minimum ordinates 
of the curve y =(a; + 2)* (a; - 3), and the position of the point of inflexion. 

(L.U.) 

14. A man has n hurdles of equd length and he wishes to enclose a 
rectangrilar portion of ground which shall have maximum area ; find 
the number of hurdles he must place on each side of the plot. 
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15. A hollow cylindrical vessel is to be made from a sheet of metal 
twenty inches square. Find its base radius and its length when its 
volume is a maximum, allowing for both ends and 18*49 square inches 
for joins and waste. Take 7r=3*14. 

16. A length of wire 71*4 ft. long is cut into two portions, which are 
bent into the shapes of a circle and square respectively. Find the 
radius of the circle and the side of the square when the sum of the 
areas is a maximum. 


17. A cylindrical tank is to be made, closed at each end, to hold 
39,250 gallons of water. Find its length and radius if the quantity 
of iron plate required is to be a minimum, taking 7r=3*14 and 
6*25 gallons to a cubic foot. 

18. Find the maximum value of xy when a; + y=20. 

19. If in testing for a maximum or a minimum value of y=f(x), 
it is found that ^=0, what further tests must be tried ? 

A wire 3 feet long has to be bent into the form of a rectangle with 
an external circular loop at one comer and the rectangle is to have 
one side double the other. Find the dimensions of the circle and 
rectangle so that the total area enclosed is a minimum. (L.U.) 

20. Calculate the side of a square prism of maximum volume which 
can be cut from a right circular cone 27 ft. high and 9 ft. in base radius. 
Find also the volume of the prism, and shew that its ratio to the 
volume of the cone is 8 : 97r. 

21. From a given circular sheet of metal it is required to cut out a 
sector sp that the remainder can be bent into a conical vessel of maximum 
capacity ; find the angle of the sector to be removed, and if r is the 
radius of the metal, find the volume of the vessel. 

22. A conical tent is to have a given volume V, Find what is the 
ratio of its height to its base radius when the least possible amount of 
canvas is used. 

If, in this case, the canvas is spread out on the ground, what fraction 
of a complete circle is it ? 

23. The stiffness of a beam of rectangular section is proportional to 

the product of the breadth and the cube of the depth. Rnd the 
ratio of the sides of the stiffest beam of rectangular section with given 
perimeter. (L.U.) 

24. A beam rectangular in section is cut from a cylindrical tree trunk 
one foot in diameter. The sides of the section are x and z inches long 
respectively, and the stiffness, y, of the beam is given by the formula 

^ y=Ax^, 

where A is constant. Find the values of x and z which make y a 
maximum. * 
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25. Find the radius and length of a right cylinder of maximum volume 
which can be cut from a right circular cone of height h and base 
radius r, and shew that the volume of this cylinder is 0hs that of the 
cone. 

26. Find the dimensions of the cylinder of maximum volume which 

can be cut from a sphere of 10 in. radius. (L.U.) 

27. Calculate the radius and length of a right cylinder of maximum 
volume which can be cut from a sphere of radius r. Prove that the 
volumes of the cylinder and the sphere are as 1 : ^3. 

28. A rectangular window has a semicircular top. The perimeter 
of the whole window is 36‘7 ft. Find the radius of the semicircle and 
the height of the rectangle when the area of the window is a maximum. 

29. The range R, of a projectile on a horizontal plane, is given 
by the formula 

sin 6 . cos 

where V and g are constants ; find the value of 6 when is a maximum. 

30. The sum of three sides of a sector of a circle is two feet. Find 
the radius of the circle and the length of the arc of the sector when 
its area is a maximum. 

31. The length and girth of a right circular cylinder are together 
equal to a given constant c ; shew that the whole surface is a maximum 
when the diameter of a transverse section equals cl(2ir - 1), 

32. A firm is satisfied from its past experience that its expenditure 
per week in pounds is 

120 + 3-5a:+— .+00M, 
x + 5 

where x is the number of horses employed and A the usual turnover. 
If A =£2744, find the number of horses which will cause the expendi- 
ture to be a minimum, and calculate the cost in this case. 

33. A body is projected from the foot of a plane inclined at an 
angle to the horizontal, with a velocity V whose direction makes an 
angle 0 with the horizontal. Its range R is then given by the formula 

2V^ 

R = — . cos S . sec*</) . sin - c^). 

Shew that H g, V and are constant, R is a maximum when the 
direction of projection bisects the angle between the inclined plane and 
the vertical. 

34. Find the maximum and minimum values of ae-cLx cin I3x, and 
prove that the ratio of consecutive maximum values is constant. 

- , (L.U.) 
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35. A box without a lid is to be made from a rectangular piece of 

tin, 32 in. by 20 in., by cutting out squares from the four comers and 
turning up the projecting pieces to make the sides of the box. Deter- 
mine the dimensions of the box that it may contain the greatest possible 
volume. (L.U.) 

36. Find the relative dimensions of a cone which has the maximum 

volume for a given area of surface, including the area) of base. Verify 
that for such a cone, the area of the curved surface is three times the 
area of base. (L.U.) 

37. The sum of the perimeters of n equal squares and a circle is 
2a feet ; prove that when the sum of the areas is greatest, the side of 
each square is equal to the diameter of the circle, and that the area 
A of each square is given by 

(tt + 4n)2 . A =4n®. 

Calculate a side and the radius of the circle when w is 2, a is 78, and 
77r=22. 

38. The sum of the perimeters of n equal circles and a square is 
2b feet ; find the relation between the diameter of a circle and the side 
of the square when the sum of the areas is a maximum, and calculate 
the diameter and side when w is 7, 6 is 62, and Iw = 22. 

39. A tall telegraph pole is to be strained to a vertical position by a 

sloping wire from the pole to the ground. The wire has to pass over a 
wall 7 feet high and 5 feet from the pole. What is the least length of 
wire that can be employed between pole and the ground ? (L.U.) 

*40. Find the maximum values of the expression 

first, when C is regarded as the only variable, and secondly, when is 
regarded as the only variable. Shew that the function is, in fact, a maxi- 
mum on each occasion. (L.U.) 

*41. ABC is any triangle and AD is drawn to meet BC such that 
AD — AB, A point O is taken in AO, and GF drawn parallel to AD 
meeting BC in F ; if OB intersects AD in K, BC=a, AB = h, BD=c 
and BF=Xj shew that 

Hence prove that the product OF . A A” is a maximum when 
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42. Sketch the curve y(x^ - 4) =a;* -fa; + 1, and find the maximum and 
minimum values of y. (B.U.) 


48. Sketch the curve — , where a and 6 are positive. 

Shew that it has a maximum at x=J{ab) and a minimum at a; = - <sj{ah), 

(M.U.) 


*44. Given the total surface, that is, the sum of the curved surface 
and the base, of a cone, prove that the volume of the cone will be 
greatest when half the vertical angle is equal to tan-^ 1/2 ^y2. (S.U., Sc.) 


♦46 A uniform thin rod of length I and mass m is suspended by one 
end so that it can oscillate as a pendulum ; a particle of mass is 
attached to the rod at a distance x from the point of support. Deter- 
mine X so that the period for small oscillations may be a minimum, and 
find the period. (L.U.) 



CHAPTER VI 

INTEGRATION 

36. The Problem of Integration. If2/=/(a?), and where 

both /(a;) and </)(x) are continuous functions, then the problem of 
integration consists in finding the function f{x) when only is 
given. Since f(x)+At where A is an arbitrary constant, has the 
same derivative as /(x), it follows that the problem of finding /(a;) 
will have an indefinite number of solutions, difiering only by 
constants. Each of these solutions is known as the indefinite 
integral of ^{x)y and in finding such an integral the arbitrary con- 
stant should always be added. 

The integration of simple functions depends upon the following 

fundamental standard forms : 

X® dx = — ^ + A, for all values of n except - 1, 

n-f 1 

( 6 ) J^=log,x + A, 

(c) Je**dx = “ + A, a being a constant, 

(d ) J«in ax . dx = - i cos ax + A, , 

(e) / 008 ax . dx=^ sin ax + A, « 

(/) Jseo’ax . dx=^ tan ax + A, , 

(g) J ooseo^ax . dx = - ^ cot ax + A, 

. 105 



B.M. 
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Ex, 1. Evalmte the integral J(1 - 2aj)”rfa;, 

(a) when n = 3, (6) when n = -4, (c) when (d) when n = - 1. 
(a) When n = 3, J(1 - 2a;)” . dx = J(1 - 2x)^dx 

= j(l-6a: + 12x®-8a?)rfa: 

= *-6 . J + 12 . + by (43a), 


= x - 3x2 + 4i^ - 2x* + A. 

The expansion of the function is only used here because n has a 
small positive integral value ; this, however, is only a particular 
case, and, in general, the following method of substitution must 
be employed : 

Put v = l-’2x, then dv= -2 . dx, and dx= - \dv ; 

|(l-2x)*dsc= + -|(l-2x)« + B. 

This difEers only by a constant from the value found above, for 
--^(l-2a;)^ + R= ~i(l -8a; + 24a;2-32a;3 + 16a;4) + R 
= x - 3x2 -f 4x® - 2x^ + A, where 


(b) When n = - 4, the integral becomes 

J(1 -2x)“^dx*= - • dv, from the above substitution, 

^-4+1 

= -J(1-2x)-3 + a. 

(c) With the same substitution, when w = f, 

|(1 -2x)t . dx= -ijvi . dv= -I . f^+A=-^jsvi + A 
= — Yir(I — 2*)^ + A. 

(d) With the same substitution, when n= -1, 


|(1 - 2x)-i(& = - J = - i J ^ = - J log V + ^, by (435), 
= - i log ( 1 - 2x) + ^ = I log + A. 
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37. Definite Integrals. When the integral of a function (^(x) is 
required between two specified values of x, the integral at once 
becomes definite, and the given values of x are called the limits of 
integration. Thus suppose the integral of </}(x) is required between 

x=a and x = b, then this is written I </> (a:) . dx, and (6 - a) is called 
the range of integration. 

Let • dx=^f{x)-^A, 

then £ <l>(x) . dx=^{x) + ^ J^=/(5) + A ~f{a) - A =f(b) -f(a), 


SO that there is no arbitrary constant needed in evaluating a 
definite integral, since this cancels out. 

Further, it should be carefully noted that when a substitution 
is used to evaluate an integral, the limits should be changed to 
correspond with the new variable. No later transformation back 
to the old variable is then needed. 


Ex. 2. Evaluate 


)o^9-Ta; 


. dx. 


(L.U.) 


Let w = 9 -7a;, then a; = }(9 - w), and dx=^ - ] .du. 
Now, when x = l, u==9-7 = 2, and when a; =0, w = 9 ; 


)o^9-7a; 


. dx = 




1 [27 

■■49L2" 


(64-135) 

= 4 !) (81 4^3 -41 ^4) 


= 0-3167, 


on taking 4/3=1-4422, and 4/4 = 1-6874. 
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Ex, 3. If (2x - 3)y = 24:0?, find the value ^ If • 

Let z = 2x-3, then x = ^(z + 3), and dx = l.dz\ also when 
x = 6, «=9, and when x=2, 2 = 1 ; 

24a? 




2x-3 


. dx 


^J« 3z3 + 27z»+81z+81 

= (Zz^ + 27z + 81 + iz 
-j|^z®+^^z*+81z + 81 logz J 

= H729 + . 81 + 729 + 81 log 9 - 1 - ^ - 81 - 81 log 1} 
= 1228 + 81 log 3 = 1317 nearly. 

Ex, 4. Evaluate the integrals : 

(a) |co8*^ . do, (6) |sin®9 . dO, (c) Jtan 0 , dO, 

Shew, by 'putting tan 0 for 2t, that 


r 


8 ^ 


)o (i+4or‘^-2-'^- 

The indefinite integrals of the second and third powers of a 
sine or cosine may be readily found by means of the identities 
given by (12) and (13), p. 36. 

Thus from (12), (a) becomes : 

|c08*6» . = i|(l + cos 29) d9 = \(9 + \ sin 29) + A 

= 1(2^ + sin 20 ) + A. 

(6) From (13), 

Jsin®^ . jJ(3 sin ^-sin 3^) . = J( -3 cos ^ + ^ cos 30)+ A 

= y\(cos 30-9 cos 0) + A. 

In (c), put »f=cob 0, then dx= -sin 0 ,d0; 

/. Jtan 0 , ”1^"“ -logaj + 24= -logcos0 + -4 

^ = log sec 0 + A. 
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EX. 6a] 

Putting 2<=tan 6, gives 2 . . dO^ and 

1 + = 1 + tan*^ = sec*^ ; 

/. (1 4-4t*)^=sec®^. 

IT 


When 

when 


i=0*5, tan^^ = l, /. 0 = 


4’ 


Jo (1+4^2)^ Jo 


^=0, tan^=0, /. ^=0. 

^ 4 tan 6 . sec*^ . dO 


= 2rsi 

Jo 


sin 6 . dO 


(1+4^2)'*'"'' Jo 2sec2^y 

IT 

.2[-eos«];-2(-^ + l).!-A 

Ex. 6. If 2^v .dx^v-log (\+v)+A, where v is a function 
which is zero when 5C=0, jyrove that v = 2e® sinh x. 

Since 2|v . dx = v - log (1 + v) + -4, 

/. by difierentiating each side, 


2v . dx 




dv *= . dv ; 

1 +v 


2.dx^ 


dv 

1 +v’ 


Integrating each side, 2x = log (\+v) + B\ 
but v=0, when a;=0, /. R=0; so that 1 +v = e2* ; 

= 2e* sinh x. 


Exercises 6a. 

Integrate each of the following functions with respect to x: 

1. Sxi 2. (2a;-6)». 3. (4-a:)-«. 

4, a:^+a;“^. 6. o“~rs* i^(3a: + 4)2. 

4 


7. (a; + l)(a:-2). 


3a; + 7* 

8. (l+2**)'(l-|,). 


9. 


5a: + 3 
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10. (3a:-7)». 

11 — - 

6® + 2 

12 

® + 2 

2V»’ 

14. V2a+a:. 


16. (3-2®)?. 

3®»+l 

2® + l‘ 

18.^. 

1 -a; 

19. Bin*a;. 

20. cos^a:. 

21. sin 5a:. 

22. tan (2a: + 3). 

23. sin X , cos x. 

24. cot a:. 

Evaluate the following definite integrals : 


26. r ~I . dx, 

Ji a; -3 


„ /■“6®-9 , 



30. j['(3®-6)*cte. 


fO'lrr 

32. J sin 5a; . dx. 

33. J sin^® . dx. 

It 

34. 4^ cos a: . sin a: . 

IT 

dx, 35. 1 sin^a: . dx. 

Jo 

rr 

36. J tan^a: . dx. 


37. By putting w=4a:® + 12a: + 7, evaluate the integral 

12 -r-s — io = . dx, 

Jo 4x^ + 12x + 7 

r a: + 1 

. dx, by means of the substitution u^=x-2. 

y/x-2 


39. Prove that f ^ *^-5? . dx—6a-\og 3. 

h a + 2x ^ 

41. If X denotes the function x!{a^ + x^), evaluate 
jx ,dx and j X , dx. 


(L.U.) 


By putting a5=atan0 in the indefinite integral and its value, 
hat 


shew tl 


I tan 0 . d^=logsec 0-\-A, 

42. ,Shew, by putting a; = tan 0, that 8 f 

Jo 


dx 


(1-f-x^)^ 


=7r + 2, 
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T - . 3 . dv by means of the substitution t;*= 2 ®-l; 
1 -f V® 

hence, by putting t;=tan $ in both the integral and its value, shew 
that [tan* ddO= I sec* 0 + log cos 0. 


(Li.U.) 


♦44. By means of the substitution a; = a sin*^ + (3 cos*^, evaluate 

i a dx 

\^(a -x)(x- ft) 

♦46. Find a function y of which is zero when a; = l, and which 
satisfies the equation 


sjy . da;=2i/* + >4. 


38. Integration by means of Partial Fractions. Many algebraic 
functions of the form <l>(x)l\f(x), where \p(x) is resolvable into 
factors, can be readily integrated by first splitting the function 
into partial fractions according to the methods of § 6, pp. 7-10. 
The following will illustrate the process. 

Ex. 6. If y - IGjc -i- 15) = 4aj* - 12a; + 13, evaluate 
(a) I?/ . dx, (b) . dx. 

(a) From Ex. 6, p. 8, 

4x*-12a: + 13 4 2 . 

4a;*-16x + 15 ^'*'2x-5 2 j;-3’ 




dx 


where A'^logA, 


}2x-3 

= a; + 2 log (2x - 5) - log (2a; - 3) + 

= log e® -I- log (2x - 5)* - log (2x - 3) + log A, 


(b) J 2 / . (fa;=:|^a; + 2 log (2a;-5) -log (2x-3)J 

= 6 + 2 log 7 - log 9 - 3 - 2 log 1 + log 3 
" =3 + 2 log 7 -log 3 

= 3 + 3-8918 - 1 -0986 = 5-7932. 
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Ex, 7. Find the values of (a) Jy . dx, and (6) J* y . dx^ whete 
y = 3 (4a? + a;* + 5)/{a; (2a? + 1 ) (a;* + 3)}. 


(a) From Ex. 6, p. 9, 

3(4ic® + a;24-5) 5 2a; 6a? . 

a:(2a? + l)(a;* + 3)~aj a? + 3 2a? + l’ 

. f 3(4a? + a;* + 6) ^ _k[^^ [2x,dx f6a?.rf® 

•• Ji(Wl)(a;2 + 3)-'^^“^Jx Ja? + 3 

— 5 

J a? w "J V * 

where w=a;* + 3, and t; = 2a? + l 


= 6 log a; - log u - log v + constant 


=log 


(x* + 3)(2x* + l) 


+ constant. 



3(4a? + a;2 + 5) ^ Ti a? 

x(2a? + l)(a;2 + 3) * (x^ + 3) (2a? + 1) Ji 

=6 log 3-log 55 


= 5(10986) - (2-3026 + 1 7047) = 1-4857, 
Ex, 8. Establish the results : 




dx 1 ^ nX 
2— ^ = - tan-i-, 
? + a? a a’ 

and results to prove thxU 

41 dx 


L 


Ja !e( 41 - »*)<y26 - X* 
(a) By the methods of § 6, 

1 1 M 


=0-416. 


1 
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f 1 1 

^ (a: - a) - log (® +o)} + A, 

“ /A=i*'»xT^ + ^ <^*> 

(b) In a similar way, 

1 _ 1 / 1 11 . 


*** ^ (a + a:) - log (a - x)} + A, 

<“«» 

(c) This integral may be readily found by putting x=a tan 0, 
then dx=a aec^d . dO ; 


f dx 
Ja2 + 2;2 


*a sec^^ 


.dO 




No constant of integration is needed because both sides vanish 
at 03=0. 

Hence a' <***> 

In the given integral put 25 - =*= then -xdx=u du, 

41 ~ = 16 4-^2, and the new limits become 0 and 4 ; 


. p 41 dx _ r 41 du 

■ ■ Js x{41 - xV25 - X* ~ J4(16+M*)(25-M*) 

^ jo (25 16 

-.ilog9 + ^=0-2197 +0-1964 

lU lo • 


B.M. 


0*416. 

£2 
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Exercises 6b. 

In each of the following examples resolve the expression for y into 
partial fractions and evaluate the indefimte integral Jy . dx: 


2. y(x^ -5x + 6)=2x-5, 

4. y(14x^-17x-6) = 25. 

6 . y(x^-hx-‘12)=8x-i-ll. 

8 . 2/(12 - 17a; + 6a;2) = 14 -liar. 
10. 2/(2 + 6ar-12ar“)=22. 

11a; + 9). 


1. y(x^ + 5x + 6)=:l. 

3. y(2a;* + a;-6)=6ar- 11. 

5. y(12x^-25x + 12)=7. 

7. 2/(a;»+4a;-21) = 10(a; + 4). 

9. 2^(66 -29x + 3a;2) = 38- 11a;. 

11. y(x-l)(x-2)(x-3) = 2(3x^ 

12. 2^(a;-2)(2a;-3)(3a;-l) = 16-13a;. 

13. yx(x-h3)(x^ + 4) = 12-h8x-3x^. 

14. y(l-x*)=4x. 15. 2^(4-a;*)=4. 

♦16. 2/(aJ - 3)(a;a + 2)(a;a + 3) =:2(3a:» 4- 4x^ + 3a; + 6). 

♦17. 2^(a;«-l)=6a;a. ♦18. 2/(8^- l) = 3(2a; + l). 

*19. y(a^ - a;^) (b^ - ar^) =a^(a^ + 262) ^ 2a2a;2 - x*. 

♦20. y(x* + x^ + l)=2(x^-l). 

Evaluate the following definite integrals : 

22. rjj^. 

-2 Ji3x-x» 

31 


i 


23, 


-r 


dx 


24. 


dx. 


28. 


12x2 -a; -20 
-x2 + 6a;4-ll 
(xTT)‘(xT2)(x- 3) 
[28^ lOx-21 
* ja-B (2i - 


••f 


. dx. 


‘■i: 

-jr: 


(2x-6)(2x-3) 
4(4 + 6a;2 _ ^4) 
x(a;2 + 2y(^»+T) 

dx 

4a:2-12x + 13‘ 


da;. 


. dx. 


, dx 


26 r__i_ 

Jo 12a^ + lla:+2 
A 3** - 

i X (i 


2x* + 6x + 3* 
. dx. 


7x2. 

2(2x- 


6 

1 ) 

.l)(x-2) 
6x2 ^ 


. dx. 


l)(x + l)(x-2)* 
l-3x 


(X2 + 1)(X + 1) 


dx. 


*34. Find the numerical values of the constants, A, B,C, D, such that 
for all values of x the following relation is identically true : 

16x _Ax + j3. C D 

■^2-x ’ 


hence, prove that 


16-a;«~* 4+x2 ^2 + x" 
././'"aj.dx , 4+a2 


^ tan B 


By the substitution, a^=2 sin B, evaluate the integral 4 ^ 
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36. Evaluate the integral . dx. 


C dx 

♦86. Transform the integral / jk : 

® J sm a;(3 cos a; - sin a; - 1) 

by the substitution ^=tan Hence evaluate it*. 

rO‘76 

37. Evaluate the definite integral f 

Jo 

17a;a4-8a;-12 


38. Evaluate 


Ji a;2(4 + a;2)(3+x) 

9. Prove that [ 

Jo 


Jo x* + 3x^ + 2* 

. dx. 


*40. Evaluate 


r 


'o (ar + l)(a;2 + 4) 
a:2 + l 


da; =0*819 nearly. 
dx. 


Jo (9 -x^)(x^-hx-t-4) ' 

*41. By making the substitution x—2t/(l prove that 
6 da; 

0 i 


Jo (4 + 6a;)N/r^ 


=2 log 2. 


116 


(L.U.) 

(L.U.) 


39. Integration of Rational Quadratic Functions. If 

X^ax^'h2bx + c, 

then the evaluation of ^dxjX falls into two groups, according as X 

is, or is not resolvable into real rational factors. 

In the former case, it is best to split \jX into partial fractions, 
thus 


r dx 

r (fe 

[M _ 3 \ 

J 3a;2 - 5a; + 2 , 

1 

1 

I 

\a;-l 3a;-2; 


= log (a;-l) -log (3a!;-2)+-4 
. , x-1 

= ^ + *'’8 3--2> 


where A is an arbitrary constant. 

When, however, X is not resolvable into real rational factors, 
the function must be expressed in one of the forms or 

and the corresponding "standard form established in 
equation (44) (p. 113) applied. 
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Ex. 9. 


r (te 

[ dx _ 

if 

j2®*-6a!+l ^ 

Ja^-^x+i~ 



Ex. 10. 


a=i>/n, 

= _ 1 - . log — + constant. 

_ if 

)^-6a! + 6“*J(x-|)* + f# 
f du 

u=®-|, o = iV23, 

^ ™ tan"*^ ^ + constant, by (44c), 

2 . ,4x-5 ^ ^ 

= - 7 — r . tan”^ — 7 ;;^' + constant 
^/23 ^23 


dx 




=‘J: 


du 

a 23 i? 


, where w=a;-|, a = ^^33, 


= ^ . log + constant, by (446), 


' a-u 


1 , /33-3 + 4X ^ ^ 

= log — r- + constant. 

JZZ ® ,y33 + 3 - 4x 


Jo-63 + 6x-5x*^^Jo-60-96-{a;-0- 


i 2 * 


6)' 

Put M=a!-0‘6, then when x=l’4, m= 08, and when a5=0‘6, 
u»0; hence the integral becomes 

,fo-8 du ^,„ori 0-9798 H-M-lo 8 1-7798 

=0-102(0-6766,- 0-6868 + 2-3026) 

=0-102 X 2-2924 = 0-2338. . 


1-1798 
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40. Variable in Numerator of Integrand. When the numerator 
also contains a?, it must first be reduced, if necessary, by division 
as in § 6, so that it is of one degree less in x than the 
denominator. It must then be expressed as the sum of the 
differential coefficient of the denominator and a constant. Thus, 
if the fraction is {px-^q)l{ax^ + hx + c)y then the differential 
coefficient of ax^ -hbx + c is 2ax + h, and 




px+q 

ax*+'bx+c 


. dz 


=JL/ 

2hJ 


2ax + b 
ax^ + bx + c 


. dx + 




dz 

az* + bz+o 


= A . log (ax* +bx + o) + (l («) 


f 3 4a; _ 3 

Ex. 13. Evaluate the integral J ‘ 

The denominator = 2x^ - 6a? + 9 = 2 - 3a? + f ) 

=2{(a?-f)2 + |}. 

Hence it contains no real factors. 

Since the differential coefficient of the denominator is 4a? -6, 
and 4a?-3 = 4a?~6 + 3, 

. P • 4a?-3 , P 4a?-6 , p dx 

•• Ji.5 2S^"6a?T9 •'^^“Ji.52a?2-6i + 9 

In the first integral, put u = 2a?* - 6a? + 9, then du = (4a? - 6) dx ; 
and when a? = 3, w = 9 ; when a? = 1-5, w = 4 5. 

In the second integral, put v=a?-f, then dv^dx, and when 
a? = 3, t? = | ; and when a; = 1-5, v=0 ; hence 

.52a?-6x+9*®®"j4-5 M ""Jo + 

• =log2H-^ = l'4785. 

• 4 
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Exercisbs 6c. 

fdx . 


/ dx 

^ in each of the following cases : 


1. Z = 

3. X=a:* + 81. 

6 . Z= 55 - 6 a;-a; 2 . 

7. Z=9ar*-30a:-119. 

9. X=25a:® + 10a; + 2. 

11. Z=7a;(6-7a:). 

13. X=d^x'^ + 2abx + b^-c^. 

15. X=ax(2c-ax). 

Evaluate the following definite integrals : 
[^5x + l , 


2 . X=a:*- 36 . 

4. X=:a;2-4r-21. 

6 . X=a:® + 10 a; + 106 . 

8. X=27-4a;(a; + 3). 

10. X=4a;(a;-5). 

12. X=5(5a;*-2x + 2). 

14. X=o®a;® + 2aca: + 2c*. 
16. X = a®a;2-4afca;-4-6*. 


3a; + l , 

-fl-TT • 

x^ + l 


“•i, 


18. 

P dx 

Jo 5-x*' 


21. 

1 ^ dx 

/-ja*+6x+34' 

“• i 


dx. 


24. 16 


dx 


'ao '4 a;* - 16 

— , where a = 2*8332 and 6 = 1*7918. 


26. Integrate xdxl{a^-x^)^ and dxHa^+x^)K 

X 

♦27. Prove, by means of the substitution, t—t&n that 

/; 


(L.U.) 


dx 


1 ,6 + acosa: , 

— 7 T - 7 - 9 — 19 cos-* T , when a> 6 , 

a + 6 cos X - 6® a + 6 cos x 


1 ,,6 + acosa: , , 

or ——TTs — 0 cosh-* 5: , when a <6. 

sjb^-a^ a + 6cosa? 

Use the substitution of Ex. 27 to evaluate the integrals : 


dx 


28. f 

JO 

"•fsTT 


Jo 5 + 4 cos a: 
dx 


+ tan X 


29. 


31. 


f. 

L 


dx 


cos a; + 12 sin x 
dx 

cos a; + sin a;* 


(L.U.) 
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Prove, by the same substitution, or otherwise, the following results f 

♦ 82 . ji—; i =:log(seca;-l). 

J Bin X , cos x^ 

•33./! 

♦34. Evaluate f j- 
Jo 1- 


rcos a;-sin (1 -sin a;)(l -cos a;) 

Nin a; . cos x ~ ® sin a; . cos x 


Jo 1 + cos a . cos X 
Prove the following results 


, where a is constant. 


35. 


■f. 




37. T- 

Jo a 


0 (x^+a^)^ 
dd 

^0 a + 6 cos d - 


36. 




dO 


16 co8*6y + 8in*^ 8 


(L.U..SO.) 38. (M.U.) 


*39. Determine the values oi A, B, ( 7 , such that 

4 +5 sin a; + cos a;_ ^ I R(cos a:-8in a:) ^ G 

1 + sin a; 4- cos x ^ 1 + sin a; + cos x 1 + sin a; + cos x * 

ir 

hence evaluate the definite integral ( . dx. 

^ ./o 1 4 Sin X 4 cos X 


41. Integration of Irrational Quadratic Functions. If 

X = ax^ + 2hx + c, 

the integration of . dx and of j*^ depends upon the 

expression of X as an algebraic sum of two squares. It is 
therefore necessary to establish the standard integrals when X is 
of the forms ±d^, or ±x^, 

? dx .. f 

Ex, 14. Evaluate the integrals (i) V/v (h) \JX ,dx, when 
X has each of the following forms : ^ 

(a) X^a^-x^, (6) X = (c) X^a^-\^7?, 

(a) When X = a* - put x—a sin 9, then dx—a cos 9 ,d9; 

f dx fa cos 9\ d9 f i * * 

^/S 2 ZV. ] a COB 9 i a 
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and . dS ^\a^{d sin 28) + A, 

i J from Ex. 4, p. 108, 

= Ja® ^sin“^ 5 + sin ^ cos 6^+A 

=ia»(sin-i5 + ?^l-g)+^ 

= Ja* sm~^ ? + Jxv/a® -x^ + A. 

(6) When A=a;*-a®, put a;=acosh 2 , then da;=a sinh « . dz, 
and X® - a* == a*(co8h225 - 1) = a* sinh^a; ; 

If the substitution ^ = had been made, the integral 

would become 2jj-^=log hy (44), 

, x + v/x*-a* _ 

= log + B, 

a 

Hence, equating the two results : 

, , X . 1 x + sjofi -a^ n 

cosh*“^ - + .4 =log + By 

a ^ a 

which will be identically satisfied for all values of x ; putting x=«a, 

A^By 

so that cosh~^ as proved in Ex. 9, p. 60. 

Applying the original substitution to the integral J>/A . e?x, 

. dx = a^Jsinh^z . dz^^j(e^ -2 + e”^) . dz 

= j (ie2* - 22 - |e-2^) + ^ ~ {(^ - + e“^) - 42} + il 

„ =^(smh 2 . cosh 2-2) +i 4 >Ar*-a*- ^ cosh-^* + A, 
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(c) When Z=a* + aj^, put a;=asinh2;, then dx-a coab z , dz, 
and +0;* =a^(l + sinh*2j) =a^ coah^z ; 


. f dx 




« + i4 = siiih“* - + A. 

a 


Now the substitution, 05 = 


2at 


rationalizes the integral into 


J dt , l+< D , 1+^* D 

2jr:7*=iogrrt+^=i«g(rr^»+^ 

, / 2< l+<*\ „ 

= logl±^^‘ + B. 
a 

Equating the two results and putting 05=O, -4 = B, 

/. sinh"^ - = log as proved in Ex. 9, p. 50. 

0/ a 

Reverting to the original substitution, 

+ 7^ . da; =a*j'cosh22 . dz=^j(e^ + 2 + er^)dz 

= 0(e*'-e-*')+ia*z + ^ 

= ~ (e^-e“^)(e* + e"-^) + + 

= \a^ sinh z . cosh z + \aH + A 
= Jx>/a* + X* + sinh-^ i 


Collecting these results, the standard forms for the integration 
of irrational quadratic functions are : 
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, . /■ dx u 1 * . . I X+\/x*-8’ 

i + -a 

(6) jN/F^*.dx=4xv/3?^*-la»cosh-‘?+A 


=ixN/x* -a« -la* . log »% A. 


(a) r-^=rinh-*? + A=log5i-^ + A. 
(6) js/i^Tx* . dx = ix x* + Ja* sinh-^ 1 


=ixN/i^ +ia* log 


42. General Quadratic Function. The general quadratic function, 
X =ax^ + hx + c, 

may readily be expressed in the form ±a^y for 

aa^ + bx + c=a(^+^x+^=ai^(x + ^J + ^^j=a{'^±a^, 

where + « =- 4 ^”’ 

the sign of a* depending upon whether 4uc>6* or 4ac<6®. 

Ex. 16. Evaluate the integrals f dxUX and f JX . dx, when, 
Zs5x2-6a:-3. Ji-8 Ji'8 

6a;2 - 6a; - 3 = 5(x2 - l*2a; - 0-6) 

= 5{(x - 0-6)2 - 0-36 - 0*6} = 6{(a; - 06)2 - 0*96}. 

Put t’=a;-0*6 and a2=0*96, then dv^dx, and when a; =3, 
V = 2'4, and when x = 1 *8, v = 1 *2, so that 

=i ■ V5{log (2-4 + V4-8) -log(l-2 + VO-48)}, 

the constant log a cancelling out, 
=^(2-2361)(log 4-591 -log 1-893) 

. -0-4472(1 -5241 - 0-6382) =0 4472 x 0 8869 = 0-3961. 
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Similarly, by (476), 

n/o* -d^ ,dv 

= J . n/ 6 - a® - a® log ^ ^ J 

= iV6{2-4 74-8 -0-96 log (2-4 + v'4'8) 

-l-270-48+0'96 log (1-2+V048)} 

= 1 •118{5-2584 - 0 8314 - 0-96(log 4-591 - log 1-893)} 

= 1-118 (4-427 - 0-96 X 0-8859) 

= 1-118(4-427 -0-850) 

= 1-118 x'3-577 
= 3"999 or 4 very nearly. 


Ex. 16. Emlvate the integrals 
'•5 dx 


(•9-5 r4-5 

(a) (6) N/27 + 12®-4x®.(ir. 

j3-5s/l75 + 20a;-4a!:® Ji-s 

(a) 175 + 20x- 4a;® = 175 -(2a: -5)® + 25 = 200 -(2a: -5)®. 

Let 0 = 2a; - 5, a® = 200, then dv — 2.dx; and when x = 9-5, = 14 ; 
and when x = 3-5, v = 2, so that 

r® dx ^ , f «_ dv ^ r »-|i« 

j3-5Vl75 + 20x-4x® ajz 

= J(8in-»0-9899 - sin-10-1414) 

= i(l -4283 - 0-1420) 

= 0 - 6432 . 

V 

Note that $in~^ - must he expressed in radians, 

(b) 27 + 12a;-4a:2 = 27-.(2a;-3)2 + 9 = 36-(2x-3)2. 

Let v=^2x-3, then dv = 2 ; dx, and when x = 4*5, v = 6, and 
when a; = 1*5, v=0 ; 

( V27 + 12a;-4x* . daj = i( v/SG-v^.dv 
JV6 Jo 

, = i|^36 sin“i ^ + vj33 - 

, =J.187r = 4-57r. 
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Ex\l. If X = + 146, calculate the values of 

(a) J and (6) j JX . dx, 

4x2 - 4a; + 145 - (2a? - 1)2 + 144. 

Let t;«2x-l, then dv = 2 . dx, and when x=6, v = 9, and when 

t;»6 ; 

o + n/v2 + 144“|® 


••• <»' I 


dx 


3 n/4x2-4x + 145 


-‘i: 


dv 


5 70* + 144 12 Js 

= J{log 24-log 18}= J log 11 = J log ^ 
= j(log 4 - log 3) = 4(1 -3863 - 1 0986) 

= 01439 . 


(6) I \/4x2_42; + 145 . ^^2^144 




+ 144 + 144 log 


V + \/v2 + 144*1® 
12 Js 


Ex, 18. Prove that 4 


r 

JO! 


= i{l35 + 144 log 24 - 66 - 144 log 18} 
- J{70 + 144 X 0*2877} = 27-8572. 

5 47x-46-8x2 


. dx=log 6. 


)5\/2(2x2-2x + 13) 

2(2x2-2x + 13)=4x2-4x + 26 = (2x- 1)2 + 26 = ^2 + 26, 
where n = 2x-l or x = J(w + l). 

Also 47x - 46 - 8x2 = 39x + 6-2 (4x2 - 4x + 26) 

= J(39n + 51)-2(n2 + 25). 

Now, since n = 2x-l, dn=2.dx, and when x = 6'6, t^=12, 
and when x=0*5, n=0 ; hence 
47x-46-8x2 


, ... 

J«.V2(2**-2® + 13) Jo Vtt* + 26 

- ^ 

- 2 |^W«* + 26 + 26 log - + 

'= 39(13 - 6) + 51 log 5 - 2(166 + 26 log 6) = log 5. 
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Exercises 6d. 

Integrate each of the following functions of x, 

1. n/(16-**). 2. iMie-a:*). 8. *^(**-36). 

4. 1M**-36). 6. V(a:*+8lj. 6. lM**+81). 

7. %/(**- 4* -21). 8. l/V(**-4a!-21). 9. n /(66 - 6* - a*). 

10 . 11^(55 -6x-3»). 11. %/(*» + 10® + 106). 

12 . 1 /n/(** + 10x + 106). 18. ^/(9®•-30a:-119). 

14. ll-j21-ix<x + 3). 15. 's/(o*a* + 2o6a + 6»-c‘j. 

16. l/N/oV + 2aca+2c*. 17. •sfix(2c-ax). 18. l/^/x(2c-a). 


Evaluate the following definite integrals : 


“•f; 


'2 N/64-ar»* 

dx 

\/441+a;* 

'-1 >/ 36 - 2a; - X® 

P8 (fa; 

I* slx(x-\-S2) 

^ _ 2 , dx 

'-3-5 

r n /8 + 7a; ” X* . dx. 


20. f — ^ 

J-d ^^64 - 12x - X* 

/•13-25 

^9- 

24. f 

J-2 5 >y61 + 10x + x® 
/’* cix 


Jdd/a - 2a6x - 36* 


27 r _ *28. 

j-3-6 ^/l8-7a-ai* •Ja*a^-2abx-3 

29. r -JW+Tx^.dx. 80. [^■Jl^'^.dx. 

81. r fa - - 82. r \/6-4®-a>. rf.r. 

Jo N/l4-6x~a^ J"* 

n3 , 2 . dx 

33. / n/18x - 65 - x*. dx. ♦34. / >5^,- 

79 + 2a6x - a*a 

85. J^J^TUxTin . dx. 86. j^-Jx{x + 30) . dx. 

*87. Shew by means of the substitution y=x/(ai* + l) that 

r 1-a^ rf.r=I 
/).(!e* + l)^/2(** + l]l' 8' 
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*38. Evaluate 8 f ‘ . dx. 

Jo ^yi69-4a:» 

*39. A function y otxis defined by the relation Jy. dx=^a*+y*; find 
the function, it being given that x and y vanish simultaneously. 

*40. If i ■' ■ = =~, and a =2 tan“^4, prove that 

>/(l+cosa:)(8cosa; + 16sinic) 4 

h—2 tan"^(Vi). 

*41. Evaluate where y^=B2-7x-x^. 

*42. Find the precise relation between x and y when 

it being given that y=0 when a; =0*75. 


43. Integration of a Product of Functions by Parts. Let P {x) 

and Q(x) be two functions of x, which may, for shortness, be 
denoted by P and Q respectively, then from (356), p. 76, 


Now, in general, ^ will be a function of x ; denote it by 
where B stands for a function, B(a;), then dP — R, dx. 


or P^^R.dXy 

the constant being omitted for the present. 

Hence, substituting for P in the above formula, 

••• 

QR . dx^i(PQ) - (^f ^ 


or 
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lutegrating this gives 

JqR . dx = PQ-^(^^R . dx^dx-^-A, 

This is the formula which gives the integral of a product of two 
functions. Expressed in words, the rule becomes : 

The integral of a product of two functions =( First function multiplied 
by the integral of the second) ~ Integral of (differential coefficient of first 
function multiplied by the integral of the second), either function being 
selected as the first. 





dxjdx + A. 


(49) 


Ex. 19 . Evaluate the indefinite iriiegral \x . sin~'^ x . dx^ and 
prove that J 

2 1 aj . sin”^ x .dx~\ v . sin 2i; . dt; = 7. 

Jo Jo 4 

Here x could be taken as the first function, because when 
differentiated it gives a constant. This should, in general, be 
the chief consideration in choosing the first function, but it is 
simpler in this case to take sin”^ x as the first function, as will be 
seen. 

Hence 


Ja? sin“”^ a? . da? = sin“^ a?j*a? da? - - _i=::^|a? . da?^ da? 

■= sin-i x - . «Za: 

= Jx* sin-* X + . dx 


= Jx* sin-^ X + J JVl - 7 ? .dx- ^ 

= Jx® 8in“^ X + J (siii“^ X + xs/l - X®) - 1 sin~^ x+A 
== J{(2x^ “ 1) sin-^ x+Xx/l -X*} + A. 


Taking a? as the first function : 

fa? sin“^ a? da? ^ a; [ sin""^a: . da; - f ( f 


sin“^a? . da? )da? ; 
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thus the evaluation of the integral depends upon the integral 
Jsin~^ X . dx. To evaluate this, the method may be applied by 
considering unity as one function, thus taking sin"”^ x as the first 


function : 


. dx 


Jsin”^a; . dx-x , sin-^aj- . i 
= x . 8in“^a5 + Jdu, where 


=« . sin-^aj + ii 


= X . 8in“^ a? + Vl - x^. 

Hence, inserting this value, 

Ja5 sin“^a!; . dx — x^mr^x + xjl-x^-^x sin“^a5da;~|\/l -x^ ,dx\ 

/. 2|ajsin~^a5 . dx^x^BAn'’^x + x>J\--Qi^-\ %iTr^x-\xJ\ 
l{(2a^ ~ 1) sin”^ x-¥xs/l-ix^} + A* ; 

Jaj . sin“^ X .dx — i{(2x® - 1) sin-^ x + x\/l ~ x*} + A 
(where 2A=A'), as before. 

Again, 2^^x sin“^ x . dx = ^|^(2aj* ~ 1) sin“^ x + a^Vl ~ 


= 4' 


and 


I V .Axi2v .dv^ 2t; . dt; - J( Jsin 2v . dvj 
= - |t; cos 2v + j|cos 2v . dvj 
= - Jt; . cos 2i; + J sin 2vJ 
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The equality of the integrals may also be shewn by putting 
X in the first integral, thus 


X = sm V, 


so that dx = cos v , dv, and when x = l,v = ^, and when x =0, t? =0 

/. 21 X .siir^x,dx = 2\ u . sin t; . cos i; . l VBui2v,dv, 
Jo Jo Jo 

V 

p ir 

Hence 2 1 x sin-^a; ,dx=\ v . sin 2v . dv = -• 

Jo Jo 4 


x + Ja^ + a^ 


, shew that 


f dx 

Ex. 20. Assuming that |-==^=log 
Jva* + ar 

^sta^ + x^ . dx — \{xsla^-\-x? + a^ log (x-^-sJa^ + x^)} 
by integrating by parts. 

Taking unity as one function, and regarding + as the 
first function : 

fs/a^ + x* . dx=xv/a2 + x2~ f- 7 =^== . dx 
J JVtt^ + X^ 

J v/a 2 -fx 2 

= xv/a2 + x^-' Js/a^ + x* . dx + a^J^^— ~ ; 

/. 2f\/a2 + x2 . dx = x\/a^ + x^ + log ; 


Js/q^ + X* . dx = J ^xs/ a* + X* + a* log - - 


+ A. 


Ex. 21. Evaluate the integral Jsin^d . dO ; (q) by applying the 

identity 4 sin^6 = 3 sin 6 -sin 36 ; (6) by parts. Shew that the two 
results agree. 

• ri fZ 

Hence prove that 24 j . d^ == 1 
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(а) From the given identity 

Jsin®^ . dd = ij(3 sin 6 - sin 36^) - 1 cos 6 + cos Z6+A 

= - 1 cos 6^ + iV(4 cos®6^ - 3 cos 6^) 

= ^ cos*d - cos 6^ + A, 

(б) Taking sin26^, sin 6 as two functions, 

Jsin®^ . dO = sin2^( - cos 6/) ~ 2|8in ^ cos ^( - cos 0)d0 

= - cos ^(1 - cos^ 0) - 2 Jcos^ 0 . d(cos 6S 

— c,o^^6 - cos - f cos^^y + A 
= ij cos®6> - cos 6y + A, as before. 

It should be noticed that the values of the integrals, without 
modification, are 

(a) -f cos 6> + yV cos 36> + y4, 

(b) - sin^^ . cos 6^ - 1 cos®^ + A 
and these are identical, as is shewn by putting 

4 cos^0 - 3 cos 0 for cos 36 in (a), 
and 1 - 008*6^ for sin^f^ in (b). 

fi a 

Put # = tan 21 then c?< = J sec* ^ . dd, and 1 +t*=sec® 

Further, the limits 1 , 0, of < give 0 for 0 ; 


/. 24 r 

Jo 


(! + <*) 


eft = 12 


% 3 ^ 3 ^ 

tan* 2 • sec* g 


It 

fi fi 

= I2J sin^ 2 . cos® 2 . do 

ir n 

= f J sin ®0 • = t cos ®0 - cos 


(from the above result) 
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Ex, 22. If St C denote respectively the integrals 


\e^ sin bx 


. dXy J(( 


e®* cos bx . dxy 


determinCt by integration by parts, the values of S and G, 

Verify the results independently by use of the identity 
cos bx + i sin bx — 

where 

Taking sin bx, cos bx respectively as the first function, 

S= fe®* sin bx , dx — ^~ e®* sin 6®- - • fe®* cos bx , dx 

J d a } 

e®* sijn ^ . C, omitting the constant ; 


and C = I e®® cos bx , dx~ ~ cos hx + • 1 e®® sin bx , dx 

I a a \ 


= - e®® cos bx-¥- , S, 
a a 


Hence aS + bG = c®® sin bx, 

bS-aC- - e®® cos bx. 

Solving these equations for S and C, 

eaz 

S = -- — (a sin bx ~ b cos bx), ( 7 = ~ — r:. (a cos bx + b sin bx). 

-f b* -f b^ 

The same results may be readily established by the use of 
imaginaries, thus, writing as usual for ^ - 1 , 

cos bx + i sin bx = e^^^ ; 

/, |e®®(cos bx-\-i sin bx) . fl^x=J*e®® . e*^® . . dx 

= -f ib) = (a - i6)e®® . e*^®/(a2 + 6^) 

= (a “■ ih) e®® (cos bx + ^ sin hx)l(a^ + h^), 

so that 

0 + i/S = 6®® {(a cos 6x + h sin bx) + i{a sin bx-b cos hx)}l{a^ + b^). 
Equating real and imaginary parts : 

C = e®*(a cos bx + b sin bx)/(a® + b®), 

» 

and S *= e®^(a sin bx •- b cos bx)/(a® + b®), 

as before. * 



132 


HIGHER MATHEMATICS 


[oh. VI 


Exercises 6e. 


Integrate each of the following functions by parts : 

1. X cos nx. 2. e” cos x. 3. log x, 

4. tan-' a:. 5. a;tan-'ar. (B.U.) 6. a; log a;. 

7. a:* sin 3a:. 8 . cos 2a:. 9. log a:/(l - a;)*. 

10 . Shew that if a function <^(a:) can be expressed in the form 

/(*)+^ {/(*)}» 

then Je* . (a;) . da: = e* . J(x). 


Use this theorem to evaluate each of the following functions ; 


11. je^(2x + 3)(2x+l).dx. 

12 . Je*(*» + 6 ).<te. 

13. j 6 *( 8 in X + cos a:) . dx. 

14. j'e‘“-‘'(l+t+t*).d//(l+«*). 

15. Je* sec a:(l + tan a?) . dx. 

16. (x log x+1) .dx. 

17. j(eafdx. 

18. re*(T-2)(2x + 3)(3* + l)<ii». 
.'0 

19. r .e*.da:. 


^(5 + x){5-x) 

/■sln->0-6 



20 . e* {log (1 + sin a:) - log cos x + sec a:} . dx. 


21. Evaluate, by repeated application of the method of integration 
by parts, the definite integral 

J a;* . (log a:)* . da:, 

and verify the result by using the substitution a:=e-*' to evaluate the 
integral. 

If Srf Orf Tr, Scr, denote the indefinite integrals 

j sin’* a: , da:, jeoa^x . dx, J tan^x . dx, J sec^x . da:, 

respectively, where r is a positive integer, prove the following reduction 
formulae (22 to 25), by the method of integration by parts : 

♦ 22 . n . / 8 f„ =(n - - cos a: . sin”“' x ; hence evaluate and S^. 

♦23. nVn—(n - l)Cn -2 + cos’*"' a; . sin a: ; hence evaluate O 3 and Ug. 
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*24. (n — l)Tn=tan”~^a; - (n - l)ir ««2 » lienee evaluate Tg, and verify 
the result by substituting <=tan x to reduce the integral. 

*26. (n - l)<S^c„ = (n - 2)/Sfe„_a + see”"* a: . tan x ; hence evaluate Se^ be- 
tween the limits ^ and 0, and verify the result by evaluating the integral 
independently by means of the substitution ^=tan x. (Le.U.) 

*26. If In denotes the indefinite integral Jx*^ , einx, dx, shew that 

=x**~‘^(n sinx-x cos x) - n(n - l)/n -2 > 
and evaluate the integral when n=3, 

27. Evaluate e~^^x^ . dx. 

*28. Shew that if I„ denote the integral 

J x'‘(a^ + x^)~idx, 

when n is positive and greater than unity, 

nl„ + n(n- l)a %,^2 (L.U., Sc.) 

*29. Shew by integration by parts that if denotes the integral 

e"* sin” a; . dx, 


where /J=tan"^ then 
' a 


(L.U., Sc.) 
(L.U.) 


(na + aa)J„=n(n-l)/„_2. 

y® 1/1 6 \ 

*30. Shew that («“** cos2Ja:)2da;=^^^+^^^-2j’ 

r J 

*31. Prove that nf^8in”x. dx=(n-'l)f sin'*^*^.^ (L.U.) 

/o Jo 

*32. Prove that sin mx . sin nx. dx=(n sin rmr cos wtt )/( m* + n*), where 
n is an integer and m is not an integer. (L.U.1 

IT »r 

J fg- n-1 

sin”a; . cos^'a; . dx=^ — — Rin"~*a; . cos^'a: . dx. 

0 m + w /o 

(L.U., Sc.) 

ir IT 

y2 yS 

*34. Prove that n cos”^ . 1) cos"-“*0.d^, where w is a 

positive integer. (L.U. So.) 
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♦35. Prove that if u„=J cos irx . dx^ and n> 1, 
irHn + n + n(n - 1) Wn -2 


36. Find sin x . dx. 
Jo 

*37. Prove that f 


dx 

(oj + n/x* - 1)'* 


(L.U.,Sc.) 

(L.U.) 

(S.U.) 


44. Miscellaneous Methods of Integration. Gamma Functions. 

The definite integral, 

IT 

I sin^ X . cos^' X . dXy 
0 

where p and q are positive integers, including zero, can be easily 
evaluated by means of Gamma functions. 

Let r(l +w) be a function defined by the relations : 

r(l + n)=n.r(ii); r(l) = l; ( 60 a) 

then, when n is a positive integer (see Ex. 9 on p. 139),, 

r(n + l)=n.r(ii)=n(n-l).r(n-l) = ...=:[n. ( 60 b) 

When w is a positive multiple of |, write J(2m - 1) for n, then 
r(l+») = r(l+Hr|zi)=2^ by (50a), 


2m -1 


r 1 + 


2m - 3\ 2m - 1 2m - 3 




By repeated applications of (50a), 


r 1 + 


2m -1\ 2m -1 2m -3 2m -5 


- i • r(j). 


2m -1\ 2m -1 2m -3 2m ~ 6 


... 1 .n/w. 


With these properties of the Gamma function, the value of the 
above definite integral is given by the formula 


sinrx. oos^x. dz~ 


r ( \ I 


8 r 

V g ) 


/p + q + 2N 
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This is true for all values of p and q, but the evaluation of 
r(l + n) when n is negative or fractional in any denominator 
other than 2, is not simple. In practical integration, however, 
these negative and fractional values are rarely met. 


Ex, 23. Evalmte the definite integrals 

V ir 

(a) I sin^ X cos® x . dx, (b) I sin® x . dx, 
Jo Jo 

and by means of the substitution, x — tan 0, shew that 

r a^,dx 


i: 


=0-025. 


)o(l+a^)*' 

(a) By (51), 

r -4 B j r(«).r(3) 0.|.77r.2 

J^ain X cos x . dx— 2'p(*-*) ~2 . ^ . 4 . . -1 , 


8 


This integral could also be evaluated without Gamma functions 

by putting y = sin x, then dy =cos x . dx, and the limits 0 for x 
become 1, 0 for y ; hence, 


I sin^a;cos®a;da; = J | 

= = s - 7 + i = FT5. as before. 

The substitution y = sina; will, however, only reduce the 
integrand when the index of cos x is odd ; similarly, when the 
index of sin® is odd an effective substitution is y — oosx, as 
the next example will shew. 

(6) Put y = cos X, then dij^ - sin x . dx, and the new limits 
become 0, 1 ; 

f sin® a: . da: = - f (1 - y^)*dy = f (1 - 2yS + y*)dy 
Jo Ji Jo 

’I 

=[V-iy‘+|y*]‘=i-s+i=,TV 
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By Gamma functions the work is, however, shorter, for 

fW* . (Ix= fsin*® . cosO* . 

Jo Jo \ir/ 




In the given integral, put x=tan then dx=^QC?d . dO, and the 
new limits are ~ and 0 ; 


f ® a? . dx 

|o(l+x2)« 


=s| . sec^ 0 . dd=| sin® d . cos*^ d . ( 


r(2) > r(4) 

' 2r(6) ‘ 


=^ = 0 * 025 . 

^ 5 4 3 2 ^ 


45« Integrals of the form ldx/(P7Q)* The evaluation of the 
integral ^ 

f dx 

]P^Q' 

where P and Q are functions of x of degree not higher than 2, 
may be efiected by suitable substitutions. These are, in general, 
as follows : 

(a) When P and Q are both linear, and^ . 

> pnt8*=Q, 

(b) When P ii qnadratio and Q linear, ) 


(h) When P ii qnadratio and Q linear, 
(c) When P is linear and Q qnadratio. 


pnt~=P, 


(d) When P and Q are both quadratic, pnt s or j 

Ex. 24. Evalmte the indefinite integral 
f dx 
](ax-\-h)\/cx-\-d* 

a, b, c, d being positive constants, (i) when ad>bc, (ii) when ad— be, 
(iii) when ad <bc. 

TT dx 


Hence shew that 


=0-9555. 


Jo (4aj + l)v3a? + l 

Let y^-cx-^-d, then 2y . dy—c . dx, and 

, aa5 + & = ~(^®-d)+6=*-(oy*-ad+5c). 

c c „ 
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Write a® for ^ then 
a 


(i) when ad> he, ox + 6 = - (y* - a*) ; 

c 

(ii) when ad = be, a=0, .ax + b = -.i/^; 

(iii) when ad<bc, write for -a*, then 

Taking each of these in turn, 
dx 


(0 f, 


{ax + b)\/cX’{‘d 


«J 2 / aa y + a 

v/a'(~cx + d) “\/ad-bc 


ilog- 


x^avad-bc) x^a(cx + d) +\/ad -be 

(ii) The given integral becomes 

2fdy_ 2 , 

y* ay av^cx + d 

(iii) and the integral assumes the form 

2f tan-1 + 0 


+ A. ...(58s) 


.(68b) 


N/a(bc - ad) 

It should be noted that when ad ~ be, 
ax + b=^(ex + d) ; 

r dx ^ 2 

•'(cx + d)^ c(cx + d)^ 

a very important integral. 




+ B, 


.(54) 


In the particular case, a = 4, h = l, c=3, d = l, and ad>bc; 
from (53a), 


fl« dx 

floe 

)o (4a; + l)V3a; + l 

_ ®\/r2x + 4 + lJo 


=log Y=log 2*6 = 0-9555. 

In such 8, case as this, it is much better to work the integral 
out without reference to the general result, by making the sub- 
stitution = 3a; + 1 . 
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Ex. 25. Calculate the value of the definite integral 

Ax 

J-i-7{2a!+5)v/4f»'^9‘ 


From (32c), let 2a:+5=-, 


then 

also 


■le-') 


and dx— - 


dz 


4a? - 9 = (^1 - 5^ -9 = i (1 - 10* + 162*) 


16 


“ A)* ( A)^}> 

and the limits - 1*5, - 1*7 for x become 0*5 and 0*625 for z. 


Hence 


dx 


if 


dz 




J -1-7 {2a: + 5) Via? - 9 8 J o-825 ■J(z - - (/y)* 

- b, (47), 

2=1 log 3 = 0-1373. 


Exercises 6f. 

Evaluate each of the following definite integrals : 

ir ir 


1. j sin®a; . cos^a; . dx. (L.U.) 2. cos’ 6^ . dO. 


fSf 

3* J sin^a;. 


dx. 


J C0B^*a5 . 


tan^x . dx. 


5. J^shi* 20 . dOe 6 . J (cos*a; . tan^x + sin*x cos*x) . dx. 

7. Evaluate the integral [ x*(l -x*)^ . dx, by the substitution 
x=sin 0. ir 

*8. If I=J sm^O « coB*^ . dO, i^hew, by the use of Gamma functions, 
that 1212 =8. , 
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BX. 6f] 

9. Defining the Gamma function by the relation 
r(w) , r(l -n)=7r cosec wtt, 
where 0 <n <1, establish the following results : 

(a)r(i)=v>r, (5) r(i).r(i)=x,y2, (c) ra).r(?)=§,r^/3. 

Calculate the values of the following : 


10. J 

f’^sin* 1 . cos® ^ . dd. 

0 A J! 

11. J 

f sin® ^ . cos® ^ . dd> 

12. J 

f sin*a; . sec*a; . dx. 

0 

18. J 

IT 

sin 2a; . cos 4a; . dx. 

0 

14. j 

IT 

cos 2a; . cos 3a; . dx. 

15. 1 

ft 

(i 

tan*a; . dx. 

J 

10. J 

0 

J 

17. J 

'o 


“•f co8*a? . sin^a: . dx, 
dx 


19. 12 


a:* + l 


dx 


•■r 


^0 4a;» + 12a? + 7 

2-4 ^ 

{x^ + l)(x^ + 2) 
® dx 


, dx. 


. dx. 


22 r 

* Jo (1 +2a:)>/2 +»* 

/ 9 — x 
P . dx, where by putting 

(9-a;)/(4aT-9)=z*. 

Hence shew that if I =j^ P .dx, 2 tan J + 1 =0. 

25. Determine the values of the constants A, B, C, such that 

X Bx'hC ^ 

{2x-3){3^+2)~2x-3'^ a>+2 ’ 

X . dx 


hence evaluate the indefinite integral j ^2a; •^3)(g* +2 ^ 

• n-86 

26. Evaluate the definite integiral’ 


56 . dx 


0'8(4a; + 13)>/6a; + 4 
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27. Shew, by the substitution ^=:tan^, or otherwise, that if X 


denotes the expression 


a cos a; +& sin x. 


fdx 1 , + 

y jc " ^/ra* 


a and b being positive constants. 


a*H*6* + 6-a tang 


Hence evaluate 




Jo 24 cos u:-h7 sina:‘ 


♦28. Evaluate the definite integral I — ^.dx, by the Gamma 
functions, using the relation cob^x 

r(n + l)=nr(n) 

for all values of n. 

29. Evaluate the integral f \/o^~ • taking a new variable 

wherea;=2 8ina^. 


80. Prove that 


jo 4 cos*^+9 sin*^ 12* 


(L.U., Sc.) 


1. Evaluate the indefinite integral J 


i |- — ^ ■■ ■■ ;L - r 

® JN/(a*-a!*)»(6*+**) 

the substitution y* = (6* + x*)/(a* - x*) ; hence find the value of 

325 . r 

Jo n/(169-x»)»{8I+x») 


by means of 


*32. Prove that 


dx 

Jo sin a; 


•=V2 . log (1 +^2). (L.U., Sc.) 


♦33. If y*=a:*+a*, evaluate the differential coefficients of log(a;+y) 
and xy with respect to x, and express them in terms of y ; hence find 
the values of 

(®) ( y . and (6) y dx, 
taking a in each case as 4. 

34. Evaluate the definite integral, ^2 coa^x + b^ ~S :^ ' (L.H.) 

♦35. Find the value of 2 / a? . dx, 

«’ jo ^a+* 
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36. Evaluate the integral 4f y‘\Jl+-.dx, where a^ + y*-. 
Jo X 


87. Prove that 


IT 

fi 


dx 


+ a* cos*a; + 62 sin*a; 2\/(l +a*)(l +6*) 

IT 

38. Prove that J sin^a; . rfa?=(87r -9.y3)/64. 

39. Prove that jj coa^a: . sin^a; . (iar=37r/128. 

40. Evaluate (1 

♦41. By putting the quantity under the sign of the squan 
to obtain the value of 


nx-a X 


42. Find the value 


of/. 


dx 


43. Prove that 


/: 


{l+a^aWl-a:* 
dx _Tr 

(l+a;>)N/^*”6* 

dx 


44. Evaluate the integral j r= ^ . 

♦46. Shew that, if y (a?-3)=\/a;* + 10* + 9, then 
3y* + l=4(a: + 3)»/(«-3)*. 
Use this substitution to evaluate the integral 

dx 


h (x-a 


(x-3)N/a;3 4-10a; + 9 

♦46. By means of the substitution 2a; + 1 = 1/^, evaluate 
r-2 2 da; 

(2x + iW2x^ + 5a; ’ 

♦47. By using the substitution z=seca;4’tana!, prove that 

ir 

p sec* a? n 

Jo (sec a?+ tan «)" * ""n*- 1 ' 

n being positive and greater than uhity. 


=a*. 

(L.U.) 

(L.U., So.) 

(B.U.) 
) root equal 

(L.U., Sc.) 

(L.U.,Sc.) 

(LLU.) 
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EXPANSION OF FUNCTIONS. TAYLOR’S AND MACLAURIN'S 
THEOREMS. BERNOULLI’S NUMBERS. 


46. Eiq^ansion in Power Series. The calculation of the 
numerical values of many functions can only be efEected by 
means of equivalent convergent series. It is therefore necessary 
first to determine the series where such is valid for the range of 
numerical values required. 

The general test for the convergency of an infinite series has 
already been given in Chapter h (§ 5), and some algebraic methods 
of expansion by means of the binomial theorem are illustrated in 
that chapter. The binomial and exponential series are, however, 
only particular cases of a general form of expansion which will 
now be dealt with. 


47. Taylor’s Theorem. The most general method of expansion 
is that known as Taylor’s theorem, published for the first time in 
1715. It may be stated as follows : 

If f(x+h) be any function of x which is capable of expansion 
in a convergent series of positive integral powers of h, then 

provided /(ir) and all its derivatives are continuous within the 
numerical range considered. 

If D denotes the operator then the expansion may be written 

h® 


4(x + h) = { 


l+hD+g.D*+^.D* + ...+^ .D« + 
142 


(M) 
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Ex, 1. Dedude fhe binomial^ exponential and sine series from 
Taylor's theorem, 

(a) Write y for x in (55), and let/(i/) = so that 

f(y+h)=,(y+h)\ 

then if V = n{n-l){n-2) 

Dy V = «{»-! )«/"->, 

and 80 on ; 

hence, from Taylor’s expansion, 

(y + =f\y + A) = I/" + nhy^-^ 

• n(n-l) ,2 ,, 2 . w(n-l)(w~ 2 ) ,2^2 

+ ^ ^ ^ 

Now write x for A, and put y = 1, then 

\1 li 

which agrees with (1). 

(b) Let/(i/)=ey, then /(t/ +A) = ey+^, then if DySV^eiy, 

and Dy^ey = e?', where r is any positive integer. y 

Substituting in (55), 

e®^*=/(S' + ^) = {l + 

Write a: for h and put t/ = 0, and 

^ X* X* 

e» = H-x+|-+|^+..., 

which is the exponential theorem. 

(c) Let /(y)= 8 iny, then/(y + k) ‘= 8 in(y +h), 

and Dy sin y = cos y, Dy^ sin 1 / = - sin y, Dy^ sin = - cos y, 
and so on ; hence, from (55), 


sm(y+h)=^f{y + h) 

, . /t® h* . 

= siny + ^ C0S2/- j^smi/-j-^co 8 y 4 *|^sin 2/ + .... 

Now write d for h and put y==0, then 


which agrees with (21 
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48. Madanrin’s Theorem. If in (56) x be put equal to zero, 
then, assuming all the derivatives of f(x) remain finite, the 
expansion becomes 

/(A) = {l +ADo+q • ^0*+^ • ■»«*+••• • i>o^+.-}/{0), 

where Dq** means that f{x) is differentiated r times with respect 
to X and then x put equal to zero. 

Now write x for h, and 

f(x)={l+xD,+^.D.*+g. Do* + ...+^ .D.» +...}f(0) (66) 

This is Maclaurins Theorem, and is very useful for expanding 
many functions whose derivatives remain finite at 

Ex, 2. By means of Madaurin^s theorem, prove that 

tan +A^ = 1 +2A +2A* +|A» + + ••. ■ 

Hence calculate the valtie of tan 46® to five places of decimals. 
(JT = 3-14169.) (L.U.) 

Let < = tan^^+^^, 

then ~ ^ + A ^ = 1 + A 

I)» = 2(l +3<*) . H = 2(l +3«*)(1 +<»), 

D*-=2(8t + 12fi) . I)=8t(2+3«*)(l+f*), and so on.' 

Hence, putting A =0, t = and 

I>o=2, Ho*=4, Ho»=16, Ho‘=80, ..., 

from (66), 

tan (j + a) = 1 +AHo • -Do* • - 00 *+- 

= H-2h+2h*+fh»+\oh* + ... . 

Instead of substituting in (66), as has been done above, 
Maclatvdn’s Theorem is usually applied as follows : 
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Writing t for tan ®8 before, assume that 

t=»tan +AJi*+.,., 

where the coefficients of the respective powers of h have to be 
determined, these being independent of h. 

By successive differentiation : 

2)®=2<(1+«*) = 2^2 + 6^3^ + 12^4^5^ + ... , 

2)» = 2(1+3<2)(1+<2)=6^3 + 24^4^ + ... , 
i)«-8e(2+3t2)(l+t2)=24^4 + ... . 

Putting A =0 in each of the above equations, 

-^1 = 2, A2=2, A2 = §, A^=y^; 

hence, tan + A^ = 1 + 2A + 2A^ + f A® + + . . . , as before. 

To calculate the value of tan 46^^, it should be observed that A 
must be expressed in radians. 

Now ^=45“, so that if j+A=46°, A = l°, 

and 180® = tt radians = 3*14159 radians ; 

/. 1® = 3:14159 -r 180 =0*017453 radian. 

Hence, taking the series term by term, 

1 =1 

2A =0*034906 
2A2 =0*000609 
» A® =0*000014 
V A* = 0*000000 . 

1*035529 

Hence, correctly to five places of decimals, 
tan 46® = 1*03553. 

49. Expansion by the Differentiation and Integration of a 
Known Series. In the above calculation of tan 46® correctly to 
five places tof decimals, it will be noticed that the fifth term is 
smaller than 10"^. The next term in the series for A L% 
which becomes 10“®k6*9 when A =0*017453. It is evicjeut, 

f2 


B.M. 
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therefore, that aa the series is convergent, the remaining terms 
have no effect upon a result which is to be correct to five places. 

Suppose the terms of a series are continuous functions of x and 
the series converges within an interval (a, b), i.e, a<x<b. If 
now a poMtive integer p can be chosen so that for every value 
of n equal to or greater than p, and for every value of x within 
the interval (a, 6), the remainder, after the first n terms of the 
series are taken, is less than any arbitrarily pre-assigned positive 
number, the series is said to converge uniformly within the 
interval {a, 6). 

Such a series can be differentiated or integrated term by term, 
provided the series obtained in each case is also uniformly con- 
vergent within the given range. This gives another method, 
dependent upon a valid binomial series, of expanding many 
functions. 


Ex. 3. Assuming the binomial expansion for (1 - a?)", devdop the 
series for log (1 -») when x<l, by differentiation, and verify it by 
Madaurin^s theorem.. Hence calculate the value of hg^ 0*75 
correctly to four places of decimals. 

Let y=log, (1-x)^Aq+AiX+A2X^+Aq(x^ + 

then -Y~==Ai+2A2X-¥3A2a^+4:Afpfi + .... 

But -(l+a5+x2+x® + ... +x”+...), 

since a;<l. 

The two series must be identical, so that equating the 
coefficients of 

r.Ar—-l; 


Ar=-llr. 


Hence, by giving r the values 1, 2, 3, ... , successive coefficients 
are obtained, except Aq. 

If, however, x be put equal to zero in the first statement, then 
iigsO, sothat ^ 




log.(l-a!) 


-X- 


2 3 


4 .... 
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To verify this by Maclaurin’s theorem, assume the same series 
as in the first statement, then differentiating r times, with respect 
to X, 

dry k-1 , ^ . 

Putting 5c=0, 

[r . - | r-1 , or -1/r. 

/. By putting r=:l, 2, 3, and finding Aq as before, the 
series becomes 

/Jr»2 /y»3 ffA 

thus verifying the previous result. 

Note that for a;<l, l-x<l; log(l -a;) <0, i.e. it is 
negative. 

To calculate loggO'Te^, put a;=0*25, then taking term by 
term, 

x= \ =0-26 ^=^^=0-03125 

1^^3 = 0-00520 ^ = ^,=0-00097 

^ = --L =0-00019 '^ = ^-^3 = 0-00004 

5 5.4® 66.4® 

y =^,=0-00000. 

The sum of these is 0*28765 ; 

/. loge 0*75= -0*2877 = 1-7123. 


Ex. 4. Expand tan~^ x by integration^ and deduce that 


By the binomial theorem, 

(I +a^)“^ = l -a;2 + 2C®-x® +... + ( - + ... . 

Hence 1(1 +2c2)"-^(/a;== J(1 -cc^+sc®-... +{-l)^x^^ ^...)dxt 

/jfS n/>5 rwfi <jj2W+l 

or tan-ia!=a!-J+f-y+...+(-l)»2;^+-+^S 
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To find A, put »=0, and both sides vanish, except so that 


tan-^a? 





+ (-!)“ 


x2n+i 




In this series, put » = !, then 



i +T"‘T + “* • 


This is known as Gregory's series for tt, but it is not suitable for 
calculating ?r, as it is too slowly convergent. (See Ex. 21, p. 152.) 


50. Expansion by the Formation of a Differential Equation. 

Sometimes an expansion can be readily effected by means of a 
differential equation, as the following example illustrates. 

Ex, 5. 7/ y = (1 - . sirr^ x, shew that 

Prove that, if y can he expanded in a series of ascending powers 
of X, the expansion is 

^ 2 a;® 2.4...2n-2 

3’‘6""’"3.6...2n-r2» + l 
and obtain the general term, (L.U., Sc.) 

Since y = (1 “ sin”^ x, 

dx (1 - 7?)^ ’ 

(1 -7?)^-\rxy — \ sin”^a;+x(l -a;®)^ sin“^a; 

= l-x*. 

Let y=^(l-a^)iBiTr^x^AQ-i-AiX+A^+AQod^+.,, +Araf+,,,, 

then, if this is an identity, when x=0, Af^^O, so that the series 
begins with the term A^x. 

Also ^==Ai+2A^+3A2pi^ + 

Substitute in the differential equation, 

(1 - sflXAi +2A^ + 3A^a^ +...) +Aia? +A^^ +A^+...^1 -a^. 
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This must be identically true for all values of x, hence correspond- 
ing coefficients on either side must be equal, i,e. 

giving -4i = l, A 2=0 and ^3=-^. 

Generally, the coefficient of a5** = (r + l)^r+i - (r ~ +^r_i 

and this must vanish for all positive integer values of r>2; 

• A A 

• • • ^r-1- 

Since -^2=0, all the coefficients vanish for odd integral values 
of r ; replace r by 2p, then 





_2(P-1) . 

“ 2j9 + 1 

Hence for 

J>=2, 

A, 

- y-^3 s • s> 


p = 3, 

Af 

2.2 . 2.4 

•^»""3T5' 

and for 

p = n. 

A2n+i 

2(«-l) . 

“ 2n + l 




2.4.. .(2«-2) 

3.5.. . 2n + l ’ 


on substituting successive values of coefficients down to A^\ 
_ X* 2 x® 2.4... 2(n-2) x2n+i 

^=*“-3 ~3 ■ 5 3T5... 2n+l ■ 2n+l~ 


51. Bernoulli's Numbers. If the function 

be expanded in ascending powers of x, and the expansion written 
in the form 


X e» + l 
2 ’e* -1 




x« 

i« 



..( 57 ) 


the coefficients (^ = 1> 2, 3, ...) when calculated are called 

Bemoulli'if Numbers, after their discoverer, James Bernoulli. 
These coefficients are of great importance in analysis, and a few 
are determined in the next example. • 
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Ex. 6. If ix coth where S denotes the series, 

AQ+A2S^-hA^Q^-h... +-42^*' + ..., 

prove that x(e^ + l) = 2S(e^-l), and shew why there are no odd 
powers of x in the series denoted by S. Hence, from the definition 
of BernovllVs numbers, shew that 

'®2n-l = ( ■” 1)”*“^ 

where S 2 n-i ^ Bernoullian number, and calculate the first 

four of these numbers. 

coth I = 1/tanh | =(e^ + e~^)l(f - e~^) = (e* + l)/(e* - 1) ; 

iS = coth I = |a;(c* + l)/(c*-l), 

SO that 5 c(e* + l) = 2S(ex-l). 

In the above expression for S replace a; by -x, then 

- - (1 + e*)/(l - e-*) = lx (1 + e«)/(e» - 1) ; 

hence the expression is unaltered, i.e. the corresponding series 
for -X is equal to the series for -\-X; or assuming S to be of the 
form 4 q + 4iX+ 42X® + ... +4pX^-f then for -x, the series 
becomes Aq - 4iX + ^gX* ~ . . . + ( - + . . . . 

These two must be identical, so that all the coefl&cients of the 
odd powers of x must vanish ; hence the series consists only of 
even powers of x. Such a function is called an even function, of 
which cos 6 is another example. See (21), p. 49. 

Again, since S = |x(€* + l)/(e* - 1), therefore by (57) 

X® 0^4 

Aq + A^i^ -hA^x^ + . . . = 1 + Bj — Bq + • . • • 

Hence, equating the coefficients of x^”, 

( - l)**'~^fl2n~l/l “ -^2n> 

or 

In order to calculate 52n-i for,w = l, 2, 3, 4, from this relation, 
it is naoessary to determine the first five coefficients of the series 
for S. ' 
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Writing S in the form a;(e* + l) = 2/S(e*-- 1), and substituting 
the corresponding series for S and e®, 


which must be identically satisfied for all values of x; hence 
corresponding coefficients are equal. 

Equating the coefficients of a;, Aq = 1, 
and proceeding similarly with the coefficients of the 

general relation is 




For r = l, ^o /|^+^2 = 1M> giving 


Forr=2, AJ\5+A,l\^+A,=}li2\±), /. A«=--i. 


Forr = 3, AJ\l+A^I\^+AJ\B+A,^y{2\6), /. A.=g|^. 
Forr=4. AJ[d+AJ\l+AJ\5+AJ\3+Ag=ll{2\^, 

Hence 

2^coth2-2i»^_2 -l+g- 30’|j'^42 30 

and by comparing this with (57), or, what comes to the same thing, 
using the above relation and putting n = l, 2, 3, 4 successively, 


Exercises 7. 

Expand each of the following functions in ascending powers of x, 
and verify the expansions by assuming the series for e*. 

1. cos X. 2. sinh x. 3. cosh x. 

4. c* sin x. 6. c* cos x, 6 , sin a; . cosh x, (L.U., Sc.) 

Establish the following results : 

• ^ 0-^5 17«7 

7, tan x=^x+-^ + -jg + + . a , when a:<l. 
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8 . logoosa?= . 

9 . sec a;=l + + , when a:<}7r. 

10. Iog(l+oo8aj)=log2-ja:*-^a:*-... . 

11. log(l+sinar)=a:- + + . 

12. Obtain the series for log«(l+a;) in ascending powers of a;, when 
Deduce that if n> 1, 

log.(» + 1) - log.(« - 1)=2 {i + + ...} . 

and calculate log0 2 correct to four figures. (L.U.) 


13. From the series for log.(l +a:), prove that 
n + 1 2n 




-1 




1/ 2n V I/' 2n 
3Vn*+l/ '^6U*+1/ 


Find log,§ correct to four places of decimals. 


(L.U.) 


14. State the series for the expansion of loge(l+a;) in ascending 
powers of x, and find the condition for the convergency of the series. 

If a and b are small compared with x, shew that 

log,(*+o)-log,«=|^l +^^){log,(» + 6)-log.a:}. (L.U.) 


15. Expand sin-^a?, and deduce from it that 

0 ” } A T^W + • • * 5 

hence calculate tt to four places of decimals. 

Obtain the expansion of each of the following functions, assuming 
the validity of the binomial expansion : 

16. cos-^a;. 17. sinh-^a;. 18. tanh~^a:. 19. (sin~*a:)*. 

80. Expand sin {x + h) in ascending powers of h ; hence shew that, by 
taking the first three terms only, sin 60^ 67*3^ can be found with an 
error less than 4 x 10“’. 

By using the series for tan-^x obtained in Ex. 4, p. 148, calculate 
the value of tt to five figures from each of the following identities : 

21. |=4tan-H-tan->jJTf, 


22. j=4tan-*J-tan-^7'5+tan-*^. , 

<• 

28. Rrovethat c* sec a?=l +a? + «* + §a^ + Ja?*+’fta:* + ... . 
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24. Shew that 

•« 1 /I X ^ 2** 8®* 

«* log (1 +*)=* + j 2 + .|^ + + ,.. . 

25. H y=log (®+^/l +**), shew that 

hence, prove, by assuming the binomial expansion to be valid for the 
values of x concerned, that 

log {x + Jl +a:*)=a:- + - ... . 

26. K y =sin {k sin-^x), prove that 

hence, shew that 

. /. fe*-l ^ ,(**-!)(*:» -9). \ 

^ — ft — 

27. If (1 + a;*) sin v=2x, shew that 

2=2(1 

hence, prove that the nth term in the expansion of ^ is 

O^n-l 

' ^ 2n-l 

28. If t'~(l - sin”^a;, shew that 

(l-X*)'{^=X1J + h 

ax 

Prove that (1 - x^y^ Bm-^x=x + §a:* + A®* 

accurately as far as inclusive, for values of x that are small. 

(L.U., Sc.) 

29. If y=(l sinh-^a;, prove that 

■ (1+**)S + 2*2+J'=®- 

Hence shew that (1 +a:*)~^ sinh -' x =a:“§a:® + §.|a:® -* .... (Le.U,, Sc.) 
80. If y=(sinh“^ a;)*, prove that 

Shew that the first three terms of the expansion of (sinh'^a;)* is 
powers of x are a;* - Jx* +'/jfa;*. (S.U., Sc.) 

*81. If y=sin-’^{(l +a;) sin a}, proven that 

y = a+a;tan a + Ja;* tan®a+ ... . 


(D.U.? Sc.) 
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*32. Assnming that y is a function of x which (1) can be expanded in 
ascending powers of x, and (2) vanishes when x=0, and (3) satisfies the 
equation ^ 2 ^ au 

prove that, as far as x*. 


y = Oi I* + ift** + + . . .} , 
where is undetermined by these conditions. 


(L.U., Sc.) 


*33. Assuming the expansion, 

put a;=oos y + i sin y = fi**', where t - 1 , and Q<y< 27r, then 

gjn _ Qtliy _ Qog ^ ^ gJjj . 

hence shew that C-{-iS=i - log (2 sin Jy) + Ji (tt - y), 
where (7=cos y + J cos 2y + J cos 3y + ... , 

and /S=sin y + Jsin 2y + J sin 3y + ... . 

Hence, by equating real and imaginary parts, shew that 
(a) 0 = - log (2 sin Jy) and ( 6 ) 8 = ^(ir - y). 

♦34. By integrating the identity (&) of Ex, 33, i,e. 

sin a; + J sin 2a; + J sin 3a; + . . . = i( 7 r “ a;), 
where 0 < «< 27r, between the limits x=7r and a;= 0 , shew that 

i + i+i+ =2L*.. 

1*^3* 6 * 8 

*36. Denoting the series p + p + p + ..• hy «, prove that 
,,111 1 , 

/IX 1 1 1 1 . 

(J) i» + 3s + 5a + — + (2n-l)*''' 

Hence, from the result in Ex. 34, shew that «= 7 r*/ 6 . 

*36. li y = ia;coth|=Ao + A 2 a;* + A 4 a;*+...+A 8 ,.a;*’‘ + ... , 
shew, by using the exponential equivalent of the hyperbolic function, that 

(а) 2(e'-l)2=e*(l+*-2y) + l; 

(б) 2(e*-l)g+6c*(g + |)=e*(3+*-2y). 

Hence, by putting a;=0 in each, of these relations, find the values of 
Aq and As, and by repeated difierentiation determine A 4 , A 4 , ... . 
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♦87. Using the series already developed in Exs. 33 or 34, for 
2 coth 2 * prove by replacing x with ix, where i=J -1, that 

\2^ | 4 ^ •** \2n ' 

*38. From the identity 

sin x=*(l -^)(l -^,)(l ... :r(l -^^x ... . 

shew by logarithmic differentiation that 

- 2x^(. a;2\“i 2a;2 / x^ 

aoota:-! ^,(^1 ¥^) 

Hence, by expanding each of the binomial expressions, shew that the 
coefficient of a;*" is o 

.f. s 

2n * *^2n> 


where 


o , 1 1 

^2n A I* 22 m 22« 42 m "1* • • • • 


Then, by comparing this with the corresponding coefficient of the 
series for x cot x deduced from Ex. 36, prove that 


n -ill? 


<S'2n» 


*39. Calculate the first five numbers of Bernoulli by the methods of 
either Ex. 36 or Ex. 37, and shew that their values are 






Hence, by using the formula for Bgn-i of the last example, prove that 


s -* ■ 

6’ 


o 


945’ 




9450 


and ^10 = 


10 “93655* 


From these values, prove that 

2.S^.Ss=S.S,.S,. 

*40. Assuming the expansion for log (1 -y), and using the results of 
Ex. 39, shew, by substituting 1 - y for x, that 

r log a; _ TT* 

Obtain the same result by means of the substitution a;=c"*, and 
expanding by the binomial theorem. 



CHAPTER VIII 

NUMERICAL AND GRAPHICAL SOLUTION OP EQUATIONS 

52. Practical Approximate Methods. Many equations required 
in practice can only be solved approximately. These equations 
in general fall into two groups : 

(a) Algebraio Equations of the type x^+ax-hb=0, where m>2, 

(P) Transcendental Equations, such as x +a logaj=6 ; e* +a»=c; 
ar+a8ina; + 61ogaD = c, etc. 

Equations of type (a) can be solved algebraically for m = 3 and 
for m = 4, but the process is often long and difficult, and a graphical 
method simpler and shorter. For m>4, and the transcendental 
equations, no algebraic method is, in general, available. 

The graphical method may be applied in two ways: (i) by 
plotting a single locus, and (ii) by plotting two loci on the same 
sheet and finding their points of intersection. The roots thus 
determined are only rough approximations, and analytical 
methods may be applied to obtain values from these correct to 
any desired degree of accuracy. 

53. Evaluation and Expansion of a Polynomial by Homer’s 
Method. In the case of algebraic equations, before plotting on 
squared paper, it is usually necessary to reduce them to a simpler 
form, and this is quickly and conveniently done by an easy and 
compact method devised by W. 6. Horner, which is illustrated in 
the following example. 

Ex, 1. If /(x)s2a;*- 25x^ + 1082 ? -189a? +118® -20, shew 
how to evaluate /(a), where a ^ is an actual number , by Horner* s 
metj^od^ and prove the result.' Extend the method to obtain the 
expanded form of /(x+a), and verify it by Taylor* s theorem. 

156 
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Determine the value of a which will cause the term in to vanish^ 
ard by using this value obtain the transformed function. 

It is obvious that by putting aj=a, 

f(a) = 2a« - 26a* + lOSa* - 189a2 + 118a - 20. 

When a is a number, the value of /(a) entails the calculation of 
a®, a*, a*, a*, and the multiplication of these by the respective 
coeflScients. This may, however, be obviated by the following 
simple process. 

Write down the coefficients in proper order in a horizontal 
row ; multiply the coefficient of 05® by a, and, writing the product 
under the coefficient of o;*, add it to this coefficient. Call this 
sum A^, Now multiply by a, and add it to the coefficient 
of 05®. Call the result A^^ and repeat the process until A^ is 
found. This is then the value of /(a). Following this method 
the work appears as follows : 

2 -26 108 -189 118 -20 

2a A^q, A^ A^ A^ 

2 A^ Aq A 2 Aj Aq 

To prove that Aq is the value of /(a), work back from AQto 2, 
thus : 

Aq = ilia - 20 = a (A^ + 1 18) - 20 = a® (A^a - 189) + 1 18a - 20 
=a® (il^a + 108) - 189aa + 118a - 20 
=a*(2a - 26) + 108a® - 189a® + 118a - 20 
= 2a® - 26a* + 108a® - 189a® + 118a - 20 
=f(a). 

Let the method now be extended until there are only two 
terms remaining, thus : 

2 - 25 108 -189 118 - 20 

2a A^a A^ A^ A^a 

2 A^ Aq Ag Ai Aq 

2a B^a Bga 

2 Bq Bq Bi 

2a, C^a Cga 

2 C4 C3 C2 

2a E^a 

2 £4 Eq 

^ ^ 

2 P4 
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To calculate each of the numbers in thicker type, it is readily 
seen that 

+ 2u + 2<3t — 25 = 10® ~ 25. 

^3 + C/4 + R4 +^4) + 108 

=®(8® - 25 +6® - 25 +4® - 25 +2® - 25) + 108 
=:20®2-100® + 108. 

=®2(04 +2R4 +3^4) +324® - 189 
=®2(6® - 25 +8® - 50 + 6® - 75) +324® - 189 
= 20®3-150®2+324®-189. 

Similarly, 

= 10®« - 100a3 + 324®2 - 378® + 118, 
and, as already proved, ^q=/(®). 

Now /(sc+®)s2ir® + jF4a^ + ^3a:® + C'2aJ® + Ria?+^o> 
verified by Taylor’s theorem. 

From (55), 

f(a +*) = {! +xD+^D^+^ • -D* +|_- -D'j/C®)- 


Taking each term of the expansion in turn : 

/(a) = 2a» - 25o« + 108a» - 189a* + 118a - 20 = ^o. 
X . D/(a) = (10a«- 100a* +324a* -378a +118)a; = Bjir, 

^ . Z)*/(a) = (40a* - 300a* + 648a - 378) ^ 

= (20a® - 150®® + 324® - 189)x^ = 

^ . D*/(a) = (120a» - 600a + 648) ^ 

Lf Le 

= (20®® - 100® + 108)(r® = ^aOJ®, 

^ . D^f(a) = (240a - 600) ^ = (lOo - 25)a^ = F^x^, 

|.2)*/(a) = 240.^ = 2x*. ■ ' 

which agrees with Horner’s process as applied above, thus 
f{x +®) = 2r« +P4xf + Ejx* +Cax* + + Aq. 

Now, for F4 to vanish, 10® - 25 = 0, or ® = 2*5f 
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Finally, /(a? + 2-5) must be evaluated. This may very con- 
veniently be done by Horner’s method ; thus, proceeding as above, 
the following table is easily constructed : 

2 -25 108 -189 118 -20 

5 - 50 145 -110 20 

2 -20 58 - 44 8 0 

5 -37*5 51*25 18*125 

2 -15 20*5 7*25 26*125 

5-25 - 1 1 *25 

2 -10 - 4*5 - 4 

5 -12 »5 

2-5 -17 

5 

2 0 

so that the transformed function becomes 

f(x + 2*5) = 2x® - 17x» - 4x* + 26*125x. 

It should be noted that a; = 2*5 is a root of the equation/(x) =0. 

54. Analytical Solution of a Cubic Equation. The most general 
form of an equation of the third degree may be written 

for should there be a numerical coefficient of other than unity, 
the equation may be divided throughout by that coefficient. 

If X be now replaced by the above equation may by 

Horner’s process be reduced to the form ap® +aa?+6=0, where 
a and h are real numbers. This is, therefore, taken as the 
general form of the cubic for purposes of solution. 

The algebraical solution of this equation was first published by 
Cardan in 1545. He replaced sc by w + v, so that the transformed 
equation became w® + (3wv+a)® + 6=0, and then imposed the 
further condition that u and v should be chosen so that the coeffi- 
cient of X should vanish ; this gives 3wv + a = 0 and w® + v® + 6 = 0, 
from which u and v may be found. The solution of x® + ax + 5 = 0 
then becomes : 


:(68a) 
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It often happens, however, in practice that a has a negative 
value such that 6®/4+a®/27 is negative. In this case let 

62/4+a«/27=-i8*, 
then writing a for - 6/2, 

a; = (a + ip)^ + (a - ip)^ 
s= (a* + ^)i{ (cos d + i sin 6)^ + (cos Q-i sin 
where principal value of tan“^/3/a, by (19), 

= (a* + j8®)i{cos <f>+i sin +C 08 - i sin 

by (17) and (18), where 4> = ^{d+2rmr) 

=«( (m=0, 1. 2) (68b) 

on putting in the values of a, jS, and </>. 

Ex, 2. Determine the three cube roots of unity, and shew that 
they may be denoted by co^. 

Let a; be a cube root of unity, then a:^s=l, ora*-l=»0. 

BO that x=l or x*+» + l=0. 

The values of x satisfying the quadratic are given by 
x=\(-\±isj^). 

Denote these two roots by a and P, then maybe 

factorised into {x - a){x - p) ; from which it is evident that ajS ~ 1 ; 

/. a?p=-aK 

But a is a cube root of unity, therefore a*=l, and 

P^a^, 

Similarly, it may be shewn that a=j8®. 

Hence, 

Unity has three cube roots, 1, }( -l+i^/S) and i( -1 -ijZ), which 
may be denoted by 1, («>, toK 

Up be the arithmetioal cube root of any real number N, then the three 
eabe roots of N are p, cop and o)*p. (69) 
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Ex, 3. Solve completely the equations : 

(а) 8ar»-60a;2 + io2x + 67=0, 

(б) 4a:^~5x + 2=0. 

(a) In the equation 8a!?-60ac*+102x+67=0, replace x by 
y + f to remove the term in : 

8 - 60 102 67 

20 -100 6 

8 -40 2 72 

20-50 
8 -20 - 48 

20 

8 6 

the resulting equation thus becomes Sy^ - 4Sy +72 =0, or, dividing 
y3-6t/+9=0. 

/. From (58a), a = -6, and 6=9, so that 

X = ( - f W + ( - 1 - '/ 

= (-|+l)^+(-|-^)i=-l-2=-3. 

Now the equation must have three roots since it is a cubic, and 
as one is known, it is easy to shew by division that 

t/® - 6?/ +9 = (y +3)(y2 - 3y + 3), 
so that the other roots are given by the quadratic 
y*-3y+3=0, 

the solution of which is y = 

Hence, since a; = y+f, the complete solution to the original 
equation is 

a;= — §, J(8±i^3). 

It is not necessary to find the quadratic in order to determine 
the remaining roots, as the following will illustrate. The roots 
found above are 

2/ = i(3 ±^V3) = “ 1 ±^V3)( - 1) + i( - 1 T tV3) ( - 2) 

= — (u — 2 ( 0 * or — < 0 * - 2a>, 

i.e. the cube roots of -1 are -*1, -w, -w*, and of -8, -2, 
- 2ft), - 2ft)*, by (59) ; h^nce, generally, • 
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The three values of x satisfying the equation x^ + ax + b =» 0, are 
P+q> (i>p + (i)*q, (tf» p+q a*, where p and q are the arithmetical cube 

a^ b^ a^ 

+ when — + = 5 > 0 , and w, w* are the complex 

27 4 27 




roots 

M •k 75/ « 

cube roots of unity (68c) 

(6) Dividing out by the coefficient of a;®, this equation becomes 

5c®-fa; + J=0, 

and on comparing with (58a), a= - f and 6 = 
but ^ 1 126 17 


6* o3 1 126 

4‘''27 16 64.27 64.27’ 


which is thus negative. 

Applying De Moivre, as in (585), 

Q ^ - 7-1414 
>64.27" V 64. 81 72 ' 

and a=~^= “j; the De Moivre expression for a±ip must, 
therefore, have a negative cosine. 

But ^=tan"ii8/a=tan-i( -0-39674) = -21® 38'. 

Now cos ( - 21 ° 38') is positive, so that the supplement of the 
angle must be taken ; 

^ = 180®-21®38'=:158®22'. 

Hence from (585), the values of x are given by 
158 ® 22 '+ 2 m 7 r 




cos 


(m=0,l,2). 


Taking each value in turn : 

For m-0, . cos 52® 47' = 1-2910 x 0-6048 = 0-7808 

Form = l, ®=l-2910cosl72®47'= -1-2910x0-9921 

= ~ 1-2806. 

For w = 2, a; = 1 -2910 cos 292® 47' = 1 -2910 x 0-3873 = 0-5. 


The accuracy of these values may be judged by the fact that 
sc =0-5 completely satisfies the equation, and with this value, 
4sc® - 6a5 + 2 immediately breaks up into (2sc - 1) (2a:® + sc - 2) . The 
root'd of 2a:®+a;-2=0 are J( -1 ± =^17) =0-7808 or -1-2808. 
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56. Algebraical Solution of a Quartic. An equation of the 
fourth degree — called a Quartic or ^>iquadratic — has been solved 
algebraically both by Ferrari, a pupil of Cardan, and Euler. In 
each case, however, the solution depends upon the determination 
of a real root of a cubic equation, and therefore, as a general rule, 
it is simpler to employ a graphical method of solution for all 
quartics arising from practical problems. Ferrari’s method is 
illustrated in the following example, where a root of the cubic is 
easily found. In the majority of practical cases, however, this 
is not so, and the student should employ the methods illustrated 
in Examples 6 and 8 (pp. 166 and 170). 

Ex. 4. Prove that, hy expressing the left-hand side of the bi- 
quadratic equation, + + 6ca;^ +4da; +c=0, as the difference 

of two squares, the solution of the equation can he made to depend 
upon the solution of a cubic equation. 

Hence solve the equation, + Oac® - 3a? + 2 = 0. (L.U., Sc.) 

Divide the given equation throughout by a, which is obviously 
not zero, and write it in the form , 

+ 2/a? + 5 ^a? 4- 2 Aa? + 2 = 0, 

where f=2bla, g^Qc/a, h^2dla, and l^eja. 

Now suppose it is possible to choose numbers, p, q, r, s, such 
that 

x^ + 2/a? +^a? + 2hx + ? = (x* 4- px 4- qY - (rx + s)^, 
i.e. = X* 4- 2pa? + (p* + 2gp - r*)a? 

+ 2{pq-rs)x+q^-s^; 

then, on comparing corresponding coefficients, 
p=/, p^+2q-7^-g, pq-rs=h, and 

Eliminate r and s, 

(pq - A)* = (p* + 2g - g){f - 1), 
which, on putting in the value of p, becomes 

2^-g^‘^2{l-hf)q+gl-lf^-h^=0. 
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Now every cubic equation has at least one real root, hence this 
root may be obtained — sometimes by inspection, though rarely 
in practical cases. Denote it by q ' ; then r and 8 are determinate, 

and (a? ■¥fx “ (ra? = 0, 

or . + (/ +r)a5 +s}{5c® + (/- r)a; + 3^' - «} =0, 

so that a;^+(/+r)aj+3'' + s=0, or a^ + (/-r)a;-f 
the solutions of which are 

x = \{-f-r ±s^(/+r)*-4(g'+s)}, 
or x=\{-f +r±Jlf-rf-^q' -s)}, 

thus giving the four values of x satisfying the given quartic. 

In the particular equation given, after division throughout by 2, 

2p = 3, + pg-rs=0, 

so that the resulting cubic becomes 

8g3 + 6g*-8^~16=0, 

a root of which is 5=^, and this with gives r=f and ; 
hence the original equation becomes 

(a? +^x4r D* - (faj + f = 0, 
which on factorisation gives 

a?+4a; + 2=0, or a^-« + J=0; 

.\x=-2±^2 or i(l±i); 
hence, the complete set of values satisfying the equation is 
»= -0-6858, -3-4142, J(1 ±i). 

66. Approximate Solution by Homer’s Method. The method of 
evaluating and expanding a polynomial, illustrated in Ex. 1, 
p. 156, may be conveniently employed to determine to any 
practical degree of accuracy the real roots of an algebraic equation 
of any degree. The process will now be exempMed. 


Ex, 6. Obtain, by Horner^ s method, the real roots of 
a;4^7a;3«17aa+30=0 
^to three places of dedmah. 

Denote the function a;^-7a:®-17a;^+30 by /(a?), then using 
Horner’s method of evaluation, /(0) = 30, /(I) = 7, /(2)= -78 ; 
hence one root lies between 1 and 2. 
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Let 1 + a be a first approximation to this root, where a<l, so 
that +a. Replace x in /(a?) by 1 -fa by Horner’s process : 

1 -7 -17 0 30 

1 , 6 -23 -23 

1 -6 -23 -23 7 

1-5-28 
1 -5 -28 -51 

1 - 4 

1 -4 -32 

1 

3 -3 

Hence, the transformed equation /(I +a) =0 becomes 
a«-3a®-32a2-51a+7 = 0. 

Since a is relatively .mail, terms of higher order than the first 
may be neglected, so that the first approximate correction is 
given by 

-61a + 7=0, from which a=0*137. 

Again, let a; = l + a 4-^8 be a second approximation, where j8<a. 

Replace a in /(I +a) =0 by 0-137 +/?. 

Proceeding as before, and using a i^de rule, 

1 -3 -32 -51 7 

0-137 - 0-39 - 4-44 -7-595 

1 -2-863 -32-39 -55-44 -0-596 

0-137 - 0-37 - 4-49 

1 -2-726 -32-76 -69-93 

Since accuracy to three places only is required, there is no need 
to proceed further, because terms of higher order than the first 
will not affect the result. 

Hence ^ is given by 

- 59-93j3 - 0-595 =0, from which i3 = - 0*00993 ; 

/. rc = l+ a+iS*l+ 0-137 - 0-00993 = 1-1270. 

If greater accuracy is needed the complete transformed equation 
/(0*137+^)=0 must be determined, and then j8 replaced by y, 
where x = i+ a4j8+'y; the evaluation of y will then give a third 
approximation, and the whole process may be repeat^ until the 
desired degree of accuracy is attained. * 
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For the second root, it is found by trial to lie between 8 and 9 ; 
hence, by repeating the above process, it is easily found that 

= 8 . 8730 . 

The equation /(a;) =0 may readily be solved by the algebraic 
method of Ex. 3. The student should, therefore, use this method 
to shew that f{x) = (x^ - lOa? 10) (x^i-3x + 3), and then check the 
above roots by solving the quadratic which has real roots. 

57. Approximate Location of Roots by Graefle’s Method. All the 

real roots of an algebraic equation may be located approximately 
by a process of successive transformation of the given equation 
into one whose roots are the 2wth powers of those to be determined, 
n being a positive integer. The method, due to GraefEe in 1837, 
depends upon the fact that when the roots are unequal the 
differences between them are increased by successive transforma- 
tion until, to a first approximation, only the largest remains 
significant. A practical outline of the process is given in the 
following exaniple. 

Ex. 6. 1/ the roots of the eqmtion 

are the squares of the roots of 

7?+ax?^ -i 6x+c=0, 

calculate the coefficients a^ bj, c^, in terms of ay 6, c. 

Hence, by successive transformation locate approximately the 
roots - 6a? +4 =0. 

Let a, jS, y be the roots of a? + aa:* ^'6a; + c=0, then 
a? + aa? + 6a; + c s (a; - a) (a; - jS) (x - y) 

= '\-y)x? + (a^ +/3y + ya)x - a^y. 

Equating corresponding coefficients : 

a+i8 + y=-a, 
ajS+jSy+ya* 6, 
ajSy = - c. 

Now the roots of a;*4-aia?+6iX + Ci=0 are c?, y*, so that 

(t +i8® + y®» -^ 1 , a*j8*+i8*y* + y®a^=;6i and a*^y*»* -Ci- 
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But a® = (a+j3 + 7)*=a^+j8*+7*+2(aj8-f-j8y +7a)= -ai+2fe; 

/. ai=-(a*-2b). 

Similarly, 6* - a? (3^ + + y^a^ + 2aPy(a + ^ + 7) = + 2ac ; 

/, 6j=b*-2ac. 

And finally, c® = ; /. q = - c*. 

Hence, to transform the equation x®+aa5^+5x+c=0, whose 
roots are a, jS, 7, into one whose roots are a*, /?*, 7*, the coefficients 
a, 6, c must be replaced respectively by - (a* -26), 6*-2ac, 
and -c^. 

This process is quite simple to carry out with numerical coeffi- 
cients by the use of a slide rule ; thus, with the given equation, 
successive coefficients are best calculated as follows : 



a 

b 

e 

1 

0 

-6 

4 

1 

0 

30 

16 


12 

0 


r* 

-12 

36 

-16 

1 

144 

1296 

256 


-72 

-384 


r" 

-72 

912 

-256 


5184 

8-318 X 105 

6-552 X 1(H 

1 

-3360 

7-96 xl0» 

-6-552 X 104 

1 

1129x107 

6-322 X 1011 

4-29 xlO® 


-0159 X 107 

-0-004 X ion 


v 

xO-97 xl07 

6-318 X ion 

-4-29 xl05 


Coefficients of given equation. 
Coefficients squared. 

~(o*-26) = -12; 6«-2ac-3«. 

Coeffs. of 1st transformed equation. 
Coefficients squared. 

Coeffs. of 2nd transformed equation. 


Since the terms corresponding to 26 and 2ac are becoming very 
small in comparison with the square terms, a^, 6*, the transforma- 
tion need not proceed further. 

Hence the equation 

a? - 0-97 X 10’ . r® + 6-318 x . x - 4-29 x 10» =0 

has for its roots a^®, jS^®, y^®, where a, p, 7 are the roots of 
a!;®-6x+4=0; so that 

ai®+^i® + 7i®=0-97xl0’, 

aie^ie +/3i8yi6 +7i6ai®=:6-318 x lO^i, 

and a^®i8i®7i® = ^’29xl0». 

If a>P>y, then as a first approximation ^^® and 7^® may be 
•consider^ relatively small compajed with a^® ; hence 

aw=;0-9,7xl0’, giving a =2-73; 
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and a^®(j3i*+7^*) = 6-318xl0^^; rejecting y as small compared 
with jS, jSi® = 6-318 X 1011 xa-i« = 6*318 X 10® 0-97, giving ^8 = 2 
approximately. 

Finally, yi® =» 4-29 x 10® x (ai8)“^® giving y = 0-73. 

By substitution x=2 is a root, and the other roots are then 
found to be -2»7321 and 0«7321. 

The signs of the approximate roots must be determined by 
substitution, and when all are incommensurable Horner’s method 
may be applied to find further approximations to any desired 
degree of accuracy. 

58. Graphical Solution of an Algebraic Equation. In deter- 
mining the approximate roots of an algebraic equation by a 
graphical method, it is generally simpler to split the equation 
into the two equivalent simultaneous equations, one of which 
should be linear if possible, and then plot both on the same sheet. 
The abscissae of the points of intersection give approximate 
solutions to the given equation. Nearer approximations may 
then be found, either by plotting on a larger scale in the neigh- 
bourhood of a point of intersection, or by correcting analjrtically 
by means of the binomial theorem. The latter is usually much 
shorter and more satisfactory. For a small root, a check may be 
made by using the following expansion due to Bertrand. 

A numerically small root o! the equation, x°^+^ + ax-b = 0, is given by 
the expansion 


/l,\m+i 1 2in + 2 / 

(3in + 2)(3m + 3)/bV 

\a/ * a ^ a® 1 2 V 

J a»[3 U 


provided this series is convergent for the numerical values of a, b, 
andm. (60) 

Ex, 7. Obtain graphically the two real roots, lying between 
1 and -Z, of the equation 

®®-29a?+12=0, 

correctly to jive signijicant Jigures, Check the smaller numerical 
root by Bertrand^ s expansion. 

The equation may be written a!:® = 29aj~12, in which form it 
is easily seen to be equivalent to the two simultaneous equations, 
(i) ^ = i® and (ii) y « 29x - 12, which is liqear. 
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The first is easily plotted between the given limits, and since 
the second is a straight line, two points, as far apart as possible, 
in order to ensure greater accuracy, will suffice to determine the 

position of the line. / ^ 

In Fig. 7 the two loci -*3 ^ ° ° i 

are shewn, and it will -io-/ 

be observed that the / ~ y 

straight line intersects / A 

the quintic curve in two / / 

points. The abscissae / / - 30 - 

of these points will thus j / 

^ve first approxima- / / ^ 

tions to the two roots / A “ 

required. Reading from I / ^ 

the graphs, these values I / 

are - 2*42 and 0‘42. I / ^ 

Having now located j / 

the roots, further ap- / / 

proximations to any de- // 

gree of accuracy may be y 

found by Horner’s pro- A 

cess illustrated in Ex. 4. / \ 

Thus let a;=0-42+a, / / 

then replacing a; by I 

0*42 + a in the given rie. 7. Graphical solution of an algebraic 
equation : 


10 0 0 
0-42 01764 007406 

1 0-42 0-1764 0-07406 
0-42 0-3528 0 2223 

1 0-84 0-5292 0-29636 


-29 12 

0-03 -12167 

-28-97 - 0-167 

0-12 


This will be sufficient to give an approximate value for a, since 
higher powers beyond the first may be neglected. 

Hence -28-85a= 0-167, 

so that a— -0*005788 ; 

/. x = 0*42 -0-005788 =0*4142 correct to four places. 

'•Proceeding in precisely a similar manner with the other root, 
it is found that a;= -2-42 +0 005782= -2*4142 to five significant 
figures. 

B.M. ® 
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To check this, put a = -29, 6= -12, and m = 4: in Bertrand’s 
expansion (60) ; then taking term by term : 

fe/a = 12/29 *0-413793 

- = - ( - 12)6/( - 29)« =0-0004183 

(2m +2)62^+V(a^’”+® [2) = 5( - 12)»/( - 29)ii =0-0000021 

- (3m +2) (3m + 3) . 63m+i/(a3^«+« [3) 

= - 35 ( - 12)i3/( - 29)i« = 0-0000000 
0-4142134 

so that, to five significant figures, »= 0-4142, as previously found. 

The accuracy of the result may be judged from the fact that 
a^-29aj + 12 2(352 ^2x-l)(a:;3 _2®2+5a;- 12), and the two roots 
required are given by 3524.235-1=0, which on solving gives 
35= -1 ±-72= “2-4142 or 0*4142. In practice it is not often 
that a quintic can thus be factorised, but this one is purposely 
chosen here to illustrate the reliability of a graphical result 
carefully obtained. 

59. Special Case of the Quartic. For a biquadratic equation 
with numerical coefficients, it is generally possible to obtain the 
roots as the abscissae of the points of intersection of a parabola 
and a circle. The method has the advantage that no term in the 
equation need be removed, and, in addition, both curves are easy 
to draw. The following example illustrates the process: 

Ex. 8. By means of a substitution of the form 
y=x?-¥\'px+m, 

shew thai the roots of the equation 

35 * + p35* + ga;® + r3; + 5 = 0 

may he obtained by means of the intersections of a circle and a 
'parabola. 

Find approximately the real roots of the equation 

3;^ ±435® + 53;^ + 435 -5=0. (L.U.) 

Since y =35®+|p35+m, 

/. y*=35^+p3? + (|^p*+2m)3?+pm35+m®. ^ 

But 0=35*+pa!*+ qa?’\‘rx +s. 
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/. By subtraction, 

= (\'P^ + 2m - + ('pm - r)a; +m* - 5 =0, 

or (q - - 2m) + (r - pm) a; + s - m* =»= 0. 

This equation will represent a circle if the coefficients of 7 ^ and 
are both positive and equal. 

Hence, let m be chosen so that q-\p^ 

i.e. m = 

then the equation may be written 

^ +2/^ +^a5 + c=0, 

where q = r-pm = r-^p(q-}p^-l), 

and c = s --m* = S“ 1^(7 1)2. 

The centre and radius of the circle may be found by expressing 
the equation in the form 

(a;-f-i^)2+t/2 = i^2~c, 

so that the centre is the point ( - 0), and the radius is - c. 

The circle will, therefore, be real if > c. 

Hence the given biquadratic is equivalent to the two equations, 

(i) y-^ 7 ? +\px-[-\{q-\p^-\)y 

or 2/ + i (1 + - 7) = (■'^ + \V?y 

representing a parabola whose vertex is the point 

(-tP. 

and (ii) (x+\gf +y^=‘\g^-c, 

representing a circle of radius whose centre is the 

point ( - \g^ 0). The points of intersection, therefore, give the 
roots of these equations, and consequently those of the given 
quartic. 

For the particular case, ^ = 4, 9 = 5, r = 4, 5 =* - 5, so that 
m=»i(5-4 ~l)= 0, ,(7 = r=*4 and c=«5= --5; hence the parabola 
is 2/ = ic* + 2a:, or y + 1 = (a? + 1)2, its vertex being the point ( ~ 1, - 1), 
and the circle is (a: + 2)2 +y2=::,9^ ^{10 centre being (-2,0), and 
radius 3. » 
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The two loci are shewn in Fig. 8, where the abscissae of the 
points of intersection are approximately 0-59 and - 2-96. 



FlQ. 8. Solution of a quartlc equation. 

Applying Horner’s method to find a further approximation, by 
replacing x with 0*59 + a in the given equation : 

1 4 6 4 -5 

0*59 2-708 4-547 6-044 

1 4-69 7-708 8-547 0-044 

0-59 3-066 6-352 

1 5-18 10-764 14-899 

so that a is given by 14*899a= -0-044 ; 

/. a= -0-002953, 

and® =0-59 -0-002963 = 0 5870 correct to three places of decimals. 

In a similar way, the correction for the second root is found as 
-0-000041, so that x= -2-960. 

60. Transcendental Equations and the Method of Correcting an 
Approximately Located Root. If f(x)=0 be a transcendental 
equation whose roots are required, it is best to plot the function 
y^f(x) and thus obtain the approximate location of the roots. 
These must then be corrected to the necessary degree of accuracy, 
but neither Homer’s method, nor its equivalent, the binomial 
expansion, is in general available. Expansion in the neighbour- 
hood of the root must be effected by Taylor’s theorem (55), pro- 
vided that both/(®) and Dg^f(x)c>Te continuous at the point where 
®=the root. The method will now be considered practically. 
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Ex, 9. Shew that if a he an approximation to a root of an equation 
F(x)—0, a - F{a)IF'(a) is, in general, a closer approximation, 
F (x) and F'(x) being finite and continuous in the neighbourhood of 
the root. (L.U.) 

Find graphically an approximate value of the root of the equation 
x + 20 sin 0 ? = 14*5, 

and proceed to obtain a value corred to four significant figures. 

Lot be a first correction to the root a, where /?<a, then 
approximately Fia+p)=0. 

But by Taylor’s theorem (55), 

F(a+P)^F(a) +y8 . F’{a) . F"(a)+... , 

where F'(a) indicates the result of difEerentiating F(x) with 
respect to x and then replacing x by a. 

Hence, since J (a + jS) = 0, 


Now as P is small, the higher powers beyond the linear term 
may be neglected, so that p is given by the equation 

F{a)+P . F'(a)=0, 

from which • P = - 

Hence, a closer approximation is given by 


x = a+p = a-T (a)/F'(a). 

If this is not the desired degree of accuracy, the process may be 
repeated, until this is attained. 

Let 2 / =aj + 20 sin a? - 14*5 ; then it is evident that x is expressed 
in radians. Hence the following table may easily be calculated. 


X 


lladians. 

Degrees. 

sin 

20 sin X 

y 

0-5236 

30° 

0-5 

10 

-3-9764 

0-6981 

40° 

0-6428 

12-856 

-0-9459 

0-7418 

42-5° 

0-6766 

13-512 

-0-2462 

0-7864 

45° 

0-7071 

14-142 

0-4274 

0-8290 

47-5° 

0-7^373 

14-046 

1-0760 

0-8727 

60° 

0-7660 

15-320 

1-6927 
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On plotting these values for x and y and drawing a smooth 
curve through the points, it will be seen that the approximate 
value of X where is 43*3 or 0*7567 radian. 

To correct this, let a? = 0*7657 +h where h is a small quantity, 
then from Taylor’s theorem, neglecting all terms in h except the 
linear term, 

/(0-7657 + A) =/(0*7657) + A ./(0-7657) =0 ; 

A =-/(0*7557)//' (0-7557) 

= - (0*7557 + 20 sin 43*3° - 14*5)/(1 -f 20 cos 43-3°) 
=0*0283/16*556=0*0018; 

03=0*7557+0*00182=0*7575, correct to four significant 
figures. 

Ex, 10. Find a positive root, less than one radian, correct to four 
significant figures of the equation cos x + 4: logiQ x ~ 0*485 = 0. 

Let 2 /=cosa; + 41ogioa;-0*486, then the following table is 
readily constructed. 


Values of x 

cos z 

logio* 

4 Jogio X 

-0-485 

V 

Badlaas. . 

Degrees. 

0*2 

11° 28' 

0-9801 

i-3010 

3*2040 

-0-485 

-2-3009 

0*3 

17° 11' 

0-9554 

1-4771 

3-9084 

-0-485 

-1-6212 

0*4 

22° 55' 

0-9211 

1-6021 

2-4084 

-0-485 

-1-1555 

0*6 

28° 39' 

0-8776 

1-6990 

2-7960 

-0-485 

-0-7614 

0*6 

34° 23' 

0-8253 

1*7782 

1*1128 

-0-485 

-0*6469 

0*7 

40° 6' 

0-7649 

1-8451 

T-3804 

-0-485 

-0*3397 

0*8 

46° 60' 

0-6968 

T-9031 

T-6124 

-0-485 

-0-1758 

0*9 

61° 34' 

0*6216 

1-9542 

1*8168 

-0-485 

-0-0466 

1*0 

67° 18' 

0*6402 

0 

0 

-0-485 

+0-0552 

1*2 

68° 46' 

0*3626 

0*0792 

0-3168 

-0-485 

+0-1943 

L4 

80° 13' 

0-1699 

0*1461 

0-6844 

1 -0-485 

+0-2693 


Plotting the graph from these figures. Fig. 10 is obtained, and 
reading ofi the value of x when y^O, an approximate solution, 
33=0*94, is determined. Let 0*94+ a be a nearer approximation 
to the root ; then applying Taylor’s theorem, and rejecting all 
termff^in powers of a above the first : 
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a= -/(0-94)//'(0-94) 

= - (cos 63° 61' + 4 log 0-94 - 0486) j (-Bin 63° 51' +g |4 logio «) 

=»-(-0-00267)/l-0406 

=00024696. 



FiO. 9. Graphical solution of a transcendental equation. 


Hence, the root correct to four significant figures is cc= 0*9426. 


Exercises 8. 

1. There is a root ofa;® + 5ir-ll=0 between 1 and 2 ; find it, using 
squared paper, accurately to four significant figures. 

2. There is a root of a:®-10x* + 40a;-35=0 which lies between 
1 and 2 ; find it correctly to three significant figures. 

3. Plot the function - 109.r + 210, 

between a; = 6 and a;= - 6; hence determine the three roots of the 
equation 

4a:»-109.T + 210=0. 

4. Solve graphically the equation 

a:3- 16a;- 24=0, 

and check one of the roots by Bertrand's expansion. 
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5 . Determine three roots of the equation 

a;® -4a; + 1 =0, 

and check the smaller positive root from Bertrand^s expansion. 

6 . If a;/y=c«^, where a =0-3 and 6^=2-848, find x in terms of y; 
hence, if x - y =55-35 also, calculate the actual values of x and y. 

2 

7. If y =- +6 logio a; -2*7, find the values of y when x has the 

values 2, 2-5, 3. Plot these values of x and y on squared paper, and 
draw the probable curve on which these points lie. State approxi- 
mately what value of x will cause y to be zero. 

8 . If /(x) denotes the expression a;^ - 8a;® - a;^ + fi8a; + 60, find, by 
Horner’s method, the expression for/(a;-h2) ; hence, solve the equation 
/(x)=0. 

9. Give any method for the solution of a quartio equation. Solve 

the quartio x* + 3a;® - a;® - 13a; - 10 = 0. ( Le.U. , Sc. ) 

10 . Solve the equation a;^ 4- 96a; =80. (D.U., Sc.) 

11 . Solve a;* - 6a;® + 12a;® - 10a; 4- 3 =0. (Br.U.) 

12 . Draw the graphs of 10 cos a; 4- 8 and x sin x from a;=0 to x=2Tr, 

and find the solutions of the equation 10 cos a; - 8 =a; sin a; which fall 
within the above interval. (S.U.) 

13 . Find, by any method, the least positive root of the equation 

3 tan a;=3a; 4l 

as accurately as you can. (L.U.) 

14 . Draw a rough graph of 6*, and by plotting more accurately in the 
neighbourhood of the required value of x, solve the equation 

ei(x-i)^2a;4l. (L.U.) 

15 . Obtain the three solutions lying between 2 and - 2 of the equation 

a;® -6a; + 1 =0. 


16 . Solve the equation 8 =c cosh - 

for c, when s =489*4 and x =22. ^ 

17 . Find accurately to three significant figures, a value of x to 
satisfy the equation 

0*5a;i ® - 12 logjoa? +2 sin 2a; =2*06. 

18 . Find a value of x correct to four significant figures, which satisfies 
the equation 

4 logioa; 4 tan 2a; =0*5873. 

19 . Find, with three significant figures accurate, a root of 

• 5x^ 4 - X logioa; - 8*868 =(). 
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20 . From a circle of radius 5 inches, it is required to cut oH a segment 
whose area is 2*915 square inches ; find the size of the angle subtended 
at the centre of the circle by the arc of the segment. Hence, find the 
length of the bounding chord. 

21. The area of a segment of a circle of radius 9*8 inches is 4-802 
square inches : find the angle subtended at the centre by the arc of the 
segment. 

22. Solve the equation 4 log^oX +5X =38*8. 

23. Determine a value of x between 0 and 1 which satisfies the 
equation 5x +9 sin .r = 1*464. 

24. Solve the equation Sx +6 cos x =6*3, 

the value of x lying between 0 and 1. 

Shew that, by replacing cos x by the first two terms of its equivalent 
expansion, the resulting equation is 25x^ -30a; +3=0. 

Explain why only one root of this quadratic agrees approximately 
with that found by the graphical method. 

25. A circle is bisected areally by the circumference of another 
circle whose centre lies on its circumference. If r, are the radii, and 
2a, 2/3, the angles of the segments on either side of the common chord 
of the given circle and the bisecting circle respectively, prove that 

2 sin 2/3 -4/? cos 2/3 -tt. 

Solve this equation graphically, and hence shew that 

50 

very nearly. 

26. ABCD is a square whose side is ten inches. With O, the mid- 
point of A 5 as centre, a circle is described cutting the sides AD, BC in 
E, F respectively. Find the angle EOF when the arc EF bisects the 
area of the square ; hence calculate the radius of the circle. 

27. Find a positive value of x satisfying the equation 

x^ -5\ogiQX=5'S. 

28. A cylindrical oil tank 16 ft. long has its axis horizontal, and its 
diameter 10 ft. Plot a graph from which a scale in feet may be 
constructed along a vertical end diameter shewing the contents in steps 
of 100 gallons. Give the reading for 500 gallons. 

29. Trace the curve y =6*"^. 

Rnd graphically an approximate value of the root of the equation 
3 -a;=c*“^, and obtain a more accurate value by the use of Taylor’s 
series. (L.U.) 

30. Shew graphically that the ’equation 2*~^x has two real roots, 

and find them correctly to three places of decimals. ‘(L.!!.) 

B.M. 


02 
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31. Determine two roots, correctly to four significant figures, of the 

X*- 101*- 140=0. 

32. Draw the graph of cosh x. 

Shew that the equation 4a; =cosh x has two real roots, and find them 
approximately. (L.U.) 

33. Find, in any manner, correct to four places of decimals, the 

positive root of the equation t? - 3a;* -x -2=0. (L.U.) 

34. On a sheet of squared paper draw two vertical axes, OF, O'F', 
one unit apart, and graduate them upwards and downwards from a 
central horizontal line 00\ Now plot the hyperbola y{x - 1) =a;*, and 
draw any line from 0 intersecting the curve at P and the O' 7' axis 
in K where the scale reading is - A;. At P write the number + and 
by a similar process graduate the curve. Let any line be drawn from 
a point a on the OY axis to a point on the O' 7' axis, intersecting 
the hyperbola at the point u. Shew that is a solution of the quadratic 
tt*+aw+6=0; hence write down the solutions of a;*+4a;+2=0 and 
ri:*-3a;-3=0. 

35. In the equation a;*-3pa;+ g=0, put a;=2\/pco8^, and by com- 
parison with the identity cos 36^=4 co8*^-3 cos shew that 

cos Qy cos^ ^ , and 2/>/p cos ^ ^ 

are its roots, provided g* is less than 4p*. Apply this method of 
solution to the equation a;*- 6a; +4=0. 

36. Plot the function 15(y+sinha;)=16a;, between a;=0 and a;=l ; 
hence, solve the equation 15 sinh x= 16a;. 

37. The smallest root in absolute value of the equation 

a+6a;+ca;*+da;*=0 
is given by Whittaker’s series; 

a* c d 

o a*c he 

^ b b c b c . b c d 

ah a b a h c 

0 a b 

Apply this to find the smallest root of 8a;®- 17a;*+42a;-6=0. 



CHAPTER IX 


DETERMINATION OF LAWS FROM EXPERIMENTAL DATA. 

SMALL ERRORS 

61. Construction of an Empirical Function. In many practical 
problems the functional relation between two varying quantities 
cannot be determined from theoretical considerations, and, as a 
result, an approximate relationship — called an Empirical Function 
— has to be constructed from experimental data. The general 
plan employed in this process is to derive from the observations 
made, by plotting on squared paper, a straight line from which 
approximate values of any constants required may be determined 
and a functional relationship thus constructed. It must be 
borne in mind, however, that all data which are purely experi- 
mental are liable to be slightly in error, and therefore constants 
derived from them will only be approximately true. Indeed, the 
complete function when determined will only be an approxima- 
tion to the true relationship between the varying quantities. 
The following example will illustrate the method of constructing 
such a function from experimental observations. 

Ex, 1. A steamship at a speed of v knots uses an Indicated 
Horse Power P, The following table gives a series of values of 
V and P, and it is supposed that a relation of the form P^av^y 
where a and n are constants^ expresses the law connecting P and v. 

Investigate if this is so, and determine the most probable valms of 
a and n. From it, find the value of P when v »= 26. 


V 

10 

12 1 14 

! 16 

18 

20 

p 

1066 

1912 1 32t6 

1 L 

4951 

7361 

10355 
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If P = at;**, then log P = log a + n log v. 

Let y = log P, 5c = log v, and c = log a ; 

the equation becomes y^nx-\-c, which represents a straight 
line of slope 6, where w = tan 6, and c = intercept on the axis of y. 
To test the truth of this assumption, the equation must be plotted 
for the observed values. Hence the following table ; 


X =log V 

1 

10792 

11461 1 

1*2041 

1-2663 

1*3010 

y=logP 

30277 

3*2814 

3*5073 

3*6947 

3*8670 

4*0161 


In Fig. 10 these values arc plotted, and it is evident that the 
loints lie practically on a straight line, the slight discrepancies 
>eing most probably due to experimental errors. 

To find n, it is obvious from the 
graph that 
n == tan 6 

= (4-0151 - 3-0277)/(l‘3010-l) 
=0-9945- 0-4786 = 3 28; 
y = 3*285c + c. 

Since y = 3-0277 when a? = l, 

/. log a = c = 3-0277 -3-28 = 1-7477, 
so that a =0-5594, 
the probable value of which will be 
a = 0-56. 

Hence the complete law is 
P=0*56v8'28. 

To find P when v = 26, 05 = 1-415, 
c = 1-7477; hence from the linear 
equation 

2/ = 1-7477 +3-28 x 1-415 = 4-3877 = log (2-442 x 10^) ; 

/. P = 2-442xl0+ 

The value of y might have been obtained at once from the graph. 

62. Common Types of Equations. Mechanical or physical con- 
siderations of a particular problem will often lead to a clue of 
the form of probable equation to be tried, but manjr cases occur 
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where no hint is obtainable as to the functional dependence of 
the variables. The solution, therefore, becomes a matter of trial, 
and the following types are given as a guide in such cases, these 
being the most commonly met with in practice. 


No. 

Type of Equation ; 
Variables, u, v 

Substitutions for Cliange of 
Variables, etc. 

Linear Equation 

i. 

r a 

V -b +~ 
u 


y-ax +6 

ii. 

V =au‘^ 

y—\ogVy x—\ogu,c=\oga 

y -nx +c 

iii. 

V = fee'*** 

y =log^ V, X c =log^ h 

y =ax +c 

iv. 

V —au^ + bu 

xy =Vy x~u 

y =ax +6 
if u is not 0 


(61) 


Ex. 2. A pendulum was partially immersed in a medium which 
damped its vibrations. For each vibration the amplitude v and 
time t were carefully observed as follows : 


V 1 

1 

7-6 1 

5-8 

4-4 1 

8-3 

2-6 

1 1*9 

t \ 

1 ^ 

1 S 

1 

1 17 

1 25 

1 

4] 

1 50 


Find the relation connecting v and t, allowing for slight errors of 
observation. 

From a consideration of damped vibrations, it is known that 
the amplitude v is connected with the time by the exponential 
law ; hence, the probable form of equation to take is v = be~^^. 

To express this relation in linear form, take natural logarithms, 
so that ^ ^ b - at. 

Now let y — loge v, c = loge b, then 
y = c- at. 

From this construct the following table for plotting. Natural 
logarithms should be read directly from Napierian tables. 


y-iog,v 

2*3026 

2-0281 

1*7579 

1*4816 

1-1939 

0*9555 

0*6419 

t 

0 

8 

• 

17 

25 ! 

1 34 

41 

^ 60 
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The^e points are shown in Fig. 11, from which it is evident that 
they lie approximately on a straight line, the slight discrepancies 

being probably due to errors of 
observation. 

To find the numerical value of a, 
it is obvious from the linear equa- 
tion that 

a =*= - tan d 

=tan(7r - 6^) = (2-3026 -0*6419)/60 
=0-033214, 

so that, correct to three figures, a 
may be taken as 0-033. 

Finally, for c, when i=0, 
i!/ = c = 2-3026 ; 

/. loge b = c=^ 2-3026, giving b = 10. 

^ ^ Complete relationship is 

0 10 20 30 40 so ^ ^ 

no. 11 . v = 10 e.o»« 

63. Approximate Integral Function Laws. In some cases 
experimental data may be represented approximately by a finite 
power series, called an integral function. For this to be done 
where it is possible, the ordinates must be known at equal intervals 
along the horizontal axis, and if these are not given they may be 
determined by plotting. The values must then be tested by the 
method of differences. 

Ex. 3. Determine the necessary conditions that a series of 
observations connecting two variable may be represented approxi- 
mately by a rational integral function, and assuming the conditions 
fidfilled, shew how the coefficients may be calculated. 

Illustrate the method in the case of the following table of experi- 
mental observations. 


26 


2196-64 


Let x^, y,. (r = l, 2, 3, ... w) be n pairs of corresponding observa- 
tions which are given, and suppose that the functional relationship 
representing them is y = f(x) ^a^bx+ca? + ex^. 


X 

12 

14 

16 

18 

20 

22 

24 

y 

217-38 

343-97 

612-66 

729-16 

999-73 

1330-34 

1726-96 
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where a, fe, c, e are numerical coefficients to be determined 
later. 

Suppose, further, that the given values of x increase in the 
positive direction by a constant quantity A, then 

yr=f{«>r)=f{3>i+(r-l)h}. 

Now the difference between two consecutive ordinates is called 
the first order of differences. This is 

2/r+l - Vr + *) Si^'r) = Oj + 6jX, + CjX,* + 

w'here 

=f(h), bi = h (2c + Mh + 4eA*), Cj =^3h{d-{- 2eh), and di ^ 4eA. 

Similarly, 

2/r+2 “ !/ r+l = + ^1 + ^) + + A)*. 

The second order of differences is 

yr+2 ~ yr+1 “ CVr+1 “ 2/r) 

=*= yr+2 ~ 2yr+i + yr = (^1 + <^1^ + ^1^^) ^ + S^jA) Xf + M^kx^^ 

Similarly, 

yr +3 - 22/^+2 +yr+l=«2 + &2(a?r +^) +62(0:^ + A)*. 

Proceeding in the same manner to form the third order of 
differences : 

yr+3 - 3yr+2 + ^r+l " (^2 + + ^C^hx^, 

yr^i - ^yr+ 8 + ^yT+2 -yr+l^h ih + ^2^) + 2 C 2 A (Xr + A) ; 
and finally, the fourth order of differences becomes 
yr+4 - 4yr+3 + %r+2 - ^^r+l + = 2 C 2 A 2 , 

which is independent of x,., and therefore constant. 

It is obvious, therefore, that if n>5 this will be true for all 
the values of r available from the data, so that a series of equal 
constant numbers is thus derivable. 

This is the characteristic property of a series of corresponding 
pairs of numbers satisfying a rational integral function law, for 
whilst it is here shown to be true for a function of the fourth 
degree, the analysis is easily extended to the general case. It 
should be noted that the coefficients of yr+i, ••• , are those of 
the binomial expansion ; thus* for the Ath order of differences, 
the coefficients are those of the expansion of (1 - u)^. * 
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In practice, however, functions of a higher degree than three 
are rarely met wdth. 

The conditions, therefore, that a series of observations may be 
represented by a rational integral function, y=f(x)y are : 

(i) The values of y must be given, or determined by plotting, at 
equal intervals along the x-axis. 

(ii) In calculating successive orders of differences of these values, 
a stage is ultimately reached when a series of constants is obtained. 


The above investigation shews that for a function of the fourth 
degree the equal constants appear after the formation of the 
fourth order of differences. This is obvious from the fact that 
the calculation of each successive order of differences reduces the 
degree of x by unity. Hence, if a series of equal numbers appears 
on forming the pth order of differences, the integral function is of 
the pth degree. 

The coefficients a, h, c, d, e inf(x) may readily be calculated 
from the equations expressing the successive differences, beginning 
with the last and working backwards. The process is best 
illustrated by a numerical example ; thus, taking the given table 
of observations and noting that the ordinates are equidistant 
from each other, after the first, differences are best found by 
tabulating as follows : 


Abscissae x 

Ordinates y 


12 

Vi 

217-38 


14 

y2 

343-97 


16 

Vz 

512-56 


18 

Va 

729-15 

^5 

20 

Vz 

999-73 


22 

Vz 

1330-34 

Xj 

24 

Vi 

1726-96 


26 

Vs 

2195-54 


Differences : 


1st Order 


126-59 

168-59 

216-59 

270-58 

330-61 

396-62 

468-58 


2nd Order 


42-00 

48-00 

53-99 

60-03 

66-01 

71-96 


3rd Order 


6-00 

5 - 99 

6 - 04 

5 - 98 

6 - 95 


From these figures it is evident that, allowing for slight errors 
of observation, the third order of differences is practically con- 
stant, and equal to 6 approximately ; hence the integral function 
law will be of the form t 


y==a+bx+c3f^+da^, c 
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Forming the three orders of differences in terms of the coeffi- 
cients, these become 

(1) 2/2 “ 2/i = + dA* + A (2c 4- Mh) + 3hda?, 

(2) 2/3 ~ 2?/2 +yi = 2h\c + 3JA) + , 

(^) 2/4 ““ %3 + %2 “ 2/1 “ where /i *= 2. 

Taking the differences from the table, and noting that h is 2, 
6dA3 = 6 ; d = 0-125. 

With this value of d, (2) becomes 

8c + 6 + 36 = 42, giving c = 0. 

Hence from (1), 

26 + 108 + 1 8 + 1 = 1 26*59, giving 6 = - 0-2. 

Inserting these values in the function, and taking any corre- 
sponding pair of values of x and y, a ==3*75 approximately. 

The required equation is 

y = 3-75 - 0-2x + 0*126x®. 

64. Other Types of Equational Laws. Occasionally in practice 
curves are met with which may be approximately represented by 
the following equational forms : 

2/ = a + 6x”, y—a-\- 6c^*, y — ax^ + 

When n is a positive integer, these equations may generally be 
derived by the method of differences. The first form can be dealt 
with as in Ex. 3. The application of the method to the two 
remaining forms is illustrated in the following examples. 

Ex. 4. The following values of P and t are the observed results of 
an experimenty and theory suggests that they probably follow a hiw 
form, P=^a + be'*”'K Investigate whether this is so, and if 
found approximately true, determi'ne the most probable values of a, 
b and m. 


t 

1-4 

1-8 

2-2 1 

20 

3-0 1 3-4 1 3-8 

p 

1-73 

1-84 

1-98 

216 

-• 

1 2-35 1 2-60 1 2-90 


It will be observed, that the values of t are in arithmetical 
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rogression, the common interval being 0*4. Denote this interval 
y A, then if P^, be the rth pair of values of P and 

Py=a +66”^*% 

P,+i=a 

/. P^+i - Py = 6{e»»‘«»-+w - emfr} = 

Taking Napierian logarithms, 

log (^r+l “ ^r) =log - 1) +Wl^, 

or, writing ^ for log (P^+i - P^), and c for log 6(6”^^ - 1), the 
equation becomes 

y=^mt +c, 

which represents a straight line. 

To test this, the following table must be constructed from the 
given data : 

r Pr \ Pr+i-Pr | V “log (P,.+j -P,.) 

1 1-4 1*73 

2 1-8 1-84 

3 2-2 1-98 

4 2-6 215 

6 30 2-36 

6 3-4 2-60 

7 3-8 2-90 

On plotting the values of y and t, a close approximation to a 
straight line is obtained ; hence, allowing for slight errors of 
observation, the equation P=a+6e”^ will represent the given 
values. It remains, therefore, to find the values of the constants 
a, h and m. 

Let S be the angle made by the straight line with the axis of 
measured in the positive direction, then 

= tan ^ = (2*2073 - 1 *2040)/(3*4 - 1 *4) = 1 *0033 -r 2 = 0*5016 
=0*50 approximately. 

Also, when i = 3*4, y= -1*2040, so that from t/=mi+c 
- c= - 1*2040 - 1*7 = - 2*9040. 


Oil 

-2*2073 

014 

-1*9661 

017 

-1*7720 

0-20 

-1*6095 

0-25 

-1*3863 

0-30 

-1*2040 




§64] FURTHER EQUATIONAL LAWS - 187 

But c=log 1) =:log 6+log - 1) = log 6- 1-5078 ; 

/. log 6 = c + 1 -5078 = - 2*9040 + 1 -5078 - - 1 -3962 

=0-9064 - 2-3026 = log 2-476 - log 10 =0-2476 ; 
6=0-25 approximately. 

Finally, taking ^ = 3-4 when P = 2*60, and substituting in 
P=a+6e”*^ 

a = 2*60 - 0*25e^*’ = 2-60 - 1-3684 = 1-2316 = 1*23 approximately. 
Hence, the complete equation becomes 

P = l-23 + 0-25e0-5t. 

Ex, 5. The following values of Q and z were obtained in a 
laboratory, and theoretical considerations shewed that the law con- 
necting these quantities was most 'probably of the form 

Q^az^+b . 10^ 


Test this, and if found trite, due allowance being made for 
observational errors, determine the 'values of a and b. 


Z 1 

01 

0-2 

0-3 

0-4 1 

0-5 1 

0-6 

0-7 

0-8 

Q 1 

1-616 

2-185 

2-969 

3-995 

5-296 

6-917 

8-917 

j 1-343 


The method of differences is here directly applicable since the 
ordinates z are equidistant over the range given, the equal 
intervals being 0-1. Denote 0*1 by then if Q^, z^ be a pair of 
corresponding values, 

Q^=az^^b,V^, 

and Qr+i=«'(2^r • 10^'-+^ ; 

/. Qr+i -Qr = 2ahZf -\ ah^ -h 6(1 0'^ - 1 ) 10^. 

Similarly, Gr +2 “Gr+i=2aA(«,. +6) 'VaW +6(10^ - 1) . 10^»-+^- ; 

(?,+2~2(3,+i+(3,=2aA2 + 6(10^-l)2. lO^r. 

Similarly, proceeding to form the third order of differences, 
Qr+a - ~(?, = 6(10^ - 1)3 . Wr, 

Taking common logarithms, apd writing y for 
log (Of +3 ~ 30f+3 +30y+i - Qf), 
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and c for 
becomes 


log 6 + 3 log (10^ - 1 ) =log 6 - 1*7601, 

^-2:+c, 


the 


equation 


which represents a straight line inclined to either axis at an 
angle of 45°. To test this, the following table of diderences must 
be constructed : 


Differences 


»• 


Qr 


Ist Order 


2ud Order 


3rd Order 


y 


1 

2 

3 

4 

5 

6 

7 

8 


01 

0-2 

0-3 

04 

05 
0-6 
0-7 
0*8 


1-616 
2185 
2-969 
3*995 
5 296 
6-917 
8-910 
11-343 


0- 569 
0*784 

1- 026 
1*301 
1*621 
1-993 
2*433 


0-215 

0*242 

0-275 

0*320 

0*372 

0*440 


0-027 

0033 

0*045 

0*052 

0-068 


-1-5686 
-1*4815 
- 1-3468 
-1-2840 
-1-1675 


Plotting y and 2 , remembering that the first value of y corre- 
sponds to cci = 0*l, and so on, an approximate straight line is 
obtained. 

To find c, choose any pair of values, and substitute in the 
equation y = z+c \ thus, taking the last pair, 

c= -1*1675-0*5= -1*6675; 

/. log 6= -1*6675 -I- 1*7601 =0*0926 ; 

6 = 1*235, or 1*24 approximately. 

Taking the initial equation, and selecting any pair of values of 
z and Qy the value of a may be determined ; thus, choosing 
Q = 5*296, and 2=0*5, 

5*296=a(0*5)2 + 1*24x100-6 
=0*25a +3*921 ; 

/. a = (5*296 -3*921) +0*26 
= 1*375 x 4 = 5*500. 


Hence, the complete equation,,becomes 
Q = 5-5z* + l*24xm 
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65. Effect of Small Errors of Observation. All observed 
measurements are only approximate, but if made as accurately 
as possible the difference between the absolute and observed 
values will, in general, be of little or no practical importance. It 
is when calculations are carried out with these observed values 
that errors are liable to increase to such an extent as to affect the 
ultimate result very materially. It is, therefore, very important 
in all practical work to consider how the accuracy of a calculated 
value is influenced by small errors in the data used. 

If u be an approximate number known correctly to n places of 
decimals, then the limit of the error of u is defined as 5 x and 

if 'du denote this limit, the quotient du/u is defined as the relative 
error of u. 


Ex. 6. If y=f(x)^ shew that, for a measured value aofx, subject 
to an error +3a, then the approximate relative error in the corre- 
sponding value of y isf'(a ) . 'dalf(a), where /'(a) denotes the operation 
of differentiating f(x) with respect to x and then writing a for x. 

Deduce that the relative error in a product or quotmit of two 
numbers is equal respectively to the sum or difference of the limiting 
errors of the numbers. Illustrate by jinding how many significant 
figures in the following calculations are trustworthy, assuming that 
the given numbers are correct to the number of figures stated : 


(i) 4-63 X 8-723, 


(ii) 


3-87 X 18-26 
7-86 


Let u be the value of y, when a;=a, so that w=/(a), and suppose 
that u + 'du'i^ the true value of u when 2c = a + 3a, then 

w+9i«=/(a+0a). 

/. By subtraction, 'du =f{a + da) - /(a) 

=/(a) +0a ./'(a) + ... -f(a), by (55), 
= 0a./'(a) approximately, 

since da is small. 

Hence the relative error of u 


'du 9a . f (g) 
u ” f(a) 
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Let y^zw^ then if 02, ?^w are the limiting errors in y, 2, w 
respectively, 

By = (2 + 02) (i(; + 'dw) - 2 i«j = 2 . Bw) + w . 02 approximately ; 

'by 'dz 'dw 

.. — + — . 

y z w 

In a similar manner it may be shewn that if y^zjw, then 
By __bz bw 
y z w' 

It is easy to shew by logarithmic differentiation that similar 
results are true for any number of approximate values ; hence — 

The relative error of a product is equal to the sum 0! the relative errors 
of the respective factors, and the relative error of a quotient is equal to 
the difference of the relative errors of dividend and divisor respectively. 


(i) Let y = 4*63 X 8*723, 

limit of error of 4*63 = 0*005, and of 8*723=0*0006 ; 

. 

" y' 


0-005 ^ 0-0006 


=0-00108 +0-000067 


4-63 ^ 8-723 
=0-001137 ; 

"dy =0-001137 x 4-63 x 8-723 = 0 0469, 
Hence the product will only be true to one place. 
3-87 X 18-26 


(ii} Let y=- 


7-86 


then 


0-006 0-005 0-006 
y “ 3-87 ■'■18-26 7-86 

=0-005(0-2684 + 0-0648 - 0-1272) =0-00093 ; 
0y=O-OOO93 X 3-87 X 18-26-7-7-86=0-0836. 

Hence, since By >0*05, the first place in the value of y will be 
unreliable, so that the result will only be true to the nearest unit. 


Ex. 7. The horizontal ^pressure p at any depth h in a granular 
material with a horizontal upper face is given by the formula 
p{l +sin 6)-=wh{\ - sin 6), 

where w is the weight per unit volume of material and 6 is the natural 
angle of slope. Shew that for small errors bw^ bO in the measured 
values of w and 6, the resultant ofrror bp in p is 
* p{bwlw -2 sec 0 . bd). 
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//* t<;=»114 to the nearest unit, A = 6, and ^=0*5236 radian, 
this value heir^ correct to four figures, shew that the limiting 'per- 
centage error in the calculated value of p is 0*43 approximately. 

It is evident that 


p-¥'dp^h(w-^'dw){\ -am(6 +dd)}l{l +sin (S-^-'dd)} 
and p=^hw{l - sin 0)1(1 +sin 0), 


from which 'dp may be obtained, and the result simplified by 
using Taylor’s theorem, as in Ex. 6. 

It is, however, much shorter and simpler to difierentiate 
logarithmically, thus 

\ogp=\ogh+\ogw+\og (1 - sin - log (1 +sin 6 ) ; 

. '^_dw cos d . dO cos 8 . d8 
p w 1 - sin 6^ l+sinO 


-2sec^.3(?; 

w 


0p=p(9w/w~2sec0.96^). 

0*6236 radian = 30®, and sin 30® = 0*5. 

/. With the given values, p = (114 x 6 x 0*5)/l *5=228. 
Now the limit of the error in w;=0*5 ; 

^0-004386, 

w 114 


and the limit of the error in ^=0*00005 ; 

/. 2 sec 9 . d6> = (4 X O OOOObl/VS =0*000116 ; 

/. 0p/p= 0*004270. 

/. Percentage error = 100 . dpjp = 0*427 = 0*43 approximately. 


Exercises 9. 

1. Experiments on the specific heat K„ of a gas at constant volume 
produced the following results, T being the absolute temperature : 


K, 

01377 

01384 

0-1392 

0-1400 

0-1408 

0-1418 

0-1427 

0-1444 

T 

273 

288 

305 

321 

336 

355 

373 

408 


Shew that and T are connected approximately by a linear law, 
and determine this law. • 
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2. At the following draughts in sea water, a particular vessel has 
the following displacements : 


Draught, ^ ft. - 

15 

12 

9 

6-3 

Displacement, T tons 

2098 

1512 

1018 

586 


Plot log T and log h on squared paper, and determine a simple law 
connecting T and h. 

If one ton of sea water measures 35 cu. ft., find the law connecting 
h and the displacement V cu. ft. 

3. In some experiments in towing a canal boat, the following 
observations were made, P being the pull in pounds and v the speed 
of the boat in miles per hour : 


V 

1-68 

2*43 

318 

3-60 

403 

P 

76 

160 

240 

320 

370 


Plot log V and log P on squared paper, and derive the approximate 
formula connecting P and v, 

4. The following table gives corresponding values of two quantities 
X and y, which should be connected by the approximate law x”y~c. 
Investigate if this is so, and if found true, determine the values of the 
constants n and c : 


X 

37-36 

31-34 

26-43 

19-08 

16-33 

14-04 

y 1 

10-16 

12-26 

14-70 

20-80 ' 

24-54 

28-83 


5. The following tests were made upon a condensing steam turbine 
electric generator. There are probably errors of observation as the 
measurement of steam is troublesome : 


Output in kilowatts, K 

1190 

995 

745 

498 

247 

0 

Weight W lb. of steam con- 
sumed per hour 

23120 

20040 

__ 

16630 

12560 

8320 

4065 


Find a simple approximate law connecting K and W. 
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6 . The following data were obtained from a test of an experimental 
dam acting as a weir. The length L of the dam is 3 feet : 


Quantity Q in cubic feet 
per second 

1 

2-34 

4-23 

6-38 

912 

1404 

Head H in inches 

4*80 

7-21 

9-61 

1212 

16-20 


Shew that the formula connecting Q and AT is of the form Q = CLH'^, 
and determine the constants C and n, (L.U.) 

7. It is thought that the following observed values of x and y follow 
the law y=Ae!‘^. Test if this is so, and if found approximately true, 
find the values of A and h : 


X 

1-0 

1-5 

2-0 

2-5 

30 

3-5 

4-0 

4-5 

y 

13-28 

1504 

17-53 

19-80 

2311 

26-00 

30-50 

34-40 


8. The following quantities measured in a laboratory are thought to 
follow' the law y = Verify this, and determine the constants a and h : 


X 1 

0-1 

0-2 1 

0-4 1 

0-6 

1-0 

-5 

2-0 

y 1 

350 

1 316 

I 120 

1 6-3 ^ 

1 12-86 

2-57 

0-425 


9. A small needle suspended in a magnetic field of strength H 
makes n vibrations per minute, and it is supposed that 

H -an^ +b. 

Shew that this law is approximately tnie from the following observed 
values, and determine the constants a and b : 


U 

0 

0-0353 

0-0738 

0-1156 

0-1605 

0-2085 

0-2596 

n 

32 

35 

38 

41 

44 j 

47 

50 


10. In a platinum resistance thermometer the resistance i? at a 
temperature f C. is given in the following table of experimental 
observations : 


R 

2-297 

2-572 

2-822 

3-110 

3-374 

3-635 

1 3-883 

4-147 

t 1 

-75 

-50 

-25 

0 

25 

50 

75 

100 


Find the complete relationship between R and t in the form 
• R=a+bt+cfi. 
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11. Tbe following values of Q and i were observed during an experi- 
ment, and theoiy suggested that there might be a law 

Q=:al^+b.m 

Test this, and if found approximately true, find the values of a and b. 


Q 


4*616 


7*959 


13*50 

17*30 

21*96 

t 

0*1 

0*2 

0*3 

0*4 

0*6 

0*6 

0*7 

0*8 


12. If a, &, c are numbers which may be slightly inaccurate by 

percentage amounts not exceeding dba, ±J3 and ±y respectively, 
shew that, in computing the answer is liable to a percentage 

error confined within the limits ±{la +m/3 -ny). 

The diameter d and depth ^ of a cylindrical bin measure 22*2 in. and 
28*6 in. Find how many lb. of grain the bin will hold when just full, 
the specific volume s of the grain being estimated at 7*2 cu. in. to the lb. 

If the accuracy of d, h, s is true only within the limits ±0*1 in., 
±0*2 in. and ±0*02 in. respectively, find the actual and the percentage 
error in the above result. 

13. The gunners* rule is that one halfpenny subtends an angle of 
one minute at a distance of one hundred yards. Taking the diameter 
of a halfpenny as one inch, find the percentage error in this rule. 

14. The formula 

^ =1-056 log, ^ +9 X -603<) +0-0902 

is replaced by (f> =log« as an approximation. Find the percentage 
error in doing this when t = 0 +273 and $ =63. 

15. If A; =8*392 X 65*26+- 7*628, each number being correct to the 
number of figures given, find how many figures in the value of k are 
reliable. 

16. The area of a triangle is calculated from the angles A and C and 
the side 6. If a small error dA be made in measuring A, shew that the 
percentage error in the area is approximately 

1003A . sin C7/{sin A . sin (A +C)}. 

What is the percentage error if, in addition, there are errors Ah 
and AG in the other parts ? (L.U.) 

17. In a triangle ABC the sides h, c and the angle A are measured. 
If small errors e and are made in measuring the sides and angle 
respectively, shew that the error in the calculated value of a is 

(cos B + cos 0)e + sin G, 

K 6=c=4 in., A=7r/3, c=0*l iii., <^=0*01 radian, find the error in a 
and verify by trigonometrical calculations. (S.U.1 
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18. Two sides of a triangle are measured and found to be 32>5 in. and 
24*2 in., the included angle being 57® ; find the area of the triangle. If 
the true lengths of the sides are really 32*6 in. and 24-1 in., what is the 
percentage error in the area ? 

19. The perpendicular distance a; of a point P from a fixed base line 
AB is estimated from the measurements of AB=a, the angle FAB -a 
and the angle PBA =/?. Prove that 

X sin (a + fi) -a sin a sin 

Explain how to find the percentage error in x due to small errors in 
the measurements of a, a and jS, and verify that when a = jC?=45°, the 
percentage error in x, due to an error of + 1 ' in each of the measure- 
ments a and /?, is 0*06 nearly. (L.U.) 

♦20. The efficiency rj of the teeth of a pair of screw wheels is given by 
the formula 

_cos ( 6/2 +<^) • cos dx 
^ ~~cos {fix . cos 62 * 

where Ox, 62 are the screw angles and (jy is the angle of friction. Shew 
that, for a small error of defy in (fy, the corresponding error in r; is given by 

dr) - - sin {Ox + O2) sec^ - </>) • cos Ox • sec O2 • ^0. 

Hence calculate the percentage error in 7 ) when Ox =34*8®, O 2 =56*2®, 
and coefficient of friction /a =0*084, correct to three places. 

♦21. The rate of flow Q of water per second over a sharp-edged notch 
of length I, the height of the surface of nearly still water above the sill 
being h, is given by the formula 

Q=c{l-lh)hK 

Shew that for a small error 'dh in the measurement of h, the error dQ 
i(9l-h)hi .dh. 

Sometimes an approximate formula, Q -cllfi, is used to find Q ; shew 
that for any given values of Z and h, the percentage error in using this 
formula is 
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TWO-DIMENSIONAL GEOMETRY 

66. Coordinates. If OX, OY he two mutually perpendicular 
axes, the position of any point P in their plane may be defined 
by its distances from OX, OY respectively. These distances are 
called the Cartesian Coordinates of P, and are denoted by (x, y). 

If, however, only one axis of reference, OX, be used, P may be 
defined by the distance OP and the angle XOP» These are called 
the Polar Coordinates of P, and are denoted by (r, 6), 

It is obvious that the relations between the two sets of co- 
ordinates are 

x=:rco8 0, y=rsin0, taiiO = y/x (62) 

Ex, 1. Find an expression for the area of a triangle in terms of 

the coordinates of its vertices. 

The points have 

coordinates (2, 1), (5, 2), (6, 6), 
and (9, 0). Find the areas of 
the quadrilaterals P1P2P3P4P1 
and P1P2P4P3P1. IfPiPz and 
P2P4 intersect in P, sh$u) the 
connection between the area of 
P1P2P4P3P1 and those ofP,P,P 
and PP^Pq. (L.U.) 

(i) Let A, (a, u), B, (h, v), 
Fio. 12. Area of a triangle. C, (c, w), be the vertices of the 

triangle, with their respective 
coordinates ; then from Fig. 12 QACR is a trapezium. 

Area of QACR == | . QR . (QA + RC) = |(c - a){u 

196 
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Similarly, the area of RGBS=^\{h-c)(v and the area of 
QABS^\(h-a){u + v), 

/. Area of a -4RC=area + area RGBS - area QABS 

^l{c-a){u+w) +\Q)-c)(v-\-w) 

— - 1^) + h{w - w) + c(u - v) } 

=i a b c (68) 

U V w 
111 



Fig. 13. Area of a quadrilateral. 

(ii) The points Pj, P 2 , P 3 , P 4 are shewn in Fig. 13 ; then by 
joining them as shewn : 

Area of aPiP 2 P 4 = J 2 9 5 =5. 

1 0 2 
1 1 1 

Area of aP 2 P 8 P 4=1 5 9 6 =9. 

2 0 6 
1 1 1 

Area of APiPjPa^i 2 5 6 =5*5. 

1 2 6 
1 1 1 

/. Area of PiP 2 P 3 P 4 ^i = aPiP 2 P 4 +aP 2 P 3 P 4 = 5+9 = 14, 
and area of a P^PJPz + A P^P^Pi = 55+9 = 14-5. ‘ 
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Produce P4P2 to intersect P1P3 in P, then 

area of P1P2P4P3P1 = A + A PPoPg + A P2P3P4 

= APiPaP+APP4P8. 


67. The Straight Line. Every equation of the first degree in 
X and y represents a straight line ; for let (.^ 1 , 2 / 1 ), (x^, 2 / 3 ) 

be three arbitrary points on the locus ax + by +c*=0, then 

+ 62 / 1 + 0 = 0 , 
ax2 + by2+c=^0y 
ax^-hby^-i-e — O. 


Eliminating a, &, c from these equations, 


X2 

Xq 


Vi 

2/2 



But by (63), 

Vi 1 

= 

X2 Xq 


Xi 1 


?/i y% 2/3 


^3 Vi 1 


1 1 1 


= twice the area of the 
triangle whose vertices 
are the three given 
points. 


Hence, since this area is zero, the three points must be collinear ; 
that is, the equation ax^-by -\-c=0 represents a straight line. 


Ex. 2. (i) Shew that the equation of the line joining the 'points 

(^ 1 , yi)» ^ whether the 

axes are rectangular or obliq'ue. 

(ii) ABC By A' BG'D' are two parallelograms having a common 
angle at B; prove that BD\ AC' and A'C are concurrent. (L.U.) 

(i) Let aa?4*6y+c = 0 be the equation of the straight line 
passing through the given points, and let (x, y) be any other 
point on the straight line, then the area of the triangle whose 
vertices are (jc, y), y^, (ajg, y^ is zero, 


Vi 1 

*2 Vo 1 

- ^2) - yi^i - *2) + * 1^2 - * 2 ^ 1 =0. 


or 
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If the axes were inclined at any angle o>, then the distances 
(a?, y) of any point would be measured in directions parallel to the 
axes. Thus in Fig. 14, if OX, OY are the oblique axes, and 
P any point, OL = MP = x, and LP = OM = y. Let 0 Y' be drawn 
perpendicular to OX, and let ON=x\ OK==y\ then 

X* =^OL-\-LN = x+y <a and ^' = OiiL sin w. 



Hence the straight line ax' 4*hy' +c=0 through P referred to the 
rectangular axes becomes aa; + (a cos (o +6 sin a>)?/+c==0 referred 
to the oJ)lique axes. 

Since a cos w + 6 sin <u is constant, it may be written B, so that 
the equation becomes aa; + Ry+c = 0. 

If, therefore, (x^, y^, (iCg, y^ are points on this line, 

ax ^-By +c=0, 
axi-\-By^-\-c — 0, 
ax^ "t" By^ *0. 


Eliminating the constants a, B, c, 


X y I 

^ Vi ^ 
X, y, I 


= 0 . 


or s:(yi - y^) - y(xi - x^) + x^y^ - =0, 

as before. 

Hence the equation is independent of the angle at which the 
axes are inclined, provided the proper interpretation be given to 
the coordinates. . * 
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(ii) Take Z>C, DA as the axes of x and y respectively, and let 
the coordinates of the vertices be 


^(0,Vi), iBK, Vj), 0(«i,0), i)(0,0), 

A' (wj, Vi), 0 ' (wi, t’2), U (wg, ^^2) ; 

then the straight line through D, D' is 
the line through A, C' ia 

a;(Vi-V2)+Wiy-WiVi=0, 

and the line through A', C is 

“ y (^2 ~~ %) ~ ^1^1 = 

If these straight lines are concurrent the above equations must 
have a common root, i.e. they must be consistent. The condition 
for this is, by (10), 


= 0. 


V1-V2 Ui -Ui 

Vi U1-U2 - Ui 


Subtracting the first row from the third, the determinant 


becomes 


V2 

V1-V2 

V1-V2 


-U9. 


0 




which is zero, since two rows 
are identical. 


/. the lines are concurrent at the point whose coordinates are 
the common solution of the above equations. 


68. Forms of the Linear Equation. From § 67, it is evident that 
the general equation of a straight line may be written in the form 


ax + by + c = 0 (64a) 

This equation may, however, assume several useful forms ; thus, 
dividing throughout by 6 and writing m for - a/&, and n for - c/2), 
it becomes 

y=inx + n, (84b) 


which is known as the tangent form, since m is the gradient, i,e. the 
tangent of the angle of slope, Sf and n is the intercept cut oS. on 
the ^-axis. 
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Again, dividing the general equation throughout by -c, and 
writing a for - cja and p for ~ c/b, it becomes 


^l=l. 


P=i, (64c) 

which is known as the intercept form, since a, /S are the intercepts 
cut off by the line on the x- and 
y-Skxes respectively (Fig. 15). 

Further, from (64a) and (64c), 
the intercepts cut off on the x- 
and y-axes respectively are ~c/a 
and - c/6. Now if p be the length 
of the perpendicular from the 
origin to the line, and ^ the angle 
it makes with the aj-axis, then 
p = - c/6 . sin ^ = - c/a . cos 
or a = - c cos ^/p 

and 6 == - c sin ^/p. 

Substituting these values in 
(64a), and multi] 'lying out by p, 
the equation becomes 



Fig. 15. The straisht line. 


xcos ^ + y sin ^=p. 


.(64d) 


This is known as the perpendicular form. 

Finally, changing x, y into polar coordinates (r, 6), by (62), the 
perpendicular form is transformed into 

rcos(^-^)=p, (64e) 

which is the polar equation of a straight line. (See Fig. 15.) 


Ex, 3. Find the angles between the straight lines ax-f6y4-c=0 
and px^-qy ■¥s=^0. Deduce the cxtnditions which must be fulfilled 
for the lines to be (i) parallel and (ii) perpendicular. 

Calculate the length of the perpendiadar from the point (6, i) to 
the line ax+by +c=0 ; hence find the distance between the lines 

6a: + 1 *751/ +2*5=0 and 4*8a; + l*4y + 11 *=0. 

(«) Writing each of the equation^ in the form 
y = Wia;+ni, y^m^-\-n2. 
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where -a/ft, -vh^ ^i= -c/i, and -sjq, it is clear 
that since wig are the respective gradients, if 62 are the 
corresponding slopes of the lines, 

mi=tan 6 >i and m2 = tan ^2* 

Let 0 be the acute angle between the given lines, then, from 

e=e,-e,; 



tan 0 = tan (^2 " ^1) = ^2 " ^^.n ^i)/(l + tan 0 ^ . tan 

== (m2 - mi)/(l + mim2) = (aq - bp)l(bq + ap ) ; 

6 = principal value of tan-^ 

Voq + ap/ 

Since the sum of the angles of intersection on one side of either 
line is 180 °, the larger angle between the given lines is 180 ° - 0, 

When ^= 0 , the lines are either coincident or parallel. But 
0-0 when tan”^{(a5-6p)/(6g+ap)}=0, i,e. when aq^bp^ or 
afb^plq, so that mi = m2. 

If, in addition, ni=n2, the two equations are identical, and the 
lines thus coincident. Hence, as long as ^2, i.e. cjb and sjq^ 
are unequal, the lines will be parallel when 

a/b = p/q. 

Similarly, the lines are perpendicular when 0 = 90 °, i.e. when 
^ tan"’^{(ag' ~ bp)l(bq +ap)}=oo . 



§68] DISTANCE OF A POINT FROM A LINE^ 203 

This will be the case when 5g+ay=0, provided aq-bp is 
neither zero nor infinite. 

Hence the lines are mutually perpendicular when 
a/b= -q/p. 

From this analysis it follows that two straight lines 


y=miX + ni, y=miX+nj 

are parallel when 

nil = m2 Bi, 02 are unequal, (65b) 

and are mutually perpendicular when 

mim 2 = “1 (66c) 


(&) Let oa;' be the line through the point {h,k) 
parallel to ax-hby +c=0. Turning each of these equations into 
the perpendicular form (64(Z), 

p =x cos -hy sin 
p' = x^ cos ^+ 1 / sin 

Now the actual distance between these lines is obviously equal 
to the difference in the lengths of the perpendiculars p, p ' ; hence, 

d=^p-p* -{x-x*) cos + (y - .?/) sin ^ 

==(x-h) cos ^ + ) sin 

since the line p'=a:' cos sin ^ passes through the point 

(A, k). 

But from § 68, a = - c cos if/jp' and b= - c sin ; 

/. = (?j{a^ + b ^) , cos and sin ^ - bl^a^+b^- 

Substituting these values in the above value of d, 
d={{h- x)a 4- (A; - y)h}l\/a^ + 

= (ha + hk + c)/\/a* + b*, since aa? + 6^+c=0. 

It should be observed that the numerator is the left-hand 
expression of ax-^-hy = in which x and y are replaced by 
h and k ; hence the perpendicular distance of the point (h, k) from 
the line ax+by + c = Ois given by 

(M, 

>/a*+b* 

Multipl3dng the first of the given equations by 4 and the second 
by 6, these become 24a:+7y + 10=0, 

24a; +7y +55=0, „ 
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from which it is obvious that the lines are parallel. Now the 
distance between them will be equal to the difference in the 
lengths of the perpendiculars to them from the origin. 

Length of perpendicular from (0, 0) to 24x +7y + 10 =0 is, by (66), 

10/n/242 +72 = 10/25=0*4. 

Length of perpendicular from (0, 0) to 24aj + 7^+55=0 is 
55/25 = 2*2. 

Distance between the lines = 2*2 -0*4 = 1*8 units. 

69. Two Straight lines. Let fex+%+I=0, px+gj/+s=0 be 
two straight lines, then the equation 

(hx +lcy-{-l) {px +qy-\-s)=^0 

or pha^ + (hq + kp)xy + kqy^ + {Ip + hs)x + (Jg + ks)y + k =0 

will represent both these straight lines. This quadratic is a 
particular form of the general eqiiation 

ax® +2Axy +52/2 +2gx-¥2fy +c=0, 

which will be denoted by F{Xf y) =0 for brevity. 

It is evident, therefore, that F(x, y) =0 will only represent two 
straight lines when the function F{x, y) is resolvable into real 
rational factors. The next example shews the condition that 
must be satisfied to render this possible. 

Ex. 4. Find the condition that 

aa?+2Axt/ + 6i/2 + 25 rx + 2/y + c = 0 
may represent two straight lines. 

What additional condition is required in order that the lines may 
he parallel ? 

Find the distance between the pair of lines represented by 
x*+273 . xy +3^-3x-3^3y-4=0. 

(L.U., Sc.) 

Arrange the given equation as a quadratic in y, 

6i/2 + 2{hx +f)y + (ax® + 2gx + c) = 0 ; 
hence, by solving, 

% hy^-{hx +/) ±>/ {hx +/)* - ^(qp:;® + 2^x + c). 
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Now, if the given equation represents two straight lines, F{x, y) 
must be resolvable into two rational factors, so that the expres- 
sion under the square root sign, i,e, 

(hx +/)^ - b (aofi + 2gx + c) 
or - ah)7? + 2(hf- hg)x +/* - be, 

must be a perfect square. The condition for this is 
{hf-bgr = {P-bc}(h^-ab) 
or abc + 2fgh bg^ - ch^ - 0. 

This left-hand expression is called the discriminant of the 
equation F(x, y)=0, and is generally denoted by the symbol A. 
It may be expressed in a convenient determinant form given 
below. 

Hence the general eauation F(x,y)=0 will represent two straight 
lines when the discriminant vanishes, t.e, 

a h g =abc + 2!gh”af*-bg*-ch*=0 (67a) 

h b f 

g f c 

To deduce the conditions that must be satisfied in addition, 

when the lines are parallel, divide F(x, y)=0 throughout by b, 
which is assumed to be greater than zero, and write H, A, G, F, C 
for A/6, a/6, gjb, fjb, c/b respectively ; then if the resulting equation 
represents two straight lines, these will be of the form y = mx-¥n^, 
y=^mx + n 2 t since they are also to be parallel ; hence the identity 

y^ +2Hxy +ilx* -{■2Gx+2Fy + C^{y-mX’- nj)(y - mx - 
= y* - 27nxy + + (w^ + Wg) wo; - + n^y + 

Hence, on comparing corresponding coefiicients, 

nfi — A, (ni+n2)m = 2ff, nin2=C. 

Eliminating m, from the first four of these relations, 
m^A and FH^G, 
i.e. =a6 and fh=^gb. 

If A=x0, the lines will be parallel when 


a__h_g 

h'bTt 


(67b) 


The given equation satisfies both conditions (67a) and (OT6). 
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To resolve the function F(Xt y) into factors, it should be observed 
that when the lines are parallel, the three terms of the second 
degree must be a perfect square. 

Now + 2JSxy + 3^ = (a: + 

/. Let a?‘{‘2J3xy+Sy^-3x-3JSy-4: 

s(a; + 3Jy + a)(aj + JSy + p) 

==a^-^2^Sxy-i-3y^-^(a+p){x-\-J3y) +a/? ; 

/. a+^=-3, a/3=~4, giving a = l, ^=-4; 

/. the lines are x + y/3y + 1=0, x-\- J3y -4=0. 

To find their distance apart, take a convenient point on one of 
the lines, e.g. (4, 0) on the latter, then the perpendicular distance 
from this point to the other line is, by (66), 

(4 + l)/Jl + 3 = 2*5 units. 

70. Conic Sections. Let AB, CD, Fig. 17, be two straight lines 

intersec • ing each other at an angle 
Take any two points A, B on 
opposite sides of 0, the point of 
intersection, and draw AG, BD per- 
pendicular to CD, Now suppose 
the figure makes a complete revolu- 
tion about CD, then the solid 
generated is a double right circular 
cone, which is called a complete cone, 
of which AA'B'B is the elevation, 
CD ib the azis» and AB b, generating 
line. 

If this cone be cut by any 

A plane, the curve of intersection is 

^ called a conic. It will be shewn 

later (§ 102) that when the cutting 
Fio. 17. Sections of a right circular . 

conic. plane is 

(i) parallel to a generating line, the curve is a parabola ; 

(ii) inclined to the axis at an angle greater than and cuts 
bolh generating lines OA, OA' on the same side of the vertex 0, 
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the curve is an ellipse, of which the circle is a particular case when 
the plane is perpendicular to CD ; 

(iii) parallel to the axis and cuts both parts of the complete 
cone, the curve is a hyperbola. 

It should be observed that when the cutting plane parallel to 
a generator becomes tangential to the curved surface of the cone, 
the section becomes a pair of coincident straight lines ; similarly, 
when the plane parallel to the axis passes through the axis, the 
section is a pair of intersecting straight lines. 

71. Definition of a Conic as a Locus. It is generally more con- 
venient to define a conic as the locus of a point which moves so 
that the ratio of its distances from a fixed point and a fixed straight 
line is constant. The fixed point is called the focus, the fixed 
straight line, the directrix, and the constant ratio, the eccentricity 
of the curve, which is denoted by e. 

For a parabola, e = l ; for an ellipse, c<l ; for a circle, e=0, 
and for a hyperbola, e> 1. 

Ex, 6. FinA the general polar equation of a conic referred to the 
focus as pole and any line through the focus as the axis. Shew, by 
transferring to Cartesian coordinates, that the general equation 
F(x, y)=0 represents also a conic, and discuss briefly the reduction 
of this equation, and the conditions to be satisfied that it may represent 
the respective curves. 

Let 0 (Fig. 18) be the focus, UK the directrix, and OX* any 



arbitrary axis through 0, making an angle with the perpen- 
dicular to UK through 0, * 
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Suppose P be any point on the locus, whose polar coordinates 
are (r, 0) then OP MOP = 0, and by definition, 

OPIPH^e, 

or r=e .PH^e. NK^e . {KO + ON) 

=e . KO+er cos {6- <i>). 

Now let the value of r be Z, when 6^ - then 
l^e.KO, 

so that r==Z+er cos 

or l/r = l-ccos{0-4») (68) 

which is the general polar equation of a conic. 

It may be here remarked that very often the polar equation is 
given as Z/r = l +ccos (^-<^). This is due to the fact that 6 is 
taken as the supplement to lPOX\ so that it is measured by 
a negative rotation of OP. It is, however, more consistent to 
retain the positive rotational measurement of 0, and especially so 
when transformations to Cartesian coordinates have to be made. 

Take OX' as the a-axis and OF', the perpendicular to it at 0, as 
the ^-axis ; then if (a?, y) are the Cartesian coordinates of P, from 
(^2), x = rcosdy y—r sin Of 7 ^ = 7 ^ +y^. 

Substituting in (68), and writing p, q for cos sin respec- 
tively, which are constant, 

llr-=l-e{pxlr+qylr} ; 
l^r-eipx-i^qy), 

or r — l-^e{px+qy), 

/. By squaring, 

a;* + = P + 2el{px + qy) + ^{px + gy)®, 

or a?(l - e^p^) - 2e^pqxy +2/*(l ~ - 2elpx - 2elqy - P =0, 

which may be written, 

ax* + 2hxy + hy^ + 2gx +2/y+c=0, 

<.6. P(x,t/)=0. 

The same form of equation would be obtained if P were referred 
to any other axes parallel respectively to OX', OY'. 

Hence the general equation .of the second degree, P(a?, y)«0, 
also represents a conic* , 
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To £nd the simplest forms of the equations for the respective 
curves, let the rectangular axes be turned through an angle <f> in 
the negative direction, so that OX' is coincident with ON and OY' 
is parallel to the directrix KH ; then, in (68) , <l> becomes zero, so 
that p — 1 and ^=0 ; the above equation thus becomes 

x*(l - e*) - 2elx - ==o. 

Hence, for a parabola, 6 = 1, and 


1 / 2 12 ^ 0 , 


or 


y^^l(2x + l). 


If the curve cuts the axis of x in then AO=^e . AK^ i.e. 
AO=AK for 6 = 1. 

When 2/»0, a;= from the above equation, so that OK^L 
Hence, changing the origin from O to .4, the equation becomes 

y* = 21x. (69a) 

where Z= distance of focus from directrix. 

This is the simplest form of the equation to a parabola. 

For an ellipse, 6<1, so that l-e2 is positive. Writing a for 
this coefficient, 2elx- P =0, 

^. 6 . +^) — ^ = I 


Change the origin to a point 0 on the aj-axis, where OC—elJa, 


and write 




then the equation becomes 


-+^=1 


.(69b) 


which is the simplest form of the equation to an ellipse. 

This equation may be written, on solving for t/, in the form 

y= 


by which it is obvious that for every value of x there are two 
values of y, equal in magnitude but opposite in sign ; hence the 
curve is symmetrical about the x-axis. Also the maximum value 
of a; is a and the minimum value is - a, and in each case the value 
of y is zero ; hence the segment cut off on the aj-axis by the curve 
has a total length of 2a and is called the major axis. * 

b.m. h2 
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Similarly, by writing the equation in the form 
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it is clear that the curve is symmetrical about the t/^axis, and the 
maximum and minimum values of y are respectively, x being 
zero in each case, so that the segment cut off on the y-axis has a 
length 2)0, which is called the minor axis. The origin is therefore 
symmetrically situated within the curve, and is called the centre 
of the conic. 

Further, a^ = P/a^ and /3^ = Pla, 

By division, fi^lci?=a = 1 - ; 

(690) 

This gives the eccentricity in terms of the semi-axes. 

Turning now to the hyperbola, e> 1, so that l-e* becomes 
negative ; writing a = e2 - 1, which is positive, the equation 

x\\ -c*) ■\-y^-2elx-l^=0 
becomes ax^ - + 2elx + P = 0, 

or a{x + el/a)^ (e* - a^)la = P/a ; 

hence, changing the origin to the point (-elja^ 0), the equation 
takes the form 



where aa^ = /^^ = P/a. 

This is the simplest form of the equation of a hyperbola. 
By writing this equation in the form 

y= 

' a 


it is obvious, as in the case of the ellipse, that the curve is sym- 
metrical about the axis of x. For any value of x between ±a, 
X® - is negative, and the corresponding value of y is imaginary ; 
hence no part of the curve lies between these values of x, and the 
axis whose length is 2a lies outside the curve. 


Again, writing the equation x= ±^>Jy^ + it is seen that 

the curve is symmetrical about the t/-axis, and that there are 
no limits to the value of y ; hence, the curve consists of two 
branches each infinite in extent, with the origin equidistant from 
tfie two vertices. This point is thus symmetrically situated with 
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respect, to the two branches of the curve, and is therefore called 
the centre. 

Proceeding as in the case of the ellipse, 
aO? 

from which e* = 1 + p*/** 

thus giving the eccentricity of the curve. 

The general reduction of the general equation F(cc, y)=0 may 
be effected as follows. 

Let (x\ y') be the coordinates of P (Fig. 18) referred to 00, 
and the perpendicular to it through 0, as x and y axes respec- 
tively; then 

x' ^ON = r coa (6- <l>)=r cos d . cos <l>+r ain 0 , am <f> 

= a; cos sin <#>, by (62). 
Similarly, y' = NP = r ain (S -<f>) = y cos <f>-xam </>. 

Solving these equations for x, y, the relations between the two 
sets of coordinates, when the axes are turned through an angle <^, 

X = x' cos + - y' sin <|>, y = x' sin <|> + y' cos + (70) 

Now, from the above analysis, it is evident that a value of 
may be found which will make the coeflBcient of xy vanish ; thus 
substituting the above expressions for x in F{x, y)=0, the 
coefficient of xy is 

2(6 - a) sin </> cos -f- 26(cos^<^ - sin*<^), 
or (6 - a) sin 2<^ + 2h cos 2c#>, 

and this will vanish if 

2h 

tan 2</) == 2h/{a -6), or </> = J tan“^ ^*6 ’ 


Hence, <f} may be determined, and F{x, y) =0 may now be written 

a^x^ + 6i2/2 + 2giX + 2/i?/ + Cj = 0, 

and, changing the origin to the point ( - gjaiy -/i/6i), and writing 
k for g^/a^ equation reduces to 

-{■biy^ = k. 

If A;=0, the equation will represent two straight lines ; if fc is 
not zero, then j _ 


and the equation will represent, an ellipse if kfa^, k/bi are both 
positive, and a hyperbola if k/bi is negative. , 



212 HIGHER MATHEMATICS [oh. * 


Finally, if is zero, the former equation may be written 

V h) ~ 6 A 2gJ’ 

which, on changing the origin to the point (-rt 
assuming is nob zero, becomes \ i lyi 9i^ 

= 2hXy 

where h— This, therefore, is a parabola. 


Ex. 6 . Find the curve represented by the equation 
57a^ - 48a^ + 43?/^ - 18aj - 124i/ + 58 = 0. 

In the practical reduction of a given equation with numerical 
coefficients, it is better to remove first the terms in x and y by 
changing the origin, and then turn the axes through a certain 
angle to remove the term in xy. 

Thus in the given equation, take (^, q) as a new origin, then 

b7{x+^)^ - 4S(x + ^)(y + rj) +43(t/ +>,)* - 18(x +£) 

- 124(^ + ty) + 58 == 0, 

le. - iSxy + 432/2 +(114^ ~ 48iy - 18)a; + (86iy - 48f - 124)2/ 

+ 57^2 « 48^^ + 43y,2 ~ 18^ - 14i; + 58 = 0. 

Now choose ry so that 

114$-48ry-18=0, and 86ry - 48^ - 124-0. 

The solution of these equations gives 

Substituting these values in the above equation, 

57a:2 __ ^^y + 432/* = 75. 

Now replace x and y by the relations given in (70), 

57(x cos - 2 / sin <f>)^ - 48(x cos <f>-y sin <f>)(x sin + 2 / cos </>) 

+ 43(x sin <l> -f y cos*<^)2-=75. 
When the coefficient of xy is zero, 

- 28 cos <l > . sin <^*=48(cos2<^ ~ sin2<^), 
or - 14 sin 2</» = 48 cos 2</> ; 

tan2<^---y^, 

so that cos 2 ^ and sin 2<^ — ; 

cos^<f> - \{l + cos 2<^) = sin2</> = and sin ^ cos ^ 
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Substituting these values in the above equation, it becomes 

+ 75 ^ 2 ^ 75 , 

or xV3 + y* = l. 

which is an ellipse whose semi-axes are ^3 and 1. 

72. The Parabola. It has already been shewn that the simplest 
form of the equation to a parabola is y^ — 2lx, where I is the 
distance of the focus from the directrix. Since, however, e = 1 for 
this conic, the vertex of the curve bisects the distance between 
the focus and directrix, it is usually more convenient to denote 
this length by 2o. Then, as the vertex is the origin, the distance 
between the origin and the focus is a, so that Z = 2a, and the 
equation becomes y^==4ax. This is the standard form of the 
equation, and is usually sufficient for most practical problems. 

It should be observed that when x~a, 

giving t/=±2a=db^, 

SO that 21 is the length of the double ordinate through the focus. 
This focal chord is called the latus rectum, so that I denotes the 
length of the semi-latus rectum. 

Ex, 7. OABCD.,, is a polygon with its vertices on a series of 
equidistant vertical lines ; if, when lines are drawn through 0 
parallel toAB, BC, CD , ... 
to meet the vertical through 
A in J5ji, Cj, Z?i, ... , 

pr<yoe that the vertices of 
the polygon lie on a para- 
bola (L.U.) 

The polygon is shewn 
in Fig. 19. Suppose the 
rth side is horizontal, and 
let Gi, Og, a^, ... be the 
inclinations of the sides 
OA, AB, BC, ... to the 
horizontal ; then, since the 
horizontal projections of 
the sides are equal, 

OA cos Gi cos 02 =» BC cos = . . . = DP^. 
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Let DPj,=ay and each of the equal segments, ABi, ... =*=,6. 
Take Oj, the mid-point of DP^ as origin, and BP^ produced as 
the axis of x ; then the coordinates of are (Ja, 0) ; the coordi- 
nates of are (fa, h ) ; the coordinates of Pr^l are 

(fa, 6 +26) = (fa, 36). 

Hence, if (», y) are the coordinates of the nth vertex after P^, 
X = f a + wa = \{2n + l)a 

and y = (l +2+3 + ... +n)6 = |n(n + l)6. 

Eliminating n from these equations. 


, 2a* / b\ 

x> = .-(y + 3) 


which represents a parabola whose axis is the ^-axis, and whose 
vertex lies at a distance 6/8 below Oy . 

Suppose the number of sides of the polygon be increased 
indefinitely, so that it becomes a continuous curve. Then since 
the horizontal projections of the sides are equal, this curve will 
represent the form assumed by a chain suspended from two- 
points when its weight is uniformly distributed horizontally. 

That the curve is still a parabola may be proved independently, 
as follows. 

Take any position of the chain KP^^^y beginning with the 
lowest point K, which may conveniently be chosen as a new. 
origin. Let t«>= weight of chain per unit horizontal length, 
To = the tension at K, and P= tension along the tangent at P^. 2 * 

Suppose the slope at ^r+2 be d, and the coordinates of this 
point be (x, y), then resolving horizontally and vertically, 

Tcos6==Tq and Tsmd=^wx. 


/. By division, 

or replacing tan ^ by ^ 

which on integration gives 


.dy 


tan S^wxITq, 
dy _ lox 


w 

2 /=^^.®*, or x*=ky, where k = 2TJw, 

The constant of integration is zero, since at K, x=0 and y=0. 
Hence the curve is a parabola. 

This represents approximately the case of a suspension bridge 
with, a uniformly loaded horizontal roadway, the weight of the 
suspending chains being neglected. 
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Ex. 8. A 'particle is projected on a horizontal plane with velocity 
F, and its direction makes an angle 6 wUh the horizontal ; shew 
that, when svihject only to the acceleration of gravity, its path is a 
parabola, and find (i) its greatest elevation, (ii) its time of flight, and 
(iii) its horizontal range. 

Deduce the value of 6 which will give maximum range. 

Prove also that the velocity acquired by the particle at any point 
in its path is equal in magnitude to that which it would acquire 
in falling to that point from the directrix. 

Let P (Fig. 20) be any point on the path after t seconds from 
the time of projection. Take O as origin, then ON =x and 



ON B S X 

Fig. 20. Path of a projectile. 


NP=y, Let u, v, be the horizontal and vertical components of 
the initial velocity F, then u=V cos 0 and v = F sin 0. 

Now the only acceleration of the particle is directed vertically 
downwards, and is therefore -g ; hence, the equations of motion 


are 




Integrating each of these with respect to t, 
dx 4 dy , . 


-u=V cos d and 


^ 2 ' = .,= 


When<=0, ^ = m=Fco 8 0 and ^t = b = T 
at at 

Hence, coa 0 and A 2 =V sin so that 


= p = F sin 
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Integrating again, 

op^Ftcos^ and 

the constants of integration being zero, since x— 0 and ^==0 
when «=0. 

The equation of the path, t.e. the relation between x and y, may 
now be found by eliminating t from these equations ; this gives 

y-x . tan ^ | ^ sec*tf, 

or (* - g . sin 2^)* = " ^ (y - g . 

Changing the origin to the vertex Ay i.e. the point 
(F2sin2<9/2^. sm26>/2^), 

and writing I for - F^ cos^^/^r, the equation reduces to 

x* = 21y, 

which represents a parabola whose vertex is the highest point in 
the flight and whose latus rectum is equal in magnitude to 

2F* cos^Ojg, 

Its focus is at a point F distant or F* cos*^/(2^) below the 
vertex, the directrix being the perpendicular at C to BA produced, 
where AC = FA = F^ coa^(^/(2g). 

Let h = BA ^ greatest height attained by the particle during its 
flight, then it is evident from the equation to the parabola that 

h = V^sm^ei2g. 

If T be the line of flight, then, since the curve is symmetrical 
about its axis AB, the particle reaches A in time T/2 ; and at 
this point the vertical velocity is zero ; 

/. Fsin 6>- 

or T^2V sinO/g. 

Further, let jR=the horizontal range OX, then 0X=20B and 
OB FT cos = F^ sin . cos 6/g, on putting in the value of T 
just found. 

Hence, B = 2 F^ sin 6^ cos Ojg = F^ sin 26 jg. 

This will be a maximum when sin 26 is a maximum, F being 
coi^^tant, i,e. R is greatest when sin 26^ = 1, or 
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To find the velocity at any point P in the path, 

(s)' -(*)* + iHa « -5,)* 

= Y*-2g{Vtmid-\gi^) 

= F*-2<7y; 

Had the particle fallen vertically from the directrix to P, its 
velocity, would be given by 

= .PH^2g{BA+AG-y) 

= (sin*^ + cos^6^) - 2gy 

Hence the velocity at any point P on the parabola is equal in 
magnitude to that acquired by a particle falling vertically to that 
point from the directrix. 

Ex, 9. A jHirticle is projected up a plane inclined to the horizontal 
at an angle a, with a velocity V whose direction makes an angle 0 
with the horizontal ; shew that the range on the plane is 

2V^ cos 6 . sin (8 - a) 
g cos^a ’ 

and thit this will he a maximum when the direction of projection 
bisects the angle between the vertical and the inclined plane. 

Let OQ — r be the range on the inclined plane (Fig. 20), and let 
{Xy y) be the coordinates of Q, referred to A B as y-axis and A 
as origin. 

Then x = PS = OiS-OP=r cos a- sin 6 , cos djgy 

2 / = A - SQ = F^ sin*^/(2^) - r sin a. 

Substituting in the equation 

a:;* = 2F^ cos^^ . yjg, 
taking y downwards as positive, 

(f cos a - F* sin ^ . cos 8lg)^==^2V^ cos*^{F* sin*6^/(2^) - r sin 



218 


HIGHER MATHEMATICS 


[CH. X 


Expanding and dividing throughout by r, which is not zero, 
r cos^a = 2 F* cos ^(cos a . sin ^ - cos 6> sin a)lg 
= 2F* cos 6 . sin {0 - a)lg ; 

• _ 2F^ cos 6 . sin (0-a) 

" ^ ” g cos^a 

Since F and a are constants, r will be a maximum when 
2 cos ^ . sin (B - a) 


is greatest ; but, by (145), 

2 cos 6 . sin {6 - a) =8in (2^ - a) - sin a, 
and this will be greatest when sin (20 - a) = 1 , or 0 ^ 4- . 

Let = angle between the vertical at 0 and the direction OF, 
of F, then _ ^ ^ ^ ^ ^ ^ 


^Tr iriraTra 
^^ 2^1 2 “' 4 " 2 ‘ 


But z.<20F=fl-a = j + |-a=^-?=i3. 

Hence, for maximum range, the direction of projection bisects 
the angle between the vertical and the inclined plane. 

73. The Central Conics. The respective conditions necessary 
for the general equation, ^(a?, y)=0, to represent the various 
conics have already been briefly investigated in Ex. 5. These 
will, however, now be deduced in a more convenient form for 
practical application by considering the coordinates of the centre 
of each conic, i.e, the point which is sjonmetrically situated with 
respect to a curve. It will be evident from this fact, together 
with the analysis of Ex. 5, that the eguation of a conic, referred to 
its centre as origin, will contain no terms of the first degree in z and y. 


Ex. 10. Write down the conditions that the general eqmtion 
ax^ -\-2hxy-^by^ -\-2gx+2fy +c=0 
should rejyreserd (1) two straight lines, (2) a circle, (3) a parabola, 
(4) an ellipse, (5) a hyperbola, (L.U.) 

Although the question asks that the respective conditions 
should be written down, a conjplete investigation will here be 
made. 
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Change the origin to the point (f, v)), then replacing x, y 
by y + rj respectively, the equation becomes 

ax^ + 2hxy + by^ + 2a; (a^ + +^) + 2y{h^ + +/) + F{^, rj) = 0, 

Now, if (^, rj) be the centre of the curve, there will be no 
terms of the first degree in the equation. Hence, the conditions 
for ($, rj) to be the centre are 

-\-hr] -hy =0f -hbff 
Solving these equations, 

£=(hl-bg)/(ab-h*). t)=(gh-al)/(ab-h*), (71) 

which are the coordinates of the centre. 

The values of ^ and r/ will remain finite as long as ah is not 
equal to h\ but when ab=h^, there is no finite centre, and the 
terms of the second degree in F(x, y) =0 form a perfect square, so 
that the general equation may be written 

{lx + + 2gx + 2/y + c = 0, 

or {Ix + my -\'\)^-2x{Xl-g) +2i/(Xm-/) 

f lx + my + k \^ 2x{\l- 9)_+^y ( A.»t -/) + - c 

\ v/i*+m* / ’ 2sJ(kl-g)^ + (Xtn-f)^ 

where — {(Xl- g)^ + ( Xrn - f)^}l(l^ + w*) 

and X is an arbitrary constant ; hence, by (66), this equation may 
be interpreted as 

{length of perpendicular from (x, y) to line Ix-hmy + X =0}® 

= 2A {length of perpendicular from (a?, y) to line 

2x{Xl-g) ■^2y{Xm-f) +A*--c==0}. 

If now A be chosen so that the lines are perpendicular to each 
other, i.e. if '-m/l = {Xl-g)/(Xm-g), by (656), or 

X = {lg+77if)/(l^ + m^), 

and, in this case, if Y and X denote the respective perpendicular 
lengths, the equation becomes 

r2==2;t;Z, 

which represents a parabola. 

Hence, the general equation F(g, y) =0 represents a parabola when 
• ab=h* *(728) 
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It should be noted that, if in addition, fh=gb, the parabola 
degenerates into two parallel straight lines, by (676). 

The parabola is obviously a non-central conic, since the coordi- 
nates of its centre are infinite. 

When ab is not equal to A*, then the equation of the curve 
referred to ( -t)) as origin becomes 

aa?+2hxy + 6 y* +/(^, ly) = 0 . 

Now F(^^ri)=^a^’\'2h^rf-{-bri^+2g^ + 2frj+c 

= ^(o^ +hr) -hg) + +617 +/) +g^ +/>; +c 

= 5 ^ 5 +/^+^> since a^i-hr)+g==h^+br)-{’f=^0, 

= {9(hf^ ^ 9 ) +/(^^ - »/) +c(ab- h^)}l(ab - Ifi) 

= (a 6 c + 2fgh - a/* -bg^- cJfi)l{ab - Ifi) 

^Al(ab-}fi), 
so that the equation becomes 

aa^ + 2hxy + 6 y^ = A/(a 6 ~ A*). 

Hence, when A= 0 , 

aa;*+ 2 Aa;?/-i- 6 y ^==0 or {ciiX+Piy){a^-hP^)==‘Of 

which represents two straight lines through the origin, so that the 
equation F(x, y) =0 represents two straight lines when A =0. 

This is condition (67a) found another way in Ex. 4. 

When A is not zero, the equation may be written 

Aa^'¥2Hxy + By^ = 1 , 

where Aja^^ Hlh = B/b = (A* - a 6 )/A. 

This equation thus represents the Central Conics. To dis- 
tinguish them, turn the axes through an angle to remove the 
term in xy ; thus, from (70), 

A (a?' cos ^-y' sin <#>)2 + 2H (x' cos </> - y' sin <A) sin <A + y' cos <f>) 
+ B(x' sin <l>+y' cos <A)* = 1 . 

Choosing 4> so that the coefficient of xy vanishes, 2 .e. 
tan 2<^ = 2H/(4 - B), 

then sin2</> = 2H/fi and cos 2c^==(.4 - J5)/fi, 

where B? = 4:H^ ■{■{A - B)^, and the equation, after simplification, 
becomes, neglecting dashes, • 

\(A + B + R)x^ + B — R)y^ =» 1. 
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From {&%), this equation will be an ellipse if 

a^=2l(A+B + R) and p^-=2!(A + B- R). 

and these values are real. 

But from (69c), the eccentricity is ^ven by 

e* = 1 - jSVo* = (a* -^)la^=2RI(R-A-B), 
and since c<l, 2R<R-A - B, 

or R< -{A+ B), 

i.e. R^<{A + B^, 

or im-{A-Bf<(A + Bf, 

i.e. m<AB. 

Now when a=p, the ellipse degenerates into a circle, so that 
intWscose A + B + R=A+B-R, 

or i2=0; 

and since both squares are positive, their sum can only be zero 
when each separately vanishes, i.e, 

5 = 0 and A = B. 


Hence the equation for a central conic will only represent a circle 
when the coefficients of z* and are equal and there is no term in zy. 

Finally, for a hyperbola, comparing with (69d), 

a2 = 2/(^+54-5), i82^^2/(^+5-5), 
so that by (69e) the eccentricity is given by 

c2 = 1 +i32/a2 =25/(5 - ^ - 5), 
and for a hyperbola, c>l ; 

/. 25>5-^-5, 
from which H^> A B, 

Hence, summing up these results, 

The equation Az* + 2Hzy + By*=l represents a Central Conic, 
whose eentre is the origin, and the curve is 

(i) an EUipse if 

(ii) a Circle if ^=0 and A=B, . (72b) 

(iii) a Hyperbola if > AB. • 
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Since Ala^Hlh^B/h^{h^-ab)l^y and neither h^-ab nor A 
is zero, these results, applied to the general equation F{Xy y) =0, 
lead to the following analytical tests for the respective curves : 

The general eqnati^ 

F (x, y) = ax* + 2hxy + by* + 2gx + 2fy + o = 0 

represents 

(1) an Ellipse if h* < ab, ^ 

(ii) a Circle if h = 0 and a=b, I (72c) 

(iii) a Hyperbola if h*>ab. J 


Ex. 11. The equation of motion of a particle, whose polar coordi- 
nates at any time t are (r, $), moving under a central acceleration 
inversely proportional to r, is 



where u — \lr and c, p are constants. Shew that its path is an 
ellipse or a hyperbola according as p is positive or negative. 

From the given equation, 

p 


Multiplying by 2 . g, 2 . g = 

Integrating, ^ ^ - «« - /a/c*)/M* 


= {{A^i - /a/c®) - (m* - ^/2)*}/m* 
=={W-(u^-AI2f}lu\ 


where 

Separating the variables, 
dO^ 


u . du 


Put - Aj2==v, then 




m= 


dv 


which, on integration, gives 
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Putting in the value of v, and writing jp for sin /3 and q for cos 
- il/2 = 2kq sin 0 cos ^ - kp (cos^^ ~ sin^^). 

Transferring to Cartesian coordinates by (62), and putting 1/r 
for w, 

l/r2 - ^/2 = 2*^a;y/r2 ~ ~ ; 

/. the equation of the curve becomes 

a? {A 12- kp) + 2kqxy + (-4/2 + kp) = 1 . 

Hence, by (726), this will represent an ellipse or hyperbola 
according as 

- (-4/2 - kp){AI2+kp) is < or > 0. 

Now the expression = Jfiq^ - 4^/4 + k^p 

= P - -4^4, since = 1 , 

- p/c^ - A JH, on putting in the value of k, 

= -Wc*. 

so that, if p is positive, - pjc^KO, and if p is negative, - plc^>0. 

the path of the particle will be an ellipse if p is positive and 
a hyperbola if p is negative. 

74. Some Properties of the Ellipse. The chief tangent pro- 
perties of the conics are dealt with in the next chapter, but the 
ellipse is so important in practice that its equation will now be 
derived independently from the locus definition, and some of the 
chief characteristics of the curve developed which do not depend 
upon the properties of tangents. 

Ex, 12. Find the equation to an ellipse referred to its cerdre as 
origin and its diameters 2a, 26, as axes. 

Prove that 

(а) the focal distances of a point {x\ y') on the curve are a ±ex* ; 

(б) the sum of the focal distances of any point on the curve is 

constant ; (L.U.) 

(c) the sum of the eccentric angles at the extremities of any 
chord of a system of parallel chords is constant, and that 
the locus of the mid-points of these chords is a straight 
Une; . (E.U.) 
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(rf) the difference of the eccentric angles of two 'points which are 
the extremities of two conjugate diameters is a right angle ; 
(e) the sum of the squares of a pair of conjugate diameters is 
constanty and that their product varies as the cosecant of 
the angle between them. (L.U.) 

Let AA^ (Fig. 21) be the a;-axis, KH the directrix, F, the 
foci, and Ay A^ the points where the curve crosses the axis of x. 
Bisect AA^ at 0, then A^O = OA =a. 

Now, since -4 is a point on the curve, FA =e . AK. 

Similarly, A^F-e . A^K, 

where e is the eccentricity, then 

’FA-hAiF==e(AK+AiK); 

2a^e(OIi[-a+a-hOK)=2e . OK, 
so that OK^aje. 

Also A^F^FA=e{AyK-AK ) ; 

/. a+OF-a+OF=e(a+OiiL -O-ff +a)=2ae ; 

/. OF—ae. 


Hence, Distance of directrix from centre = a/e, | 

®^d ,, ,, a focus «• „ — ae. j 

Suppose P{x, y) be any point on the curve, then ON = », NP=y, 
and hy definition 

FP=e . PH =e . iViC =e(0^r - 02V) =a - e® ; 

/. FP^^(a-exf. 

But PP® = y* + iVP* =s + (OF - xf = + (ae - »)* ; 

= (<* “ exY - (ae - x)^ = (1 - e^) (a^ - a;*). 

Let y-h when x=0, then ft* «o®(l - e*), giving e* = 1 - h^ja^, the 
relation (69c) already found by another method in Ex. 5. 

Substituting 6*/a* for 1 - e*, the equation finally becomes 

a^ja^ +y^lh^ = \, 
which corresponds with (69i). 

(a) The focal distances of P are FP and P^P ; and from the 
above analysis, FP.^a-ex. 

Similarly, since the curve is symmetrical about OB, 

« F^P^e . NKi^e . (OK^ +x) ^a -hex. 
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Hence, the focal distances of any point (x', \f) on the curve are 

a±ex' (78b) 

(b) The sum of these focal distances 

=a-ea;+a+ea5 = 2a=length of major axis. 


This property gives a simple mechanical construction of the curve. 
If a loop of thread whose perimeter is + FP + PPj =* 2 a{e +1), 
be threaded over two pins firmly fixed at P, then by moving 
a pencil vertically at P, keeping the thread always taut, the 
curve will be traced, since P^P + PP remains constant. 



Fig. 21. Properties of the ellipse. 


(c) Let a circle be described on A^A as diameter, then this 
circle is known as the Auxiliary Circle, and its equation is clearly 

Produce iVP to meet the circle in P' ; join OP', and let the 
angle iVOP' = </). This angle is called the Eccentric Angle of 
the point P. Now a; = OiV = OP' cos <#>= a cos </>, and since P lies 
on the ellipse, +//62 = 1, 

By substitution for a;, 

cos*</)+y76* = l, or = 1 -cos®<#> = sin*<^ ; 

/. 2/=2VP=6 sin <#>. 

Hence the coordinates of any point P on the ellipse may be 
taken as (73o) 

where ^ is the eccentric angle of P, * 



226 


HIGHER MATHEMATICS 


[oh. X 


Let y -mX'[‘C be ai^ chord PQ, and let the coordinates and 
eccentric angles of P, Q be 4 >i and (^ai ^2 respectively ; 

then 

Xi^acoB<f>iy yi = 5sin<^i, a;2==a cos <^2) y2=^sin<^2> 

and the points P, Q are on both the chord and the ellipse ; 

/. h sin <l>i = ma cos 4* c, 

b sin <^>2 = wia cos <#>2 +c. 

Hence, by subtraction to eliminate c, 

6 (sin </>i - sin <#>2) = ^ (cos </>i - cos <^2) '> 
by (14), 

6 cos J(<^i + <#>2) sin i(^i - <^2) = - ^ sin |(^i + <^>2 )sin J(<^i - </>2). 
Divide out by sin i(</>i-<^2)> which is not zero, since P and Q 
are not coincident points ; then 

b cos J(<#>i + <ii)2) = ~ ma sin + <^2) *> 

/. tan J(<^x + <#>2) = - 

or 4»i ++,=2 tan-H -b/(ma)} (73d) 

which is constant as long as m is constant, i.e. as long as the 
chords are parallel. 

Let (x, y) be the coordinates of the middle point of PQ, then 
2x * Xj + X2 = a(cos </>i + cos <#>2) = 2a cos ^(<#>1 4- <#>2) cos ^(<#>1 - 
= yi + 2^2 = ^ (sin + sin ^2) = 26 sin |(</>i 4- <#>3) cos - </»2). 

/, By division, 

yjx^bla . tan i(<l>i+<l>2 ) *= by (73d) ; 

/• 

which is a straight line ; hence, the locus of the mid-points of 
a system of parallel chords of an ellipse is a straight line. 

Writing the equation in the form y = m'x, where m'm= -h^/a^, 
and proceeding as before, it is obvious that the locus of the mid- 
points of the system of chords parallel to y — tWx is 

ylx^ 


i.c. 


y^mx. 


Chords parallel to y-mx are bisected by y = m'x, and chords 
parallel to y^w!x are bisected by y^mx. Pairs of straight lines 
passing through the centre which possess this property are called 

Conjugate Diameters. 


Hence, the equation of conjugate diameters of an ellipse may 

be written v-m'* 1 

y-mx,* y-mx,l 

where mm' - -b*/a*.J. 
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(d) Let LM, CD be two conjugate diameters whose equations 
are y^mx, y — m’x, and let be the eccentric angles of the 
extremities L and D ; then, since 

y = mxy /. h mi 6 — rm cos d, 

and y == m'o;, /. 6 sin <^ = m!a cos 

Hence, by multiplication, 

6^ sin 6> sin </) = mmfa^ cos 6 cos 

= - 6* cos 0 cos </), from (73c) ; 

/. sin ^ sin + cos 0 cos <^ = 0, 
or cos ; 

/. (73f) 

Thus if L\ U are points on the auxiliary circle corresponding 
to L, A the angle L'OD' = 6 right angle. 

(c) OD^ = a* cos*<^ + 6^ sin*</>, 

OL^ = cos* ^ + 6* sin* ^ 

=a*co8*(^ + <#.)+6*8iii*g + .#.), by (73/), 

=a* 8in*<^ +6* cos*</> ; 

OD* + OL* = a*(cos*</» + sin*</») + 6*(sin*<^ + cos*<^) = a* + 6*. 

Sum o! squares on semi-conjugate diameters 
=a*+b* 

= 8um ot squares on semi-axes (78g) 

Let the coordinates of B and L be (xj, y^) and (Xg, ^ 2 ) I 
since area of triangle LDO^\ . LO . OD , sin xj/, where DOL^ 
by (63), 


LO . OD sin ^ = 

Xi X 2 0 


a cos a cos 9 0 


2/1 2/2 0 


1 & sin <#) b Bin 9 0 


|i 1 1 


11 11 


=a6(sin 6 cos - cos d sin 4>) 

=ab sin (9 - <t>) =a6, by (73/) ; 

LO . OD=ab coseo (78h) 

i.e. the product of the conjugate diameters is directly proportioual 
to the cosecant of the angle between them. ^ 
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75. Roulettes and Glisettes. Another group of loci which is of 
practical importance is that known as Roulettes and Glisettes. 

A Roulette may be defined as the locus of a point carried by a 
curve which rolls upon another fixed curve, whilst a Glisette is 
the locus of a point carried by a lamina which is constrained to 
move so that a curve drawn upon it always remains in contact 
with two given fixed curves. 

Only a few practical examples of these loci will be considered. 


Ex. 13. (i) Obtain the equations of the cycloid in the form 

x=a{6-sin0). y—a(\~-cos 6). (L.U.) 

(ii) A circle rolls on and touches the outside of a fixed circle oj 
radius a ; shew that the path of a point on the circumference of the 
rolling circle will be given by 

x=a{l +n) cos 6-nacos — 

"X n 

y ==a(l + n) sin 6 -na sin — 6, 


orby 


a:=a(l -n') cos 6* -f w'a cos - 

1 ■“ n^ 

y = a(l - n') sin & - w'a sin 


according as the fixed circle is oiUside or inside the rolling one, the 
radii of the latter being na and n'a respectively. 

// w=3, find n* so that the curves may be identical and express 6* 
in terms of d. (L.U.) 



(i) The cycloid is the locus of a point carried by a circle which 
rolls on a fixed straight line. Let P (Fig. 22) be the point situated 
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on the circumference of the circle with centre C, which rolls 
without slipping along the straight line OX. 

Let 0 be the initial position of P, so that arc AP — OA, then 
if the coordinates of P are (x, t/), and O^lACP, i.e. the angle 
made by the radius to P with the vertical, 

x^ON=^OA-HC=‘a.icAP-acoBPCH=ae-acoa(e-‘^ 

(^“sin ^), where a — radius of circle, 

and y = NP^ AC + HP =a+aam(^e-'^^a{\ -COB 0). 

The equations ol the cycloid are 

x=a(6-sin6), y=a(l-coi6) (74) 

(ii) When the circle carrying the point P on its circumference 
rolls on the outside of a fixed 
circle, as in Fig. 23, the locus is 
known as the epicycloid. 

Let 0, the centre of the fixed 
circle, be taken as origin, and 
suppose that P was initially at 0, 
then if l COQ = 0, 

lPQH=lOQP-lOQH 

== (arc BP)l{na) - 7r/2 + 6 

— (arc BC)l{na) - 7r/2 + 6 

— 6/n - 7r/2 + d 
= (l+n)^/n-7r/2. 

Taking OC as cc-axis, and (a;, y) as the coordinates of P, 

x=^ON = 0A +£fP==a(l -hn) cos 6-^na sin PQH 
=a(l +n) cos O+m sin {(1 +w)6>/w-7r/2} 

\ 71 

=a(l +n) cos 6-na cos . 6, 

71 

and y^NP==^ AQ - HQ ==a{l +n) sin. 6 - na cos PQH 

=a(l +n) sin 0 - wo sin . $, 
n 

When the rolling circle encloses the fixed circle, or rolls inside 
the fixed circle, the path of the point carried on the circumference 
is call^ a hypocyoloid. The coordinates of the curve may be 
determined exactly as wthe qasc of the epicycloid, and therefpre 
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may be derived from those found above by replacing n with -vf 
and 0 with 6 ^' ; hence 

a:=a(l - n') cos -a( - n') cos ^ d' 

~ TV 

=a(l - n') cos 6* +an' cos^-^^ 

1 ~ 

and y = a(l - n') sin S' - an* sin — 7 — d*. 

n 

When the curves are identical for n = 3, 

4 cos 0-3 cos ^0 = (1 -»') cos 8* ^n* cos - 0 ^ 

4 sin 0 - 3 sin ^0 = (1 - n') sin 0' - n' sin 

Squaring each and adding, 

26 - 24 cos ^0 »= 1 - 2n' + + 2n'(l - n*) cos . 

This must be an identity, so that 

2n'*-2n'+l=25, 2n'(l - m') = - 24, ^=i(2iMr±fl) ; 

n 

n' = 4 or -3, giving 0'=^(2n7r±0) or 0-2n3r. 


76* Oeneral Equations for the Cycloids. If h be written for the 
radius of the rolling circle, the equations of the Epicycloid become 


x=(a+b) COS0 -b cos 0, 

y=(a+b) sinO -b sin ^4^. 6, 
and those of the Hypocycloid, 

x=(a -b) eosO+b cos ^^0, 

D 

y=(a -b) sin 6 -b sin^^O. 

b 


.(76a) 


(76b) 


From these equations, those of two other important curves may 
be derived as particular cases, 

(a) Let 0 = 6, then (75a) becomes 


x=a(2 cos 6 -cos 20), y=a(2 sin 0 -sin 20) (76a) 

These are the equations of the Cardioid, but they may be com- 
pressed into one simple equation, by changing the origin, and 
transforming into polar coordinates. 
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In Fig. 23, let QP produced meet OG produced in K ; then 
since the radii of the circles are equal, and arc JB(7=arc BP^ 

lKQO^lQOK^O) 

KQ = KO, 

But PQ = CO, so that KP^KC; 

/. CP is parallel to OQ 
and lKCP^lROQ^O. 

If, therefore, G be taken as the origin, and (r, 6) the polar 
coordinates of P, CP—r. 

rco&e^GN^ON-OG 

=a(2 cos 6 - cos 2d) - a, from (76a), 

= 2a(cos-cos2^). 

Dividing out by cos 6, the polar equation becomes 

r=2a(l-.coi0) (TSb) 

(P) Let a = 46, then the equations of the hypocycloid become 
4aj=a(3 cos ^ +cos 36>) = 4a cos®^, from (13), 
giving aj^=a^cos^. 

Similarly, =a^ sin 6, 

Hence, by squaring and adding, 

x^ + y^=a^ (77) 

The curve represented by this Y 
equation is called the Four-cusped ^ 
hypocycloid. 

Ex. 14. A har of given length moves ^ 
vdth its extremities on two fixed straight 
lines at right angles. Prove that a 
rmrhed, poirU on the har describes an 
ellipse. 

If the length of the bar he 20 in., and 
the marked point he 4 in. from one end, q ^4 B 

determine the eccentricity of the ellipse yiq. 24. Mechanical tracing 
and the position of its foci. of an ellipse. 

Let AB (Fig. 24) be the bar, OX, OY the fixed straight lilies, 
and P the marked point. 




232 HIGHER MATHEMATICS [oh. x 

Take OXyOY as axes, {x,y) as the coordinates of P, and 
suppose AB^l, and AP^k, then 

HPIPA^NBIBP; 

EP^IPA^^NB^IBP^^(BP^-NP^)IBP^, 
i.e. a^/k^ = {(? - *)« - y^}/(l - k)\ 

giving a^/k^ 4- y^/(l - i)* = 1, 

which, by (696), is an ellipse whose centre is 0, and whose semi- 
axes are k and l-k. 

In the given case, take ^=20-4 = 16 in. and l-k — i in.; 
then, from (69c), the eccentricity e of the ellipse is given by 

6^ = 1 -(4/16)2 = 15/16, 
so that c = s/i5/4= 0*968. 

Also, from (73a), distance of foci from 0 = 16e = 15*5 in. approx. 

Ex, 15. A is any point on the circle a^+y^=^a^ whose centre 
is 0, and B is a point on the axis of x such that AB is of constant 
length I, If OA meets the line through B parallel to the axis of y 
in Cy shew that the hcus of C is given hy the equation 

(a^ + y^)(x^ + a2 - ^2)2 =. 4a^x^. (L.U.) 

From the equation of the circle, 0 is the origin ; hence take 
the coordinates of C as (x, y), then if l B0C=^*I> (Fig. 25), 



P^KA^^KB^==a^-OK^H^- OKf=a^ +x?^2x.OK 
^a^+a^--2ax.0BI0G. 

Multipl 3 dng out by OC, and squaring, 

0(P(a^ + a? - P)2 « 4a2a^ . OB®, 
t.A (a:;* + y^)(a^ ==‘4a^x^. 
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Exercises 10. 

1. Find the area of the triangle ABC^ whose vertices are A (2, 3), 
B (2, 17), G (12, 14) ; and find the length of the perpendicular from 
C to AB. 

2. Find the area of the triangle whose vertices are (a +6, 2a), 
(a, a -b)y (26, 6). Explain the case when a =26. 

3. Shew that the three points (3, 11), ( -2, - 1*5), (9, 26) are collinear, 
and find the equation of the straight lifie passing through them. 

4 . Find the value of a such that the three points (a, 8), (0, a), (2a, 13) 
are collinear, and find the equation of the line passing through them. 

5. A straight line is drawn through the point (5, 9) inclined at 45^ 
to the axis of x. This straight line is cut in points P, Q by the lines 
a;+3y=20, 7x+y = 120, which pair themselves intersect at T, Shew 
that the triangle PQT is isosceles, and give the length of each of the 
equal sides and the tangent of the angle at the vertex. 

6 . Find the coordinates of the point which divides the Une joining 
the points (x^, y^), (xg, ^ 2 )* internally in the ratio I : m. 

Find the ratio of the segments into which the lines joining (1,3) to 
(5, - 3) and (4, 5) to ( - 1, - 4) are divided by their point of intersection. 

(L.U.) 

7. Determine the ratio in which the segment of the straight line 

joining (2, 3) to ( - 1, 4) is cut by the straight line x + 1 =0. 

(L.U., So.) 

8. Shew that the polar equation of a straight line may be written 
in the form p = r cos (d - a), where p is the length of the perpendicular 
to the line from the origin and a the angle it makes with the x-axis. 
Deduce the Cartesian form, 

p —X cos a sin a. 

Shew also that the polar equation of the straight line posing through 
the given points (r^, di), (^ 2 , 6^) is 

fTi sin (8 - 0^) -k-r^r^ sin (0i - $^) sin (^2 - $) =0. 

9. Find the coordinates of a point at a distance r from the point 

(a, fi) on a line through ((t, j3) which makes an angle 8 with the positive 
direction of the axis of x. (L.U.) 

10. Shew that the equation 60x* -103xy ~72y® =0 represents two 
straight lines, and find the angles between them. 

11. Find the angle between the lines ax^+2hxy +6y* =0, in terms of 

the coefficients. (L.U.) 

12. Shew that the equation 2x* - 13xy --7y* +x +23y -6 =0 repre- 

sents two straight lines, and determine the angle between them. Write 
down the equation of the pair of straight lines parallel to these through 
the point (1, 2). ^ (L.o.) 
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13. Find the equation of the straight line which joins the point 
(3, 6) to the intersection of the two lines 

4a; + 1 /- 1=0, 7a; -3y -35=0. 

Shfw that this line is equidistant from the origin and the point (8, 34). 

14. Find the equation of the straight line which passes through the 

point (A, h), and is perpendicular to the line aa; + + c =0. (L.U., So.) 

15. Two straight lines meet at an angle 6, and Pi, P 2 are the lengths 

of the perpendiculars on them from any point. Shew that the len^hs 
of the perpendiculars from this point on the lines bisecting the angles 
between them are ^ ^ 

\(Pi +i> 2 ) cosec I and \(p^ -pa) sec 

where the point lies in the angle denoted by (L.U., Sc.) 

16. Perpendiculars are drawn from the point (c, d) upon the lines 

ax^ + 2hxy + hy^ = 0, 

Shew that their equation is 

a(y -d)» -2A(a; -c)(y -d) +h(x -c)^ =0. (L.U., Sc.) 

17. Shew that the equation 

l/r=a 4*6 cos ^ 

remesents a straight line if a =0, and a parabola if a =5. 

Prove that the line c/r =oos -a) meets the parabola 
?/r = l+cos(^-/g) 

in real points if 2c cos (a-/3)< 1. (L.U., Sc.) 

18. Prove that the equation of the chord joining two points whose 
vectorial angles are a +p, a - on the conic Ijr-l+e cos is 

Ijr =sec ^ , cos - a) +c cos 6, 

If PSQ be any chord of the above conic which passes through the 
focus 8, shew that ijsp ^i/QS =2/Z, 

By reducing each of the following equations to its simplest form, 
indicate the nature of the locus represent^, giving also the coordinates 
of its centre : 

10. 3y(2-3a;)=7(3a?-2). 

20. - leSxy +337y> =576. (L.U., Sc.) 

21. 12a;* - 2ocy - 2t/* + 14a; + 8y - 6 =0. 

22. 9a;* +24a;y + 16y* + 9a; + 12y +2=0. 

23. a;* +Qxy +9y* -68a; -4y +56 =0. 

24. 9a;*+24a;y + 16y*-170a;-185y+625=0. 

25. (16y-8a; + l)*-4(23a;-7y)=0. 26. {2a; +y -3)* -8a; -4y -9 =0. 

27. 3a;*-4a;y+y*+12a;-4y+4p=0. (L.U., Sc.) 

*28. 2a;*+5a;y+2y*-lla;-7y-4=0. . (L.U.) 
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29. Interpret geometrically the following equations : 

(a) a;2 + 4a;2/4'%* + 2a;+4i/-3=0, 

(h) 5x^+^ + Sy^-l2x-l2y=0. (Br.U.) 

30. Prove that the equation of the chord of an ellipse Aa^ = 1, 
which has (h, k) for its middle point, is 

Ahx -hBky =Ah^ +EA;*. (L.U., Sc.) 

31. Find the equation of the conic which passes through the six 

points (0, 1), (0, 3), (1, 0), (3, 0). (2, 5), (6, 2). (L.U.) 

32. Prove that the points of bisection of all parallel chords of a 
parabola lie on a straight line. 

In the parabola y^=6x, chords are drawn through the fixed point 
(9, 5). Shew that the locus of middle points of these chords is the 
parabola j/2 - 5y - 3* + 27 = 0. 

33. If the equation ax^ +2hxy •{■hy^ +2gx +2fy +c=0 when referred 
to new rectangular axes, the origin remaining unchanged, becomes 
a'x^ + 2h'xy + b'y^ + 2g'x + 2f'y + c' =0, shew that o' + 6' = a + 6 and 
a'6'-^'2=o6-Aa. 

34. Prove that, if (^, r/), (^', 17') are the coordinates of the ex- 
tremities of two conjugate diameters of the ellipse 

a;2/a2+y2/62 = i^ 

then ^'/o = ±7} lb, rj'lb = la, both upper and lower signs being taken. 

(L.U., Sc.) 

35. Find that diameter of the ellipse = which is con- 

jugate to the axis of x. Hence prove that a* + 6* =8/3, where a and b 
are the semi-axes. (Br.U.) 

36. Prove that the locus of a i)oint which is equidistant from two 

given circles, one of which lies entirely within the other, is an ellipse. 
Find the eccentricity of the ellipse in terms of the radii of the circles 
and the distance between their centres. (L.U.) 

37. AB and CD are rods of equal length a^, joined crosswise by rods 
AD and BC of equal length a2 J ^ Q divide BA and BC in the 
same ratio r. If the straight line PQ cuts DA and DC in E and S, 
prove that these rods are also divided in the ratio r, and that 

Hence, or otherwise, shew that if © be constrained to d^cribe a 
circular arc passing through P, R will describe a certain straight line. 

(IaU.) 
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38. A circle of radius a rolls on the outside of another circle of the 
same radius. Shew that the polar equation of the path traced out by 
any point on the rolling circle is 

r =2a(l -cos 6), 

the origin being the point of contact of the tracing point with the fixed 
circle, and the initial line, the radius of this circle through the point. 

(L.U.) 

39. An ellipse has its centre at O ; its axes lie on the coordinate axes 
OX, OY, and it passes through the points P (2, 7) and Q (4, 3). Find 
the equation of the ellipse and give the position of the foci. Shew that 
the length of the semi-diameter conjugate to OP is 841/30), and 
give its equation. 

40. Shew that the length of a focal chord of an ellipse inclined at an 
angle </> to the major axis is 21/(1 -e® cos* </>), where 21 is the length of 
the latus rectum. 

41. The coordinates of a point P are given by 

X +bt +c, y -at + Ar, 

where ( is a variable. Shew that the locus of P is a parabola whose 
axis is the line 

(a* - b^)(ay - bx) =(a* +6*)(6c -ak), 

42. AB is a fixed diameter of a circle, PN the perpendicular let fall 
from any point P of the circle to AB, On PN a point Q is taken such 
that QN =\PN, Shew that the locus of Q is an ellipse, and give its 
eccentricity. 

♦43. A rod PQ rests with one end Q on the arc of a smooth curve, and 
the other end P against a smooth vertical wall in the same vertical 
plane. If the rod remains in equilibrium for all positions when P is 
higher than Q, shew that the curve is an ellipse and determine its 
eccentricity. 

♦44. The coordinates of a particle in time t are given by 
X =a cos pi, y-b cos (pi + c), 

where a, b, p and c are constants. Shew that the path of the particle 
is, in general, an ellipse, and deduce the nature of the locus in each of 
the following particular cases : 

(а) when € =n7r, 

(б) when € =(2n 4-l)7r/2, and a =6, 
n being a positive integer in each case. 

♦45. Find the path of a particle whose coordinates at time t are given 
by X =a cos pt, y =a cos {2pt +€), afnd shew that in the particular case 
wh8a € ~0, the path is a parabola whose latujs rectum is ^a. 
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*46. BCDE is a parallelogram having BC=ED=a, BE—CD=b, 
CB is produced to a point A such that BA =b. The whole figure thus 
represents a linkage of bars freely hinged at B, C, D, Ej whilst the 
point A is fixed. Shew that if E be constrained to move along a straight 
line passing through A, then D will describe an ellipse whose eccentricity 
e is given by e»(ffl + 26)*=46(a+6). 

*47. Two equal rods AB, CD, each of length 6, are joined crosswise 
by two other equal rods AC, BD, each of length a. The rod BD is 
fixed and A constrained to move in a circle whose centre is B. Shew 
that the locus of the instantaneous centre of the rod is an ellipse 
or a hyperbola according as a is less than or greater than b. 

*48. PQBS is a rhombus each of whose sides is a ; OQ, OS are two 
lines each of length b, 0 being outside the rhombus. Prove that the 
rectangle OP . OR =h^ - a*. 

The whole figure represents Peaucellier’s linkage to transform circular 
motion into rectilinear motion, P being constrained to describe the arc 
of a circle passing through 0 ; prove that R traces out a straight line 
perpendicular to the diameter through O of the circle, and at a distance 
(6* -a2)/2r from it, where r is the raius of the circle. 


*49. A particle whose polar coordinates are (r, 0) describes a curve, 
under a central acceleration, which is given by the equation 





where k is constant ; shew that the path is a conic, and determine the 
necessary conditions that it should be an ellipse. 


*50. OA and OB are two lines at right angles ; the circles with 0 as 
centre and these lines as radii are drawn, and any line through O meets 
the circles in P and Q ; lines are drawn through P and Q parallel to 
OA and OB meeting in R and S, Prove that R and S move on two 
ellipses. (L.U.) 


61. A body is projected with an initial velocity of V ft. per sec. 
at to the horizontal. Shew that its least speed is V cob 0^ and that 
if the horizontal range and greatest height are to be equal, d must be 
75° 58' approximately. In this case find V for a range of 425 ft. 

*62. A particle is projected at an angle 6 with the horizontal up an 
inclined plane in a vertical plane through a line of greatest slope a. 
If the particle strike the plane perpendicularly, prove that 

cot a = 2 tan (0- a). (S.U.) 

*53. AB is a rod, sliding with its ends on two rectangular rods OX, 
OY, C is a fixed point on the rod, and CP is perpendicular to AB 
and of fixed length. Find the locus of P for various positions of 
and determine what the Ipcus becomes when CP^—CA . CB, (Br.tJ.) 



CHAPTER XI 

TANGENTS AND NORMALS OF PLANE CURVES. 


77. Theory of Algebraic Equations. As the treatment of 
tangents and normals of plane curves depends so much upon the 
fundamental properties of algebraic equations, these are sum- 
marised here for future reference. 

The simplest general form of a quadratic is aa:?+26a; + c=0, 
where a, 6, c are numbers, and the solution of this equation is 

easily shewn to be 

x-(-b±>Jb^-ac)la, 

When a is not zero, then the roots are 

(i) both real and unequal, when b^>ac ; 

(ii) real and equal, when b‘=ac ; 

(iii) both imaginary and unequal, when b‘<ac. 

If 6=0, both roots are equal in magnitude but opposite in 
sign, both being imaginary or real according as a and c have 
the same or different signs, and if c = 0, one root is zero. If a 
were variable, and tended towards zero, one root of the equation 
would tend to infinity. 

Finally, assuming a is not zero, the coefficient of cc* may be 
made unity, by division, and the equation then becomes 
a^-^2bx!a +c/a=0. 

If a, P arc the roots, then 

a +i8 — - 2b/a =»»= - Coefficient of x, 
afi = o/a = Absolute term. 


and 
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In general, if x^+AiX^~'^ + +-4^=0, be an equation 

of the nth degree, in which the coefficient of x” has been made 
unity, then 

Sum of roots = - = - Coefficient of 

Sum of products of roots taken two at a time 

and so on, the general relation being 

Sum of products of roots taken r at a time 

= ( - 1)^ . Ar = ( - 1)*" . Coefficient of 


Ex, 1. Shew that if the equation 

x^ +3px2 +3^x +y=0 
has two roots equals then 

(r--'pqf^i{q’-'p^){pr-q% 

Hence shew that the equation of the tangent to the curve ay^^o? 
is 272/ = m(27x-4rn^a), where m is the gradient at the point of 
contact. 

Since two roots are equal, the three roots may be denoted by 
a, a, 13 ; hence, from § 77, 


2a+^=“3p, 2aP ^a^-Sq, and a*j8=~r. 


From the first, 
second and third, 


p — - (3p + 2a) ; substituting this value in the 
+ 2pa = - 5 ', 


2a3+3pa2- r. 

Multiply the first of these equations by 2a, and subtract the 
second, then + 2ga + r = 0, 

and, from the first, a^ + 2pa + g = 0. 

Solving these for and a, as separate unknowns. 


a^ a 1 


2q r I 


r p 


P 2? 

2p q\ 


? 1 


1 2p 


and eliminating a, 

(r - pq)® =4(q - p®)(pr - q®). 


the required relation. 


(78) 
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Let the line y = intersect the curve then the 

abscissae of the points of intersection are given by 

or 7?- - 2macx - ac^ = 0. 

If the line is a tangent to the curve, then two of the roots of 
this cubic must be equal ; the condition for this is, by (78), 

(c + 
or 

Hence the equation of the tangent becomes 

or 27y = m(27x - 4m*a). 

78. Tangents and Normals to the Conics. If the straight line 
y = mx-{-n intersects the conic F(x,y)=0y then the quadratic, 
F{x,mx-{-n)^0y gives the two abscissae of the points of inter- 
section. Hence, when the line becomes a tangent these two 
abscissae will be equal, and the quadratic must therefore have 
equal roots. The condition for this gives the value of n in terms 
of m, and the general equation of the tangent to the conic is 
determined in terms of m. 

The normal to a conic is defined as the line perpendicular to the 
tangent at its point of contact with the curve, so that by (656), 
if m' be the gradient of the normal, mm' = - 1, giving m' = - 1/m. 
From this fact, the general equation of the normal in terms of m 
is also easily derived, as the following example will shew. 

Ex. 2. Find the equations of the tangent and normal in 
terms of the gradient m at any 'point on each of the following curves ; 
the parabola, y^=^iax; the circle, x^+y^=a^ ; the ellipse and the 
hyperbola 'whose equations are x^/a^ ±y^ll^ = 1 respectively. 

Let the straight line y = ma;+n intersect the parabola y^ = Aax, 
then the abscissae of the points of intersection are given by the 

equation (mx+n)*=4aa:. 

or m^x?^ + 2(mn - 2a)x + w* = 0. 

This quadratic will have equal roots if 
(mn-2af — m^rfi, 
n — ajm.^ 


f.e.*if 
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Hence the line y^mx-^ajm touches the parabola for all values 
of m. 

Further, since the sum of the roots of the above quadratic is 
- 2(mw - 2a)/m^, and, in the case of the tangent, the roots are 
equal, 

each root= -(mw-2a)/m*=a/m^ on putting n—ajm. 

With this value of x substituted in the equation of the parabola, 
the corresponding coordinate is ±2alm. 

Hence the line y = mx + a/m touches the parabola y^=4ax at the 
point (a/m*, ±2a/m). 

If /Lt = l/m, then any point on the parabola = may be 
represented by the coordinates (a/x*, 2a/i), and /x is called a 
variable parameter. The importance of this lies in the fact that 
two variables, x, y, have been replaced by a single variable /x, 
which is often of great convenience in solving problems. It 
should be observed that if 6^ = slope of the tangent, then m = tan 6, 
and /X = 1/m = cot 6 , 

From § 78, it is evident that the equation of the normal at 
the point (a/m^, 2a/m) is of the form 

and since the point (a/m*, 2a/m) is on the normal, 

^ajm^ -ajm^ -\-n\ 

from which vf = 2a jm + ajm^ ; 

y=^ - + 2a/m 4- a/m*. 

If, therefore, m' be the gradient of the normal, m'= -l/m, and 
the equation becomes 

y = m'x - 2am' - am'®. 

Taking now the ellipse cc*/a* + 2/*/6* = 1 , the abscissae of the 
points of intersection of the curve and the line y=^mx-\-n are 

given ,7 ixx +a-{mx+nf=aW, 

or a;*(6* + a*m*) 4- 2ahnnx 4- a* (n* - 6*) = 0. 

The condition for equal roots is 

= a* (w* - 6*) (6* 4 - a^m^)y 

giving w* = 6* 4- a*m*. 

Hence, y ^mx^s/b* +a*m* is a tangent to the ellipse for all 
values of m. The double sign indicates that there are two 
tangents for every value of m. 

B.M. 


i2 
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Let — then, since the sum of the roots of the above 

quadratic = -2a^mnlk^y when the roots are equal, each will be 
- 2a*mn/A? = =F Substituting this value in the equation 

of the ellipse, the corresponding ordinates at the point of contact 
become ±b^/k. 

Now the normal at this point will have an equation of the 
form 2 / = - aj/m H-n', and substituting the coordinates of the 
point, this becomes 

-xlm±{l^-a^)lky 


so that, if m' = gradient of normal, m'= -1/m, and the equation 
of the normal to the ellipse is 


= m'x 


The corresponding equations in the cases of the circle and 
hyperbola may now be easily deduced from the above. 

For the circle, b=a, and the equations of the tangent and normal 


become 


=mx±a\/l +m^ 


thus shewing that the normal passes through the centre. 

For the hyperbola, 6^ must be replaced by - 6^, and the tangent is 

y^mx ±\/a^m^ - 6^, 
and the normal, y = m'a;=F m' {a^ + 

In the cases of the ellipse and hyperbola, it is usually more 
convenient to take a parameter other than m in order to obtain 
rational coefficients in the equations for the tangent and normal 
respectively. 

For the ellipse, the eccentric angle will readily effect this. 
From (73c), the coordinates of any point on the curve may be 
taken as (a cos h sin </>) ; hence, at the point of contact of the 

tangent, ^ </> = T a^mjky 6 sin <)!> = ±Wlk ; 

so that by division 6 tan <^/a = - l^l{a^m), 
from which m = - (b/a ) . cot 

Substituting this value of m in the equation, 

y = mx ± sjb^ + a^m®, 

the tangent at (a cos <^, b sin becomes 
X COB <h y Bin 6 . 

ssi 

a b 


taking only the positive sign, so that iq always positive. 
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Similarly, the equation of the normal at the same point, 
y - ic/m ±(6^ - a^)lk, 

transforms to - — ^ 

cos sm (f> 


For the hyperbola, it is obvious that if 

a? = a sec </>, then y = h tan <^, so that the coordinates of any point 
on the curve may be taken as (a sec b tan <f>). 

Replacing by in the m-coordinates of the ellipse, the 
point of contact of the tangent to the hyperbola is 

{^^ahn/k, Th^/k) ; 

/. a sec <^ = b tan b^/k. 


which, by division, gives m^bj(a sin <^). 

Hence, substituting in the equation 

y — mx ^s/dhn^ - 6^, 

the equation of the tangent at the point (a sec </>, b tan <^) assumes 
the form ^ ^ ^ 


Similarly the normal at this point becomes 

. ^?/ 2 , Z.2 

7 +.— ^= 0 ^+ 0 ^ 

sec (fi tan </> 

All the above equations are collected in § 80 for reference. 


Ex, 3. (i) Determine the coordinates of the point of intersection 

T of the tangents at P (am^, 2amf^ and Q (am^, 2am^ to the 
parabola = 4aci:, and prove that the area of the triangle TPQ is 

(L.U.) 

(ii) From any point P inside the parabola y^ = 4ax, two nor'imls 
are drawn to the curve which are perpendicidar to each other ; shew 
that the locus of P is also a parabola whose vertex is the point (3a, 0), 
and wJwse latus rectum is a. 


Prom the above analysis, the equations of the tangents at 
and Q are 


y=xlmi’ham^y y^xlm^’\-am2. 


P 


Hence, by solution, the point (x\ y') of intersection T is 

= amiiWg, y'—a {m^ + ; 



244 HIGHER MATHEMATICS [oh. xi 

and, by (63), the area of the triangle TPQ 



am-^ 


am^ 

<M 

II 

m^® 

m^mg 



2ami 

y' 

2amg 


2mi 

m^ +m2 

2m2 


1 

1 

1 


1 

1 

1 


(ii) Let the coordinates of P be (a?, t/), then the equation of the 
normal to the parabola is 

y = mx - 2am - am®, 

or am®-(x-2a)m+2/=0. 

Since this is a cubic in m, it has three roots ; thus three normals 
can be drawn from (x, y) to the curve. 

Let mj, mg, mg be the roots, then since two of the normals are 
perpendicular to each other, 

m^m^ — - 1 . 

But by §77, mi+mg + mg^O, 

so that m^ + mg = - mg, 

mjmg + mgmg + = - (cc - 2a) ja = 2 - xja ; 

/. — 2 - x/a - mim2 = 2 - x/a + l = 3 - xia. 

Substituting the value of m^ H-mg, 

m^=^xla-3. 

Finally, 

so that m^^yja. 

/, From above relation, 

y®/a® = a^a-3, 

or y^ = a(x-3a), 

which is the equation of a parabola having (3a, 0) as its vertex 
and a for the length of its latus rectum. 

79. Tangent and Normal at a Given Point on a Conic. The 

foregoing example shews how the general equations of a tangent 
and normal at any point on a conic may be obtained. It is now 
necessary to fix these lines by making them pass through a given 
point on the curve. This will be investigated in Ex, 4. 
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Ex, 4. Fini the eqmtion of the tangent at the poini (^, r/) on 
the conic F(x, y) -0. (L.U.) 

Deduce (a) the condition that the line px+qy may he a 

Uzngent at the point (^, rj) ; (6) the equation of the normal at (^, v) / 
(c) the equations of the tangent and normal at (xj, y^ on each of the 
following curves — the parabola, y^ = iax; the circle, a^-\-y^=d^; 
the ellipse and hyperbola, a^ja^ ±y^lb^ = 1. 

(^> vi) be any point on the line y — mx-\-n, where as 
usual m denotes the gradient tan d, and d the slope. Take 
another point (x, y) on the line, distant r from (f, rfj, then 
x = ^+rcosd and 2/ = 7;+rsind. 

Now suppose (x, y) lies on the conic y) =0, then substituting 
the values of x and y, 

a(^ + r cos +2A(^ +r cos 6)(ri-\-r sin 6) +6(17 +r sin 0)^ 

+ 2g{^ + r cos b) +2/(17 +r sin 8) +c=0. 

Arranging this as a quadratic in r, it becomes 
Ar^+2Br-hF(^, ^)=0, 

where A=a cos^d + 2h sin 6 cos 6 +b sin®^, 

and R = (a$ + hrf -^-g) cos 6 + (h^ + +/) sin 6, 

Now if (^, r;) also lies on the curve, F(^, >;) =0, and 
^r2+2Rr=0, 

from which r=0, or -2BIA, and this is the length of the chord 
when (^, rj) is not coincident with {x, y). 

If, however, (^, -q) is coincident with fa?, y), i,e, the line is a 
tangent to the curve at (^, q), then both roots of the above 
quadratic must be zero, the conditions for which are F(^, y)=0, 
and R=0. The former confirms the fact that (^, g) lies on 
the conic, and the latter gives the gradient of the tangent, for 
replacing B by its value, 

(a^ -i-hq -hg) cos 8= - (h^ + bq +f) sin 8, 
i.e, tan 8 = - (a$ +hq -\-g)l{h^ +bq +/). 

Hence the equation of the tangent becomes 

y=-.{a^ +hq +g)xl{h^ +677 +/) +n ; 
and since (f , q) is on this line, 

n = >7 + (a^ +^7/ +g)^l(h^-\-bq +/) 

= (a^^ + 2h^q + bq^ -^-g^ +/) 

V) - {9^ ^fV ^C)}l(h$ +bq +/) 

= “ (9i + bq +/), since F(^, 77) =0. 
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Hence, the equation of the tangent at (^, 17) on the conic 
F(x^ y )—0 becomes 

x(a^+hi 7 +g) + y(h|+bi 7 +f) + g^ + fi7+c=0 (70a) 


(a) If pa; +r = 0 is a tangent to the conic F (a?, y) ~0 at the 
point ($, rj)y then p^ + 5')?+r=0 Now let A. be a number such 
that kp^ + kqr]-^\r =0 is identical with ( 79 a), then 

a^ + hr)- Xp +^== 0 , 

h^-hbrj — Xq +f = 0 , 

=0, 

p^-hqrj +r =0. 

Eliminating rj and X from these equations, 


a 

h 

-P 

9 

h 

h 


f 

9 

f 

-r 

c 

P 

9 

. 0 

r 


Interchanging the third and fourth columns, the condition that 
the line px + ay + r == 0 should be a tangent to the conic F(x, y) ^ 0 is 

a h g p =0 (79b) 

h b f a 
g f c r 
p q r 0 

The expanded form of this relation is 

p2 {he -P) +q^{ca- g^) + r* {ab - ¥) -^2pq (fg - ch) + 2^r {gh - af) 

'^2pr(hf-bg)^0. 

{b) The gradient of the normal to the conic =* - cot 6 
= (4$ +bq +/)/(ct^ -^g ) ; 
hence the equation to the normal may be written 
y = {h^ + brj +f)x/ {a^ +g) '^n. 

Since it passes through the point (^, rj), 

n-^rj-{h^+bg+f)^/{a^+hr)-\-g), 
so that the equation in its simplest form becomes 

(y - (a^ + h97 + g) = (x - ^ ) (h^ + b7? + f ) (79c) 

(c) The equation for the tangent (79a) may be written 
• ax^+h{xq -\-y$) +hjr) +g(x +^) 4 -/(y + )?) -f c= 0 , 
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which may be derived from the general equation F(Xy t^)=0 by 
replacing by 2 xy by xy}+y^, y^ by yq, 2 x by rc+^, and 
2 y hj y-\-q. This is a general rule, and may be applied to any 
form of equation to the conic ; thus, for the parabola, = 4«a;, 
yyx^*^a(x + x^ is the tangent at (x, y). Similarly, =0^, 

1/62 = 1, are the equations of the tangents at {x^y yi) on 
the circle a:^+i/^=a^, the ellipse x^/a^ +y^lb^ = ly and the 
hyperbola x^ja^ - y^jh^ — 1 respectively. 

For the normals, ( 79 c) gives for the parabola, on putting 
a = A=/=c=0, 5 = 1, 5^= -2a, and q—yi, 

or 2a (y - ?/i) + (a; - Xy) = 0. 

Similarly for the circle x^ +y^—ci^i the normal is xy^^Xiy. 

For the ellipse x^ja^ +2/^/6^ = 1 , the normal is 

Vi (y - 

and for the hyperbola - y^jh^ = 1, the normal is 

yi(x - a;i)/62 +Xi(y -yi)/a2 =0. 

Ex, 6. (i) Any chord of the parabola = 4 ax is drawn through the 
point ( 0 , 2 a) ; shew that the nornuils at its ends 7 neet on the parabola 
(a;+y-2a)‘^+ay=0. (L.U., Sc.) 

(ii) Find the equation of the ellipse which passes through the 
point ( 7 , 24 ) and has its foci at the points ( 25 , 0 ), ( - 25 , 0 ), and 
prove that the tangent at the point cuts the minor axis at a distance 
from the centre equal to the distance of either focus from the centre. 

Let y = mx + n be the chord ; since it passes through the 
point (0, 2a) ; w = 2a, so the chord is y = 7 nx + 2 a. 

Suppose this intersects the parabola in (a/x^, 2 ap)y then 

2 ap — map^+ 2 a, or - 2/x + 2 = 0, 

thus shewing that there are two values of p satisfying this equation, 
i.e. the chord intersects the parabola in two points. 

Let /xj, P2 roots of the quadratic, then /x^ +/i2 = 2/m, and 

/*lM2 = 2/m, so that /Xj +P2^f^iy'2y + 1//^2 = 1 • 

Now the equation of the normal at (a/x^, 2 ap) is, from Ex. 2 , 
p. 240 , y= -/x(x-2a) +ap^, or, arranging as a cubic in /x, 

a/x^ - /x(x - 2a) - y =0. 

Let Ply P2, jtxg be the roots of thjs equation ; /xj, P2 are obviously 
roots since the normals are drawn at the extremities of the chdrd. 
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Hence, 

P'lH'i +/V^3 +/'#! = - (« - 2«)/a, 

Dividing the second by the third, 

1^3 + l//^i + 1//^2 = - (* - 2a)/y. 

Hence, since l//xi + 1//X2==1, 

i//*3= -(®+y-2a)/y. 

Also from the first equation ; 

= ■“ = 2//^> from the third equation. 

Equating the two values of /tig, the locus of the point of inter- 
section of the normals is 

2/V(» + 2/-“2a)2= -2//a. 
giving {x-^y- 2a)^ 4 - a?/ = 0, 

which is a parabola. 

Let the equation of the ellipse be x^/a^ + y^/h^ = 1 ; this is 
justifiable, since the foci are symmetrically placed on the jr-axis. 
If e be the eccentricity of the curve, then, from (73a), ae = 25, so 
that aV = 625. 

But from (69c), c^ = 1 - ; 

hence - 6^ = 625, 

or = 625 + h^. 

Since (7, 24) lies on the curve, 4:9 /d^ +bl6/b^ = 1, 
or 57 6a2 + 496^ = a^b^. 

Substituting the value of a already found, 

576(625 +62) +4962=62(625 +62), 
which gives 6^ = 576 x 625 = 242 x 252 ; 

62 = 24x25 = 600, 

and a2 = 625 +62 = 1225 ; 

Equation of ellipse is xVI225+yV600 = l. 

From the first part of the solution, the equation of the tangent 
at (7, 24) is 7a;/1225 +24y/600 = l, or a;/175 +2^/25 = !. 

This cuts the minor axis where y=0, so that x = 26= distance 
of either focus from the centre. 

80. Summary of Results. The equations established in the last 
two Examples are so important: that they are here tabulated for 
reference. 
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81. General Equations for Tangents and Normals to any Curve. 

The determination of the equations of a tangent and normal to a 
conic has so far been dealt with by purely algebraical methods. 
With the aid of the calculus, however, these equations may be 
obtained by a much shorter process, which has the further 
advantage of being applicable to any curve defined by its 
equation. 

Let F(a?, y )=0 be any curve, not necessarily a conic, and 
.y = wi® + n, a tangent to the curve at any point on the curve. 
Then, by definition, m is the gradient of the curve and is there- 
fore equal to dyjdx ; hence the equation of the tangent may be 
written, y = . dyjdx If this is a tangent at the point (^, ^;), 
then n = r]-^ . dyjdx, where x and y are to be replaced by ^ and 17 
in the value of dyjdx ; hence the equation of the tangent at the point 
(^, ri), on the curve F(x, y) =0, is 

(81a) 

where rj are substituted for x, y in dyjdx after differentiation. 
Sometimes, when the equation of the curve involves an implicit 
relation between the variables x and y, it may be more convenient 


to replace dyjdx by its equivalent 

^{dFjdx)j{^Fjdy)-, 
then the equation of the tangent becomes 

|J(y-’i)+||(*-£)=o (8it») 

For the normal the gradient is -l/m= -dx/dy, and the corre- 


sponding equations for the normal at (^, y)) on the curve become 

(«) (*-£)+5^y-’i)=o. 

V (82) 

(ft) (x-£)/g=(y-’i)/l7 . 

where, as before, x, y must be rejilaced by in the valaes of the 

deATattves. 
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Ex. 6. (a) Find the equation of the tangent at the point (^, y) 
on the conic, an^ + 2hxy + + 2gx +2fy+c=0. (L.U.) 

(6) Prove that the tangent to the curve 3? + ^=Zaxy at the point 
(f. y) is ay) +y(7^ - a$) =^a$y. 

Write down the equation of the tangent at the 'point (6a/7, ~ 12a/7), 
and verify that it meets the curve again at the point 

(-16a/21, 4a/21). (L.U.) 

(a) Difierentiating the equation 

+ 2Ax 2/ + + 2^x + 2/y + c = 0, 

with respect to x, 

oa;+A*|+%+6y|+<i+/|=0: 

/. + hy -{■g)l{hx +hy +f) at the point {x, y) 

= - + A 17 •\-g)l{h^ +&»?+/) at the point (^, q). 

/, By (81a), the equation of the tangent at (^, q) on the conic 
F(x, y) -0 is 

{y “ V)(H + ?>7 +/) + (a? - +hq+g)=0, 

which, as in Ex. 3, becomes 

x(a| +At/ -i-g) ■i-y(h^+bq +/) +g^ +fq +c=0. 

The above method should be compared with the algebraic 
process of Ex. 3. 

(b) Since 7? ■\-y^ = Zaxy \ 

... ^^f^£^ay+ax% 

giving ^ “ (“ 2 / “ at til® point (a;, y) 

‘={ay-^)l{ri^-a^) at the point (^, y). 

Hence the equation of the tangent at (^, >;) is 

or x(^ - aq) + 2/( - a^) = + v® - 2af >/ 

= -^q^ - 3a^q +a^q 

-=a$y, 

Since (^, q) lies on the curve. 

When ^ = 6a/7, ^/= -l^ajl, this equation becomes 

. 20x + 17y + 12a-0. 
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To verify that this line meets the curve again at 
(-16a/21,4a/21), 

it is really only necessary to shew that these values of x and y 
satisfy both the equation of the curve and the equation of the 
tangent. In order, however, to illustrate the use of relations 
between the roots of an equation and its coefficients, given in § 77, 
the coordinates of the third point of intersection will be found. 

Since the equation of the curve is of the third degree, a straight 
line will intersect it in three points. Now it has just been shewn 
that the line 20x4-17^ -f-12a=0 is a tangent to the curve at 
(6a/7, - 12a/7) ; hence this point is really two coincident points. 
Let (a, jS) be the coordinates of the third point of intersection ; 
then all three values of y are given by the equation 

- (12a + 17^)3/8000 + - 3ay(12a + 17y)/20, 

on eliminating x between the equation of the curve and its 
tangent. 

On dividing out by the coefficient of y^y the product of the roots 
will be equal to - (absolute term). 

Coefficient of = 1 - 173/8000 - 1 - 4913/8000 = 3087/8000. 

/, Absolute term= - 1728a3/8000-~ 3087/8000- - 1728a3/3087. 

But product of roots - ( -- 1^/7)3 . /? = 144a3/8/49 ; 

/. 144a2)8/49 = 1728a3/3087, or ^ - (1728 x 49a)/(3087 x 144), 
giving /3 = 4a/21. 

Substituting (a, 4a/21), in the equation of the tangent, 

20a = - (68a/21 - 12a) - - 320a/21 , 
giving a = - 16a/21 ; 

, . The tangent intersects the curve again at ( - 16a/21, 4a/21). 

Ex, 7. Find the conditions that the tivo curves J(aj, y)—0, 
0(Xy y) =0, may (i) touch each other y (ii) cut one another orthogonally. 
Hence determine the ^nature of the intersection of the curve boi? - a^y = 0 
and the ellipse oc^ + 2y^ = 2. 

The equations of the tangents at (^, 7y) on the curves 
F(x,y)=0 and G(x,y)=0, 


are by (816), 


"dF . . "bF , .. _ 

^iy-v)+^{x-o-o. 
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And by (65a), 


the angle between these lines is the principal value of 



If, therefore, 


^/0G_0p/ao 

0x/ dx dyf 0y * 


(88s) 


,(83b) 


the curves touch each other, 
audit 


ap po PI aa 
dx * ax ay ‘ ay * ■ 


the curves cut each other orthogonally, i.e, at right angles. 

Applying these results to the given curves, let 

F{Xy y)^hx^ - a^y =^0 ; 6^(x, +2i/^-2=0, 

dF_ 

'dx ' 


then 




.(83c) 


since 


'dF 3(j 'dF 'dG 2 A z z \ a 

F{x, y) =0. 


/. the curves cut orthogonally. 


82. Subtangents and Subnormals. 

on the curve F{x, y)—0 (Fig. 26), 
and suppose the tangent and 
normal at P cut the axis of x in 
T and G respectively. Then if N 
be the foot of the ordinate from 
P, the intercept TN is called the 
subtangent, and the intercept iVG, 
the subnormal of P. Let 6^ = slope 
of the tangent PT, then 


Let P be any point (a;, y) 





y . 

TN' 


^Sabtangent* 





264 ‘HIGHER MATHEMATICS 

Also L i\rPG*= complement of l NPT = 0 ; 

. NG , . dy 


[oh. XI 


Subnormal NG=y. 


dx’ 


.(84b) 


Again, TP = length of tangent between the a;-axis and P 
= TN sec 6 = TNs^l H-tan^e^ ; 


>“•' 

since ds ^ = + dy^. 

Similarly, GP = length of normal between the jr-axis and P 


giving 


= NP sec d = yVl + tan^ 6, 

GP 


=Wi+(ST=^-£ <«"> 


Ex. 8. (a) If the ordinate arid normal at any point P on the 
curve y^ff)(^) of x in N and 0^ find an expression for 

the length of NG. 

Shew from this expression that the locus of P is a parabola if NG 
is constant^ and that the locus is a central conic if NG varies as the 
abscissa of P. (L.U.) 

(6) In the case of the parabola y^ — \ax shew also that the sub- 
tangent is double the abscissa, (L.U.) 

(c) Find the curves in which (i) the subtangent is constant, and 
(ii) the length of the tangent between the x-axis and the point of 
contact is constant. 


(a) The hrst part of this question is answered in §82, the 
required expression being given in (846). 

For the second part, let NG—c, where c is constant, then 
from (846), 

y-Tx^^’ 


or 


y ,dy-=c,dx. 


so that, by integration, = ca + A\ 

or y* = 2cx + A, where A = 22 I'. 


This is a parabola whose axis is the axis of x, whose vertex is 
the point (0, JA), and whose latus rectum is 2c. 
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When NG varies as x, let NG=kx, where k is eonstant, then 

1/ ^-kx 
y dx ’ 

or y »dy—kx .dx, 

which gives, on integration, 

or ax2+py* = l, 

where a = - kjB and = 1 /-B. 

This locus is (i) an ellipse if a and P are positive, i.e. if k is 
negative ; (ii) a hyperbola if a and jS have opposite signs, i.e. if 
B IS negative and k positive ; or (iii) a circle if a ='/8, i.e. if A; = - 1. 
In every case, therefore, the locus represents a central conic. 

(6) Since ^ = 4aa;, 

. ft dy 2a 

. . y • = or / = — • 

^ dx dx y 

Hence subtangent ~ ~ 2x, since ^ = iax. 

Subtangent = twice the abscissa. 

(c) In the first case, the subtangent is constant. 

Let where c is constant ; 


then dx^c . dyjy, 

which, on integration, gives 

x+A =c log y ; 

/. y = = Be*/®, where ^ = e^/®. 

In the second case, let a = constant length of tangent between 
the x>axis and the point of contact, then from (84c), 



taking the positive rootj 
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x+A=^{sla^-y^ly).dy 

” “ - y* = w* 
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+w 

u 


= w + a log 


a~u 

~y” 


a - \/a^ - , 


log 



y ‘ 

or a - sfi? - y2 = Bye(*-“'^a*-y')/a', where = 

This curve is sometimes called the tractory. 

83. Asymptotes. When the point of contact between a tangent 
,Q to a curve and the curve is at an infinite 
distance from the origin, the tangent is 
called an Asymptote. Thus, although an 
asymptote is a real straight line, it never 
meets the curve in the finite part of the 
plane, but the curve approaches inde- 
finitely near to it as the distance from 
the origin increases. A pair of asymp- 
totes, FQy PQ\ to a curve are shewn in 
Fig. 27. 

Ex, 9. Determine the conditions that 
must he fulfilled for the straight line 

„ ^ , y=:mx-\-n to be an asymptote to the curve 

Fio. 27. Asymptotes. F{x y) =0 

Find the equations of the asymptotes of the hyperbola 

2x2 + 5a;y +2i/* — lla;~7y “4=0. (L.U.) 

Determine also the asymptotes to the curve 

x^ + 4^^ + (a^ “ bs?) y^ = W {a^ - 

and shew that they intersect the curve again in eight points which lie 
on an ellipse. 

(a) The line y=^mx-hn intersects the curve F(x, t/)=0 in the 
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points whose abscissae are given by the equation F(x, + w) =0, 
formed by substituting mx-^n for y in the equation of the curve. 

Suppose that F{x^ y) be of the rth degree, and that when 
expanded in powers of a?, 

F(Xy mx+n) = + +AiX-{-Aq=0. 

In this equation, put a; = l/A then after multiplying out by 
the equation becomes 

Af-hAr-i^ +^r-2P + •“ +^0$^”^* 

When the equation in x has two infinite roots, the equation 
in ^ will have two zero roots, and the conditions for this are 
A^=0 and A ^- 1 =0. In this case y — mx + n will meet F{Xy y) —0 
in two coincident points at infinity, and will therefore be an 
asymptote to the curve ; hence, y = mx + n will be an asymptote to 
the curve F(x, y) =0, when the coefficients of the two highest powers 
of X in the equation F(x, mx + n) = 0 vanish, i.e. if 

F(x, mx + n) s ArX*^ Ar_ ix^-i + + ••• + A^x + A^ 

when Ar =0 and Ar » i = 0 (85) 

(6) Applying this result to the given equation of the hyperbola, 
the abscissae of the points of intersection of the curve and the 
straight line y = mx + n are given by 

2a^ +5x(mx -i-n) -b2{mx + n)^ - llx - 7 {mx + n) -4 = 0, 
i.e, (2m* + 5m + 2) x* + (5n + - 7 m - 1 1 ) x + 2/^* - 7n - 4 = 0. 

Hence, by (85), y — mx^-n will be an asymptote if 

2?w* + 5m +2=0 and 5n + ^mn - 7m-ll=*0 

The first equation gives 

(2m + l)(m +2) =0 or m= -2 or 

The second gives 

n = (7m+ll)/(4m+5), 
so that, whenm=-2, n = l, 

and whcnm=-$, n=|-; 

the equations of the asymptotes are 

2x + y- 1 =0, x + 2y-5=0. 

c) Similarly, the abscissae of the points of intersection of the 
line y=mx+w and the given curve are given by 

x^ + 4 (mx + n)* ^ (a* - 5x*) (mx + n)* = 6*(a* - x*). 
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The two highest powers of x are and a? ; hence, for these to 
vanish, 

4m* ~ 4m* + 1=0 and 2mn (5 + 8m*) = 0. 

The first gives (4m* - l)(m* - 1) =0, so that m= ±1 or ±1, and 
the second gives w =0, since m is not zero ; 

/. The asymptotes are 

y + x = 0, y-x = 0, 2y + x = 0 and 2y~x=0. 

Writing the given equation in the form 

x^ - 6x^y^ + 4^* + + a*y* = a*6*, 

or (05 -y)(x + y) {x + 2y) {x - 2y) + 6*05* + a*2/* = a*6*, 

it is evident that each of the asymptotes will intersect the curve 
in two points other than infinity, and these will be given by 

6*a;*+aY=a*6*, 

since each of the factors in the first term is zero, as a condition of 
being an asymptote ; hence the other eight points of intersection 
lie on the curve 

6V+a*2/*=a*6*, 

or a;*/a*+y*/6* = l, 

which is an ellipse whose semi-axes are a and h, 

84. Rectangular Hyperbola. When the angle between the 
asymptotes of a hyperbola is a right angle, the curve is called a 
Rectangular Hyperbola, and it then bears the same relation to the 
general hyperbola that a circle does to an ellipse. This conic is of 
much importance in practice. 

Ex, 10. (a) FM the asymptotes of the conic 

ax* + 2hxy + hy^ + 2gx + 2fy + c = 0, 
and deduce the conditions that the curve should he a rectangvlar 
hyperbola, 

(b) Apply the result to the curve x*/a* ~«/*/6* = 1, and find the 
equation of this hyperbola referred to its perpendicular asymptotes 
as axes, 

(a) Let y — mx-\~n intersect the conic jP(x, i/)=0, then the 
abscissae of the points of intersection are given by 

' ax* + 2hx{mx + w) + 6 (mx + w)* + 2^x + 2/(mx + w) + c = 0. 
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For 2 / ~mx+n to be an asymptote, the coefficients of and x 
must vanish ; 

and An +6mn +/m=0. 

Let mi, mg be the roots of the first of these equations, then 
mi + mg = - 2A/6 and m^mg = a/6. 

Thus there are two asymptotes, and their joint equation is 
(2/ - m^x - nj) (2/ - - ng) = 0, 

or 


- (mi + mg) xy + - (nj + ng) ^ + (nimg + ngmi) x + = 0. 

But from the second of the above equations, 

= - (^ +/>Wi)/(A + 6mi) and -(g ^-/»^ 2 )/(A + 6mg) ; 

Wi + ng = - {2^A + {hf + bg) {m^ + mg) + 2hfm^m^l 

{h^ +A 6 (mi +m 2 ) + 6 %img} 

=m 


on substituting the values of mi +mg and miW-g, provided A* is not 
equal to a6. 

Similarly, 

nimg +ngmi = ~ (^mg +fMim^l{1i +6mi) 

- (gm^ +/mim 2 )/(A H-Amg) 

= - (grn^ 4-a//6)/(A +6?ni) - (gm^ +«//A)/(A q-Amg) 
= - {(% +^^ 2 ) + bg(7n^ +m^) 

+ 2a/A/6}/(a6-A2) 

^2glb, 


Finally, njng = {g +fm^) (g +f7n^)l{h + 6mi) (A + bm^) 

= (bg^ + a/* + 2fgh)/b(ah - A^) . 

Substituting these values in the equation for the asymptotes, 
and multiplying out by 6, 

ax^ + 2hxy + hj^ + 2gx + 2fy + A = 0, 
where k = (bg^ -f a/^ - 2/^A)/ (a6 - A^) . 

Hence the equations of a hyperhola and its asymptotes differ only 
by a constant. , * 
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This fact leads to a direct derivation of the equation of the 
asymptotes, for since this equation differs only by a constant 
from the equation of the conic, the asymptotes will be given by 

aa? -f 2hxy + hy^ + 2gx 4- 2/?/ + A =0, 

provided A be chosen so that the above equation represents two 
straight lines. The condition for this is, by (67a), 

a& A -f 2fgh - a/^ -hg^- = 0; 

from which A = (a/^ +bg^- 2fgh)l(ab - A^), 

thus agreeing with the value of k above. This is a much shorter 
method, and is therefore preferable in every way. 

For a rectangular hyperbola, the asymptotes must be at right 


angles to each other, the condition for which is ~ 1 

but from the above analysis, mim 2 =a/A. 

Hence F(x, y) =0 will represent a rectangular hyperbola when 

b= -a. (88a) 


(6) Applying (86a) to x^/a^ = it readily follows that for 
the rectangular hyperbola, a = 6, and the resulting equation 
becomes It is also obvious from the above tW the 

asymptotes of this hyperbola are y— ±x, so that each asymptote 
meets the x-axis at an angle of 45®. 

To refer the equation to the asymptotes as axes, it is therefore 
necessary to turn the axes through 45° in a clockwise direction, 
Le. through -45° ; hence x and y must be replaced by 

x' cos ( - 45°) - y' sin ( - 45°) = (x' +y')/>/2, 
and x' sin ( - 45°) + 1 /' cos ( - 45°) = {y' - cc')/v/2, respectively, by 

Substituting these values in and omitting dashes, 

the equation of a rectangular hyperbola referred to its asymp- 
totes as axes becomes 

xy=a* (86b) 

Ex, 11. Shew that the hcus of the middle 'point of a chord of 
constant length 21 of the curve xy^h^ is 

{ofi 4- y^)(xy - k^) = Pxy. (L.U.) 

Let (xj, yi)t (x 2 , ^ 2 ) extremities of the chord, and (x, y) 

its mid-point of the chord, then 

and y=J(yi+yj). 

®i +“!2 =*®(i/2/i + Myt)=^(yi+yt)lyiyt ; 


But 
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Similarly 
Now 


i.e. 


% 


XyX^^Bxjy, 

4P = (a!i-a:!2)2 + (yi-t/j)2 

= (a^i + 2!*)* - + (i/i + yj)* - 4^iyj 

= 4x^ - Wxjy + 4?/^ - ik^yjx ; 

J^xy = xy(x^-^y^)-W(x^‘\-y ^) ; 

(x*4-y^)(xy-k»)=l^. 


Exercises 11. 

1. A circle passes through the points (4, 1), (6, 6), and has its centre 
on the line 4a; + y = 16 ; find its equation. 

Tangents are drawn to this circle from (7, 10) ; shew that the length 
of their chord of contact is 2 \/ 105/13. 

2. Find the condition that the equation 

a;2 +y 2 + 2gx + 2fy + c =0 

may represent a real circle, and determine the radius and centre of this 
circle. 

Find the equation to and the length of the tangents from the point 
( - 2, 3) to the circle 

a;2 + 1/2 -2a; -2^/ + 1 =0. (L.U.) 

3. ABt AC are tangents to a circle and BC is their chord of contact ; 
prove that the square of the distance of any point on the circumference 
from BC is equal to the product of its distances from AB and AC, 

Prove also the converse, viz. that if ABC is an isosceles triangle 
and P is a point within the angle BAC such that the square of its 
distance from the base BC is equal to the product of its distances from 
the equal sides AB, AC, then the locus of F is the circle which touches 
AB and AC at B and C, (L.U.) 

4. In the parabola (bx+ay -ab)^ =4abxy, shew that 

(i) The axis is the line (a^ +b^)(bx - ay) +ab(a^ -h^) =0. 

(ii) The tangent at the vertex is the line 

(a2 +b^)'ax +by) =aV, 

(iii) The directrix is the line ax + by =0, 

6. Obtain the equations of the tangent and normal at any point 
2alin) on the parabola y^ =4tax. 

Shew that the subtangent is double the abscissa, and that the 
subnormal is constant. (L.U.) 

6. Two equal parabolas have the same vertex and their axes are at 
right angles ; prove that their common tangent touches each of them 
at an extremity of the latuf) rectum. (Li.lU.) 
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7. Prove that the line Ix+my +n—0 is normal to the parabola 
y*=4<M5 if al® 4-2alm* +m*n=0, and is a tangent to the parabola if 
am^=ln. 

8. Obtain the equation of the normal to y^=4£Lx in the form, 

y=t{x-2a)-a^. 

Shew that this normal touches the curve 27ai/®=4(a;-2a)® at the 
point (2a-f-3a/®, 2a^®), and intersects it at the point (2a-}-}ai®, 

(Li.U., Sc.) 

9. If P be any point on the parabola y®=4aa;, and F its focus, 
shew that the locus of the mid-point of FP is the co-axial parabola 

2y^=2a(2x - a). 

10. Shew that in the parabola y^=4axy the locus of the point of 

intersection of two normals which are perpendicular to each other is 
y^=ia(x-Za), (M.U.) 

11. Prove that the locus of the foot of the perpendicular drawn 
from the vertex to a tangent of the parabola t/®=4aa; is 

(a;® + y^)x -f ay® = 0. (M.U., Sc. ) 

12. The straight line 2y=3a; + 34 is a tangent to the ellipse 

6®a;®-i-a®y®=tt®6®, 

whose eccentricity is 0*6. Find the semi-axes a, &, and the coordinates 
of the point of contact. 

13. Shew that if -hmy -j-n =0 is a tangent to the ellipse 

a;®/a®+y®/62=:l, 

then a®P +6®m® =w®, and if it is normal to the curve, then 
n2(a®m® + W) =:Pm®(a® -6®)®. 

14. Shew that 3a;-4y-7=0 is a common tangent to the ellipse 
a:® +20y® -6=0 and the circle a;® +y® +8a; +2y +8=0. 

16. Find the equation to the ellipse which has the point (I, 2) as 
focus and the line 2a;-3y+6=0 as the corresponding directrix, and 
which is of eccentricity 2/3. 

Determine the value or values of m, so that 
y =ma:+2 

may be a tangent, and find the point or points of contact. (L.U.) 

16. The extremities of a straight rod AB are free to slide one in each 
(rf two mutually perpendicular grooves ; shew that, as the rod is 
moved, any marked point P on it describes an ellipse. (See Ex. 14, 
p. 231.) 

If the lengths -4P, BP are a, 6, shew that, when the rod pass es 
through a focus of the ellipse' it makes an angle tan”^V6/{2(a^6)} 
with the tangent of the ellipse at P. (Li.U.) 
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17. Prove that the product of the focal distances of a point (x^, y^) 

on the ellipse is equal to the square on the serai- 

diameter of the ellipse which is parallel to the tangent at y^), (L.U.) 

18. If <^2 eccentric angles of the extremities of a focal 

chord of an ellipse of eccentricity e, prove that 

cos - <^2) =« cos i(<^i + <#>2)* 

19. Prove that the normals to an ellipse at the extremities of a focal 
chord intersect on the straight line parallel to the major axis and 
passing through the mid-point of the chord. 

Hence shew that the locus of the intersection of these normals is also 
an ellipse. 

80. Tangents are drawn to the hyperbola 6x^ -4y2=44, where it is 
cut by the line 3a;-4y = 12. Shew that they intersect at the point 
(11/6, 11/3). 

21. Prove that the tangents at the points (a sec a, h tan a) and 

(a sec 6 tan jQ) on the hyperbola x^ja^ - 1/2/62 = 1, intersect upon the 
curve 2 ,2 X 

?^=(|s + l)oos4(a-;8). (L.U..SC.) 

22. The ordinate of any point P on the hyperbola -1/2^52-1 ja 
produced to meet the asymptotes in Q'\ prove that 

PQ.PQ'=b\ 

23. Prove that the product of the perpendicular distances of a point 
on the rectangular hyperbola x^ -y^=a^ from its asymptotes is constant. 

(Li.U.) 

24. Shew that the line a; - 3i/ + 1=0 is a tangent to the conic 

2a:2 +Sxy - 2y^ -3x +4y - 1 =0, 
and find the coordinates of the point of contact. 

26. Shew that the tangents from the origin to the circle 
8a;2 + 8y2 - 24a; - 64?/ + 73 =0 

are at right angles. (L.U.) 

26. Obtain the equation of the tangent and of the normal at the 

point (^,rj) of the curve a;^ +y^ =a^. 

If 6, c be the parts of the axes of x and y intercepted by the tangent, 
shew that 62 +c2 =a2. (L.U., Sc.) 

27. The straight line x-vy—a makes an angle Q with the curve 
a;2 +y* =c2 at a point of intersection (x, y). Prove that 

tan 6^ = (a;2 - y^)l{x^ + y% (L.U., Sc.) 

28. Find the equation of the tangent at the point {am^, am^) on the 
curve ay* =a;2. 

The tangent at a point P on this curve cuts the curve again at Q, and 
is normal to it there ; find^the value of m at P. (L.U.) 
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29. A circle of radius 2 in. rolls upon the outside of a circle of radius 
4 in. Prove that the curve described by the middle point of a radius 
of the rolling circle is given by 

a; =6 cos cos 3^, y =6 sin ^ -sin 3^. 

Also prove that the tangent at the point 6=^\Tr has the equation 
y + 3a; = 13v/2. (Br.U.) 


*30. Prove that the line y —mx +c is a normal to the curve a:* =a* 


if 


® (1 


(L.U., Sc.) 


♦31. Shew that if the line lx +my = 1 touches the curve 

(a;/a)”+(y/6r = l, 
then = 1. 


♦32. If T=0 be the general equation of the tangent at (A, t)) on the 
conic F {Xf y) = ax^ + 2hxy + hy^ + 2gx + 2/y + c = 0, shew that flie equation 
of the tangents drawn from any point {x^^ y^) not on the curve is 

F(x,y).F{xi,yi)='n, 

and that the locus of the point («i, y,) when the tangents to the conic 
are perpendicular to each other is 

(a6 +2x(hg -fh) +2y{af-gh) +c(a +6) =0, 

and deduce the nature of the locus for each curve. 


♦33. Find the equations of the tangent and normal at any point of 
the curve given by 

a:=3a«/(l+t3), y=3o^*/(l (B.U.) 

34. Find the angle at which the circles 

aj*+y2=4 and a;* +y* -6a; + 8t/ =0 

intersect ; find also the length of their common chord. 

Shew that the equation of the circle through the common points of 
the two given circles and through the point (3, 2) is 

x^ +y^ +21x -36y -22 =0. (L.U.) 

36. Find the coorditiates of the points of intersection of the para- 
bolas y* =:8aa; and a;^ and determine the angles at which the curves 
intersect at these points. 

36. Two curves x^y =a, xy-h pass through the point (3, 4) ; find the 
angle at which they intersect at that point. 

87. Find the angles at which tjie curves y^ =4aa: and cy^ =7^ cut each 
Other at their points of intersection. (L.U., Sc.) 
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88 . Shew that the circles 

cut orthogonally if c-a*=0, and touch if (c + a®)*=4a2(gr2+/2). 

(D.U., Sc.) 

39. Find the tangents at one of the common points of the circles 

a;2+y2=9, + 10a; + 9=0, and shew that these circles cut at right 

angles. (Li.U.) 

40 . Prove that the conics (aj/a)^ + (y/ft*) = 1 and (a;/a)* + (y/)8)* = l, 

intersect at right angles, provided a® ~ a* = jg* _ 52^ (M.U.) 

41. Draw roughly on the same diagram, the curves a:2/100 + y®/26 = l, 
a:y=24. 

Prove that they intersect at ( ±8, +3) and ( ±6, +4), and find the 
equation of the tangent to each curve at one of these points. What is 
the angle of intersection of the curves at this point ? (D.U.) 

42. Prove that the curves y=a;® and 6y = 7-a;® intersect at right 

angles. (B.U.) 

*43. Trace the curve a;y* = (a; + ?/)2, and find for what value of c the 
line a;=c cuts the curve at right angles. (Li.U.) 

44 . A body is projected with an initial velocity of 200 ft. per sec. at 
65® to the horizontal. Find (i) when its speed is least, (ii) at what 
points its direction of motion is inclined 45® to the horizontal, and (iii) 
its range on a horizontal plane. (B.U.) 

♦46. Prove that the line 3y + 2x=l passes through a point common to 
both the curves x® + 8xy -- Oy^ _ l =0, x2+ 12a;y + y*+ 19 = 0 ; hence shew 
that the curves touch each other at this point, and find the equation of 
their common tangent. 


B M. 
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CURVATURE OF PLANE CURVES. PROPERTIES OF THE 

CONICS 

85. Curvature. Let be a small angle subtended at the centre 
of a circle of radius r by a small arc PQ of length 5s, then from 
the definition of the circular measure of an angle, or 

But each radius is normal to the circle, so that if 
tangents are drawn at P and Q, the difference of their slopes is 
Sip, This angle is called the angle of contingence, and the limit of 
S\p/8$ when Q ultimately becomes coincident with P, i.e, dip/ds, 
is called the curvature of the circle. In this case drplds^ljr, so 
that the curvature of the circle is constant and equal to the 
reciprocal of its radius. In precisely the same way, the curvature 
of any plane curve is measured by dpjds, where p is the slope of 
the curve and s the length of the arc. It is not constant in general, 
however, and is denoted by 1/p, where p is called the radius of 
curvature, so that, at any point (x, y) on a continuous plane 
curve, or F(x, 2/)=0, the radius of curvature is given by 

the formula a- 


This is not always the most convenient formula to use, but 
another one is established in the following example, and other 
forms are given on pages 273 and 277. 

Ex. 1. (a) Prove that the curvature at any point of the curve 
y=^f(x) is given by 



RADIUS OF CURVATURE 


267 


If p he the radius of curvature at a point P on a parabola^ shew 
that p^ oc SP^y where S is the focus, (L.U.) 

(6) Prove that the radius of curvature at any point on the cycloid, 
x=^a(d - sin d), y=a{\- cos 0), is twice the length of the normal, 

(L.U.) 

(a) Let ^ be the slope at any point on the curve y—f(x)y 
then 


SO that 

-(!)’} /S- 

If p = radius of curvature at the point (a?, y)y then 


dx d\p^\ \dx) I / dx^' 
the curvature J = g{l +(!)'} 

From this result a more convenient formula for p is thus 

.Mil! 


Let P(x, y) be any point on the parabola y^ = 4aa;, then 


dy _2a 
dx~' y * 


d?y _ 2a dy 


dx y * da? y^ dx y^ ‘ 

/. From (876), 

/- 4a2\^ /4a2 ,, , 

P=-\^+Y) /■^=-2(a:+«W“"- 

But since any point on the parabola is equidistant from the 
focus and from the directrix, and the latter is distant a from 
the vertex, 

/. SP=a:+a. 

Hence p^jSP^ == 4/a, which is constant ; 
i.e. • p* X SP®. 
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(6) Since a?=a(^~ sin ^), 
dx 


and 


so that 


jg=a(l-cos6/)=2asin2 2; 
y=a(l-coae)=^, 

, dy • ^ o • ^ ^ 

. . sin ^=2a sin^ . cosh» 

au z Z 

dy dy dO ,6 


If Ip be the slope of the curve at any point, the gradient at this 

A. 

= ^=tan^=cot(^2-l^> 


. 6 IT , 

.. 2 = 2 -!^ and 


But from (87a), 


dO 
d\p 

_ds _ds dx dS 
^ dyp dx dd' d\p 
and from (84:d), if Z= length of normal, 

, ds 


= - 2 . 
o 


Hence, in magnitude, p = 21. 



86. Centre of Curvature. Involutes and Evolutes. Let P 
(Fig. 28) be any point on a plane curve, y-f(x), and let p be the 
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radius of curvature at P, then if a circle of centre C and radius p 
be drawn to touch the curve at P, it will have the same tangent 
and the same curvature at P as the curve. This circle is therefore 
called the circle of curvature, and its centre, U, the centre of 
curvature at P on the curve y=f(x). 

Let PT be the common tangent at P which meets the cc-axis 
in r, and ^ its slope ; then since CP is perpendicular to TP, 

L PCR = 90 ® - CPQ = L QPT = l PTN - 

Let (^, v), {Xf y) be the coordinates of C and P respectively ; 
then since CP^p, 

^ = OR = ON -QP=a5-p sin ^ 
and rj = RC=NP +QC=^y -hp cos 

Lut tan ^ = 3 ^, 

ax 

u>d +(!)’}* "a- 

Hence the coordinates of the centre of curvature at any point 
(a?, y) on a plane curve are given by 



The locus of the point (^, tj), i.e, the centre of curvature for 
each point on a given curve, is called its evolute. If the evolute 
be regarded as the original curve, then the curve of which it is 
the evolute is called an involute, and it is easily shewn that there 
is an infinite number of involutes to every evolute. * 
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Ex. 2. Prove the following 'properties of the evolute of a plane 
curve^ y^f(x) : 

(a) The normal at any point (x, y) on y= f(x) is a tangenl to its 
evolute at the cerUre of curvature (^, g) of y=f{x) at {x, y). 

(&) The length of the arc of the evolute is equal to the difference 
between the radii of curvature of y=^f(x) at points corresponding to 
the extremities of the arc. 

(c) The radius of curvature of the evolute at any point is 
d^s 

where s^an arc and \j/=the slope at the corresponding point 
on y==f{x). 

(a) Let ^ = slope of y= f{x) at any point (x, y)y then the gradient 

• dx 

of its normal at (x, y) «= - cot by (65c). 

But the gradient of the evolute at the point (^, g) corresponding 
to(a:,y)i8 

Now from (88), ^ = cc - p sin ^ ; 


dx 


= 1 - 


dp . , , d\p ^ dp dy ds dx d\p 

dx ^ dx^ dx ds^dyp ds dx 


dx ds ’ 

Similarly, since v = «/+f>co8f, 


^ dx, 
dx ds * 


, dg _dg jd^ _ dx 
d^ dxl dx dy' 

/. Gradient of tangent to evolute at (^, 7 ;) = gradient of normal 
to original curve at (a?, y). 

The normal to y=f{x) is a tangent to its evolute. 

Owing to this property, the evolute is often called the envelope 
of the normals to a curve. 

(b) Let dcr be an element of arc of the evolute, then 

= ^dp^. from (a) above, 

/. do- = dbdp, 

the positive or negative sign being taken as a- increases or decreases 
as p increases. Hence if or be tne length of arc between two points 
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where the corresponding radii of curvature of the original curve 
are this equation on integration gives 

o*=Pa-Pi; (89a) 

thus the length o! the arc of the evolute= difference between the radii 
of curvature of the original curve at points corresponding to the 
extremities of the arc. 

(c) Let / 0 e = radius of curvature of the e volute at any point, 
then the slope of the tangent to the evolute = slope of normal 

to original curve, * ^ ^ ; 


so that 


_ ^ _ d / ds \ _ d®s 

~d+ d^l' * \d+/ dx|i*‘ 


.(89b) 


Ex» 3. Find the centre of curvature and the evolute of the parabola 
t/2 = and shew, by finding the equation of the tangent to the 
evohUe, that it is identical with the equation of the normal to the 
parabola. 

Determine also the centre of curvature and the evolute of the 
ellipse = and prove that the length of the evolule 

corresponding to a quadrant of the ellipse is (a^ - b^)/ab, 

(i) For the parabola, ?/2 = 4ax, 

dy _^2a , d^y _ 4a* 

^=*+|^(l+'y2')£2 = a: + 2a; + 2a = 3x + 2a, 

and y “2/ “ ~ 

The locus of (^, r]) will be given by eliminating x from these two 
equations. Squaring the second, and replacing x by its value 
from the first. 

Replacing (^, rj) by (x, y), the equation of the evolute becomes 
27ay2=4(x-2a)». 

This curve is often called the semi-cubical parabola. • 
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To find the equation of the tangent to this curve, change the 
origin to the point (2a, 0) in order to simplify the algebra. The 
equation then becomes 

27at/® = 4a;®. 

Let the line y == mx + n intersect this curve, then the abscissae 
of the common points will be given by 

27a(ma;+w)® = 4a:^, 

or 4jr® - Tlarrfo^ - h^mnax - 27an^ = 0. 

Two roots of this cubic will be equal if 

(y^)®aW(2n +3m®a)^ = (^)®a®mV(9m®a +Sn), by (78), 
which reduces to n(n+ m^a) = 0. 

Assuming n is not, in general, zero, 

/ -am®, 

and the tangent becomes y = mx - am®. 

Transferring back to the original origin, this equation becomes 
y =mx — 2am - am®. 


which, by (80), is the equation to the normal of the parabola, 
(ii) For the ellipse, cc®/a® + = 1 , 

dx a®y® * 




= x{3?la^ - 6®x®/a^) = (a* - b**)x®/a*, 


and 

— yiy^lb^ - a^y^/b^) = (b* - a*)y®/b<. 


From these values, 

01 ? ja^ = (^a)^ (a® - 6®)“^ and ^®/6® = (yb)^ (a® - 1®)""^ . 

/, By addition, 

{(fx)* +(vbfy(a^ - ?>*)■♦ =K*/a* +y^/b^ » 1. 

Hence, writing (x, y) for ($, i;), the equation of the e volute Ls 
c (a*)^ + (l»f)^=. (a* -!)»)*. 
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If Pa, Pb the radii of curvature of the ellipse at the extremities 
of the major and minor semi-axes respectively, then for any 
point (x, y) 

Pa= 

and Pi, = - (o«62)«/(a'i64) = _ gjtjh. 

By (89a), the length of the evolute corresponding to a 
quadrant of the ellij^sc = pa - pb =a^lh ~ b^la = (a® - b®)/(ab). 

87. Curvature at the origin — Newton’s Method. When a curve 
touches either of the axes at the origin, a very simple method of 
finding p may be employed which needs no differentiation. The 
process is illustrated in the following example. 

Ex, 4. Prove that the radius of curvature at the origin of a 
curve tvhich touches the axis of x at the origin is 



Find the radii of curvature of the curve y =a^(a?~3) at the joints 
where the tangent is 'parallel to the axis of x. (L.U.) 

(a) Let P{x, y) be a point on a curve close to the origin 0, 
(Fig. 29), which will ultimately be coincident with 0 ; then if C 
be the centre of curvature at O, 00 = Po» 
and the diameter OQ of the circle of 
curvature is perpendicular to the tangent 
OX to the curve at the origin. If be 
perpendicular to OQ, HP = x, OH = y, and 
HP^ = PC2 - //C2 PC2 _ (00 _ OHf 
^0H(20C-0H) 

^OH{PQ-OH)=On ,HQ, 

i.e. x^ — y.HQ, O 

Fig. 29. Curvature at the 

or HQ = a Vy • origlu. 

When P becomes coincident with 0, HQ becomes OQ = 2pQ; hence 

2po= Lt (**/?/), 
a:->0 

t-e. , po=i li Wy) (l»o) 

X— M) • 

k2 



B.M. 
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Similarly, if the curve touches the axis of y at the origin, the 
radius of curvature is \ Lt (y^jx). 

This method is due to Newton, and is therefore known as the 
Newtonian method. 

(&) Since the tangents have to be parallel to the axis of Xy 

^=0, i,e. 3a? - 6»=0, giving x=0 or 2 ; hence the two tangents 

are y=0 and y+4=0. The first shews that the curve touches 
the axis of x at the origin, so that the radius of curvature there is 

i Lt . (x^y) = J Lt a?/{x^x - 3)} * J Lt l/(a? - 3) ~ 1/6. 

' aj ->0 a ?->0 

To apply the Newtonian method to the second point, change 
the origin to (2, - 4) ; the transformed equation is then 

t/-4=:(»+2)2(a?-l), 

or y—a?{x ■\‘3)y and the tangent is now the x-axis touching the 
curve at the origin ; hence the radius of curvature there is 

J Lt (a:2/y) == J Lt l/(a; 4- 3) - 1/6. 

To verify these values, the general value of p at any point 
(», y) is easily found by (876) to be 

{l+9a?(x-2a)}*/{6(x-l)}, 

80 that, at the points (0,0) and (2, -4), this value becomes 
-1/6 and 1/6 respectively, which agrees with the values already 
found. 

88. Polar Formulae. Let PyQ be two points on a curve 
(Fig. 30) whose polar coordinates are (r, d)y (r + 8r, 0+86), 0 being 
the pole and OX the initial line. Draw PR perpendicular to OQ ; 
then the nearer Q approaches P, the more nearly do OP and OR 
become equal, and the less the difference becomes between the 
chord PQ and the arc PQ, Hence when 86 is very small, 
RP^OP,86=^r.86 

very nearly, and RQ = OQ- OR = OQ-OP=^8ry and if arc PQ^ 88, 
then 8s? ** (chord PQ)^ = RP^ + PQ* = r* 86* + ; 

. /8s \a . /8r\* 
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and proceeding to the limit, 



Fia. 30. Polar formulae. 


If KOO be drawn perpendicular to OP to meet the tangent and 
normal at G and K respectively, then OG is called the Polar 
Subtangent and OK the Polar Subnormal. Expressions for these 
are determined in the following example. 

Ex* 5. If <1^ be the angle between the radius vector and the tangent 
at any point on a plane curve, and p be the perpendicular from the 
pole to the tangent, shew 

(а) by direct transformation from Cartesian to polar coordinates, 
that tan (l> = r . dbjdr, and find expressions for sin </> and cos ; 

(б) that Ijp^ = u^ + (dujdd)^, where u = 1/r. 

Hence find expressions for the polar suhtangent, subnormal and 
the radius of curvature. 

Prove for the curve r—a(\-\-cos6), that p* varies as the product 
of the svbtangent and normal, and find the value of p, 

(a) Let slope of tangent at any point P (Fig. 30) on the 
curve, and (x, y), (r, 6) the corresponding Cartesian and polar 
coordinates of P, then x = rcoab, y==r sin 6; 

/. dx — dr, cos ^ - r sin ^ . dO, and dy^dr , am S -\-r cos d ,d6\ 
tan \p = dyjdx = {dr sin ^ + r «os 0 . dd)l{dr coa 0-r sin 0 , dO) 
= (dn . tan 0 . d6^)/(dr -r tan 0 , d^), ^ 
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But from Fig. 30, ^ 0 4- ^ ; 

/. tan f =tan (^ +</>) ==(tan 0 +tan <^)/(l -tan 6 . tan 4>)- 
Equating these two expressions for tan 
{dr tan 0+r , dd){\ - tan 6 . tan 

= (dr-r tan 0 . rf6>)( tan 6 + tan 
which on multiplying out gives 

tan </)=r . dO/dr, 

Squaring, tan^<^ = sec^</)~l=r^((f6>/tir)^, so that 

sec2</> = 1 + r^ddjdr)^ = {dsjdr)^, from (90a) ; 

/. cos 4* — drfds. 

Finally, sin </> = cos <^ . tan <#> = r . 

Hence 

rin + =t^-. cos +=^^. 

(6) Let the perpendicular from 0 to the tangent meet it at H 
then 

p = OH = rsin<#. = r*.®^; 


.(901>) 


1 If = u*(dslddf = u* I i + (dr/d6i)* I 


« -/ a 1\2 /du\^ 

1_1 /dsV_ 2./du\2 

p*"'r* * \d0/ 


d0 


.(90d) 


Again, from Fig. 30, 

OG = polar subtangent = r tan <b r^ . 3- > 

dr 

dr 

OK = polar subnormid =r cot <l> = 

To find the value of p in terms of polar coordinates, from (87a) 
l/p=di/'/ds, 

But^ = ^ + <^; /. d\p=^d6 -\-d4>\ 

llp—ddlds+d4^lds 
d9f^ .d<#)\ 
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, \ dr 


[ 88 ] 

From (906), 

d<i> 1 fdr\^ 1 d?r 

■■ *r-»’ 

r{(: 


m 


<Z<6 

dd 


'dr\^ 

\dV 


(Pr 

difi 


]/m 


on putting in the value of cosec^<^>. 
Hence, by substitution, 


1 f/ds\^ /dr\^ / /ds\^ 

p^'[\dd) '^[doj ~^^fl\dB) 


.1 


A simpler relation than this may easily be found involving p. 
Thus, since ^ = r sin </>, 

dpjdr^mi +r cos (/> . d<l>ldr-r(ddlds ■\’d<l>lds), from (90?>), 
= r . d\pldSy since ^ = 6^ + </>, 

^rjp. 

Hence the two polar values of p are given by 




For the curve r = a(l +cos 0), 

dr . 

— = -amiO, an( 

P = (^^ + sin^ 0)^1 (r^ -}- sin^ d +ar cos 0) 

= (2ar)^/(3ar) = (8ar)^/3. 

But product of subtangent and subnormal for any curve 

dO dr „ 



dr 



*de» 


dh 


'd^~ 

-a cos 


.(87d) 


= r2 


dr do 


p^/(this product) = (64aV)/(81r®) = 64a2/81, 
which is constant. 

p^ varies as the product oj the polar subtangent and sub- 
normal. . • 
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Finally, from (90c), 

l/^2 = l/ra +(l/r^)(rfr/rf6>)2 = l/r2 +a^ sm^e/r^ 

= 1/r* + (2ar - r^)/r^ = 2a/r® ; 

89* Some General Properties of the Conic. Some important 
geometrical properties of the conic will now be discussed, but 
before dealing with the separate curves, those characteristics 
common to all conics will first be considered. 

Ex, 6. Find the jpolar equation of the straight line passing 
through two given points. Deduce the equations of the tangent and 
asymptote to the general conic IJr — X- e cos 9. 

Hence shew that 

(а) The line joining the point of intersection of two tangents to 
the focus bisects the angle formed by the radii vectores drawn from 
the points of contact ; 

(б) The tangents drawn at the extremities of a focal chord intersect 
on the directrix; 

(c) The segment of a tangent intercepted between the point of 
contact and the directrix subtends a right angle at the focus. 

Let PT (Fig. 31) be any straight line referred to 0 as pole and 
OX as initial line, the coordinates of any point on it being (r, 9), 
Let OQ be the perpendicular from 0 on the line, then its length 
will be constant. Denote this by p, and suppose LXOQ^^a^ 
which is also constant, then 

p=r cos (a -0) (91a) 

This is, therefore, the polar equation of the straight line. 

Let (r^, 6>i), (rg, 9^ be two given points on the line, then 

p =ri cos (a - 9^ =r .2 cos (a -9^^r cos (a-9)\ 

/, (fj sin - fg sin 9^ tan a = rg cos 9^ - r^ cos 
and (fj sin 9^-r sin 9) tan a = r cos 9 -r^ cos 9^, 

Hence, by division, to eliminate a, and simplification, the polar 
equation of the straight line passing through the given points 
becomes 

Ml sin (0 - 0i) - rr 2 sin (0 - 0*) + TiFg sin (0i - 02 ) = 0. 

Suppose now that (rj, 9^, (rg, 9^ lie on the conic 
Z/r = 1 - e cos 

th6n Z/r^ = 1 - e cos 9^, and Z/rg = 1 - e cos 9^. 


(91b) 
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Substituting in (916) these values of and rj, 
r(l " e cos ^2) sin (6^ - - ^(1 - e cos ^1) sin (0 - 

+Jsin(^i-^2)=0; 

/, 2r sin J(6>2 - 0^ cos { ^ + ^2) } + ^ cos 0 sin (6^ - ^2) 

+ ? sin 

If is not equal to ^2> l^his equation may be divided out by 
sin \(B^ - 62), then 

6r cos ^ . cos - ^2) “ ^ cos { 6> - + ^2)} = - J cos J(6^i - ^2)* 

which, on division by cos - 8^, gives 

l/r = sec i(6i -62) cos {0 -K^i+^a)} -cos 0 (98a) 

This is, therefore, the polar equation of a chord of the conic. 



For this chord to become a tangent at a point whose vectorial 
angle is a, 81 — 82 = a, and the equation becomes 

l/r=cos (0-a)-ecos0, 

which is thus the polar equation of* a tangent to the conic. 


.(98b) 
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For an asymptote, the point a must be at infinity ; this will be 
the case when r = oc in the equation of the conic, when 

e cos a = l. 

Hence the equation of the asymptote will be the eliminant of a 
between this equation and that of the tangent, viz. 

i/r =cos {d-a)-e cos 0 = cos ^ cos a + sin ^ sin a - e cos 6 ; 

/. eljr = (1 - e*) cos 6^ + e sin 6^ . sin a, on putting cos a == l/e ; 

/. {dir - (1 - e*) cos sin^^ sin^a 

sin26^(l - cos^a) 

= e^ sin26^(l - 1/e^) 

= (e2-l)sin2(9, 

el/r - (1 - e**) cos 0 = ± - 1 . sin 0 (92c) 

These are, therefore, the polar eauations of the asymptotes, and 
it is evident that they are real only when e>l, i.e, the only 
conic having asymptotes is the hyperbola, as has already been 
seen in § 83. 

As the directrix will be needed later, its equation will now be 
found. 

From (91a), the equation of any straight line is 
= r cos (a-d). 

In the case of the directrix, p = OB^lle, and a = 7r ; 

/. the equation of the directrix becomes 

1/r + e cos0 = O (9Sd) 

The required properties of the conic may now be established, 
(a) Let a, /3 be the vectorial angles of any two points, P, P\ 
on the conic, then by (926) the equations of the tangents at these 
points are 

IJr = cos (0 -a)- e cos 6, 

I/r = cos {0 - 13) -€ cos 0. 

These will intersect when 

cos (^ - a) - cos {6 - jS) =0, 

Lev sin ^(a - p ) . sin |(2'6> - a - /?) = 0, by (1 4). 
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Since a is not equal to p, 

sin |(2e^-a~^)=0, 

so that 6^ = J(a + /8), 

i.e. L XOK = ^(L POX + reflex ^ P'OX) = II FOP + l POX, 

Take away the common angle POX, then 

lPOK = Il FOP ; 

KO bisects l FOP, 

so that intersecting tangents to a conic subtend equal angles at the 
focus. 

(b) Let POS be a focal chord, and a the vectorial angle of P, 
then the vectorial angle of is tt +a. Let (r^, bi) be the coordi- 
nates of P, the point of intersection of the tangents at P and S, 
then by (926), 

//r^ = cos -a)-e cos 0-^, 

Ijr^ — cos {Oi-TT -a) -e cos 6^ 

= - cos ((Ji - a) -e cos 
Hence, by addition, Z/r^ = - c cos bi, 

which shews, by (92d), that (r^, 6^) lies on the directrix ; hence : 

Tangents to a conic at the extremities of a focal chord intersect on 
the directrix. 

(c) Since the tangent at P intersects the directrix at (fi, 0^), 

l/r^ =cos (^i - a) - e cos 0^, 
and l/vi — - e cos 6^. 

By subtraction, cos (6^^ - a) =0, 



i.e. LROX-LPOX^7rl2, 

or L ROP = a right angle. 

Hence, the segment of a tangent intercepted between the point of 
contact and the directrix subtends a right angle at the focus. 

90. Properties of the Parabola., The more important charac- 
teristic properties of th§ parabola will now be dealt with. 
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Ex, 7. In the parabola , shew that 

(a) The sybtangent is bisected at the vertex, 

{b) The tangent bisects the angle between the focal distance and 
the perpendicular to the directrix from the point of contact, 

(c) Tangents at the extremities of a focal chord intersect at right 
angles on the directrix, 

\d) The diameter through the point of intersection of two tangents 
bisects the chord joining their points of contact, (L.U.) 

(a) Let PT be any tangent to the curve at P (Fig. 32), PN the 
ordinate, 0 the vertex, F the focus and AH the directrix. 



If the coordinates of P are (^, ry), then the equation oi PT 
referred to 0 as origin and OX as x-axis, is, by (80), 

y>y=2a(x+^), where AO = OF=a. 

At T, 2^=0, /. 

so that TO = ON; 

0 is the raid-point of TN, 

t 

i.e.^the subtangent is bisected by the vertex of the parabola. 
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(6) From Fig. 32, FP — PH, where PH is perpendicular to AH, 
:==AN = AO+ON=^OF + TO^TF; 


. i^fPT=lPTF=lTPH\ 

TP bisects the angle FPH^ 

t,e. the tangent bisects the angle between the distances of the point of 
contact from the focus and the directrix. 

It follows from this fact that the normal at P bisects the angle 
between PH and FP produced. 

(c) Let the tangents at P, P' (Fig. 32), the extremities of a focal 
chord, intersect on the directrix at R. That these tangents do 
intersect on the directrix has already been proved in (6) of 
Example 6. Also from (c) of that example, RF is at right angles 
to PP'. Let P'H' be drawn perpendicular to P'P, then 

L HRP - 7r/2 - L HPR = 7r/2 - z. PPP == Z- PRF. 

Similarly, l H^RP^l FRF ; 

L PRF^l PRF FRF^Kl H'RF +Z. HPP) -90^ 

i.e. tangents at the end of a focal chord intersect at right angles on the 
directrix. 

{d) Let {xi, t/i), (ccg, 2 / 2 ) extremities of any chord, then 

the equations of the tangents at these points are 

yyi -=2a{x+ Xj), yy^ = 2a{x-^ x^). 

Hence the ordinate at their point of intersection is given by 

y^2a{x^-x^l[yx-~y^, 

and this will be the equation of the diameter, i.e, the line parallel 
to the axis through the point of intersection. 

Since (x^, i/j), {x^, y^ lie on the parabola, x^ — yi^lia, x^^y^jia. 
Hence, by substitution in the above equation, 

y = - y^Viyx - y^ = i(2/i + y^^ 

since is not equal to y^- 

This result shews that the diameter passes through the mid- 
point of the chord ; hence, 

The diameter through the point of intersection of two tangents bisects 
the chord joining their points of contact. 
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Ex, 8. (a) From any point {ap^y 2a p) on a parabola a focal 
chord and a normal chord are drawn. Find the coordinates of the 
points where these chords meet the curve agaiuy and shew that 
the diameter through the point of intersection of the tangents at 
the extremities of the normal chord passes through the other extremity 
of the focal chord, 

(b) If two tangents at the ends of a focal chord PP' meet in R, 
and PQ is a chord which is normal to the curve at P, then PQ = 4PP'. 

(L.U.) 

(a) Let PPP' be a focal chord and let the coordinates of P' 
be (ap^y 2apfjy then the equation of PP' is, after division by 

aW-/*), 

2(a: - ap^) ^{y- 2ap) (p^ + p). 

But PP' passes through P, the coordinates of which are (a, 0) ; 

2a (1 -p^)==- -2a/i(/xi + /x), 

from which Px — I/m- 

Hence the coordinates of the extremities of a focal chord of a 
parabola are 

(afJL^2aH.), (a/K.*» -2a/|4) (93a) 

Again, let the normal at P cut the curve again at Qy then, by 
§ 80, the equation of PQ is, after division by 2a, 

y - 2ap + p(x - ap'^) = 0. 

Let (ap^y 2ap^ be the coordinates of Q ; then 
2a (/42 -p)+ap {p^ - /x2) = 0, 
from which, since /xg is not equal to p. 

Hence the normal to a parabola at the point (afl^ 2skp) meets the 
curve again at the point whose coordinates are 

{a(|Ji* + - 2a(K.2 + 2 )/h.} (93b) 

Let the tangents at P and Q intersect at S, and let SK he 
drawn parallel to OX meeting PQ in K. Then, by (d) of Ex. 7, 
p. 282, K is the mid-point of PQ, 

Let y be the ordinate of K, then 

1/ = |{2a/4 + 2a/x j) = a (/t + /t,) 

=a{/i-(/i*+2)//x}, by (936), 

= -2a//*, ^ 

which is equal to the ordinate at P, by (95a) ; hence. 
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If a normal chord and a focal chord be drawn from any point on a 
parabola, the diameter through the point of intersection of the tangents 
at the extremities of the normal chord not only bisects that chord, but 
also passes through the other extremity of the focal chord. 

From Ex. 6 (b), p. 278, E lies on the directrix, and if the 
diameter through R cuts PP' in G, and PQ in M, then P'G = GP, 

Further, since GM and P'K are parallel, and G is the mid-point 
of PP\ 

M is the mid-point of PK, i.e, PQ^i , MP. 

But RP' is parallel to PK, each being perpendicular to RP ; 

P'RMK is a parallelogram, and 

P'R = MK = i,PQ; 

PQ=^i.P'R. 

It should be observed that PMP'R is a rectangle, so that PM 
is perpendicular to the normal P'Q. 

91. Properties of the Ellipse. Some important geometrical 
properties of the ellipse will now be considered. It should be 
noted that from the fact that the sum of the focal distances of 
any point on the curve is constant (see Ex. 12, p. 223), this is 
often used as a convenient definition of an ellipse in practice. 

Ex. 9. Discuss the chief properties of the ellipse 
x2/a2+//62 = l. 

(i) Let AA\ BB' (Fig. 33) be the axes of the ellipse, 0 its 
centre, F, F' its foci, then from (73a) OF — OF' where e is 
the eccentricity of the curve. 

/. A'F .FA = {a+ae)(a-ae)^a^(\-e^)^hK 

Product of distances of extremities of major axis from a focus 
= square on semi-minor axis. 

Also +OF2=52 +a2e2=a2 ; 

/. BF=a, 

so that the distance of either extremity of the minor axis from a focus 
^ semi-major axis. 

(ii) Let H'PT be a tangent at any point P(a?i, yi), then its 

equation is • 
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and if it intersects the a!;-axis at T, and N be the ordinate of P, 
then at T, and xxi=^a^y 

i.e. ON.OT = a2. 

Let jP'fif', FH be the perpendiculars on the tangent from the 
foci ; then, taking the equation of the ^ngent in the form 

y = mx + s/a^m^ + 

the equation of FH will be of the form*y = - x/m+n. 



Fio. 33. Properties of the ellipse. 

Since F is the point {ae, 0), /. n^aelm, so that 

my^ae-x 

is the equation of FH, 

Let (x, y) be the point of intersection H, then, if m be eliminated 
from the equations 

y-mx = Jm^a^-^b^ and my-\-x=aey 

the resulting equation will represent the locus of H, 

To effect this elimination, square each equation and add, then 

{my + x)^ + (2/ - mx)^ = + m^a^ + 6*, 

i,e, {in? + 1 ) (x^ + =:a2(m* + 1) ; 

/. x2+^=a2, 

since m is real, 

i,e, the locos 0 ! the feet of the perpendiculars from the foci to a 
tangent is the auxiliary circle. 
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Let HF he produced to meet the auxiliary circle again at Ky 
then since FH, F'H* are parallel and equidistant from the centre 

0, and Ay A* is a diameter of the circle, 

FK^F'H' 

and KF . FH == A* F . FA =6^ as proved above, 

1. e. FH,rH*^b\ 

or, the product o! the perpendiculars from the foci to any tangent is 
constant, being equal to the square on the semi-minor axis. 

(iii) Let PQ be any chord of the ellipse joining the points 
^i)* ^2)1 lihen the equations of the tangents at these 

points are 

+ yy^!}^ = 1 , XX + yyjb^ = 1 ; 
and if A be a constant, the equation 

xxja^ + yyjb^ - 1 + A {xxja^ + yyjb^ - 1 ) = 0 

will represent any straight line passing through their point of 
intersection. For the line to be a diameter, it must pass through 
the origin, and the condition for this is 

- 1 - A =0, giving A = - 1 ; 

/. the equation of the diameter through the point of inter- 
section of the tangents at P and Q is 


X1-X2 

a2 


a:+^2^.y = 0. 


Now let be the mid- point of PQ, then 2f=*a?i+a;2 and 

2?/ = From the above equation, 

y= -{l^{xi-X2)x}/{a‘{yi-y2)} 

= - (V - Xj®) {yi +yz)x)l{a^{y^ - y^) (x^ H-x^)}. 

But since (x^ yi), 2/2) he on the curve, 

6* (xi* - X 2 ^) = a^b^ - a^y-^ - + a^y^ = {y^ - y -^) ; 

2/ = (yi+2/2)®/(2^i+a;2)=W^» 
which shews that (^, rj) lies on the diameter ; hence, 

Tangents at the extremities of a chord of an ellipse intersect on the 

diameter bisecting that chord. 

(iv) The straight line, + +6^, is a tangent to the 

ellipse for all real values of m ; rearranging this equation and 
squaring, _ ^^j2 ^ ^2^2 ^ 52^ 

or (7^ - 2 xym+y ^ • 
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This, being a quadratic in m, shews that two tangents can be 
drawn from any point outside the ellipse. 

Let mi, 1^2 be the roots of the quadratic, then 

mim2 == ('t/ - - a^). 

If the two tangents be at right angles to each other, then 

mim^^ - 1 ; 

or 

which represents a circle of radius This circle is 

called the Director Circle of the ellipse, and it may be defined thus : 

The locus of the point of intersection of two tangents to an ellipse 
which are perpendicular to each other is the director circle. 

(v) Let the normal at P intersect the major axis at G, then the 
subnormal 

GN = tan NPG = yi tan NTP^yi, NPjNT 

=yi^/{OT -ON) = yi^Ka^lxi - Xj) = - x^) =b»x,/a*. 

Also 00=0N-GN=x^{l-¥la^)=‘e%, 
and FG = OF - OG - e^Xi = e(a - exi) . FP. 

Again, F'G = F'O + OG=ae+ e^Xi = e . F'P ; 

F'GIGF = (e . FP)l(e . FP)=^FP/FP, 

so that PG bisects the angle F'PF ; hence 

The normal at any point on an ellipse bisects the angle between the 
focal distances of that point. 

The distance PG is called the length of the normal, and it is 
readily obtained, for 

Pffi == Qjsfz + y^ = 

= (6Va2){6V/«^ - “ ^W ) ; 

Pa=bv/a2-eV/a® (94) 

92. Properties of the Hyperbola. The properties of the hyper- 
bola are very similar to those of the ellipse, and may, in many 
cases, be derived from them by changing IP into - 6 ^. The 
chief characteristic of this curve, however, lies in the fact that it 
is *fche only conic which has asymptotes,, and in this connection 
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it is important to remember, as has already been shewn in Ex. 10 
of § 84, that the equations of a hyperbola and its asymptotes 
differ only in the constant terms. Probably the most important 
form of hyperbola used in practice is the rectangular hyperbola, 
the equation of which is generally referred to its asymptotes as 
axes. The equation j)v = c connecting the pressure and volume of 
a gas in an isothermal expansion is a good example of this. It is 
the rectangular hyperbola, too, that gives rise to the hyperbolic 
functions which are so useful in integration. 

Ex. 10. (a) Fvid the equation of the normal at any point 
{c/t, ct) of the rectangular hyperbola^ aw/ = c^, and shew that it meets 
the curve again at the point (-ct^, - c/t^). (L.U.) 

(6) Determine the point of intersection of two normals to the 
rectangular hyperbola^ x = 2t, y — ^jt^ and d^uae the coordinates of 
the centre of curvature in terms of t. (L.U.) 

(c) Shew that four normals can be drawn to a recta'ngular hyper • 
bola from a point (^, i?), and if these normals meet the curve in 
(»!. Vi), (® 2 . «^ 2 ). (2=8. yz)> y\)> P^ove that 

Xi+Xi+X3+Xi=$, yi+y2 + y3+yi=‘V> 

= yxy^^t. = - c* and + y^ + y^ = ij®. 

(a) From (82o) the equation of the normal at the point (asi, y,) 
on a conic is j 

^-^i+%(y-yx)=^- 

For the rectangular hyperbola, ~yl^' 

The equation of the normal at (a?i, yfj on the curve is 

a;i(a;-Xi)=t/i(y~t/i). 

Putting x = clt, y — cty this becomes 

xt-c=t^{y-ct). 

This will meet the curve again where 
(?tly-c=t^(y-ct, 

i.e. + c(l -t^)y -c^t-Oy 

which is a quadratic in y, thus shewing that the normal meets the 
curve in two points, , * 
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yi, ^2 roots of this quadratic, then ~ ■" » 

but yi = ct, since the line is normal to the curve at this point ; 

*/2= -«®/(y/)= 

and X2 = (?ly2 = - ct® ; 

/, the normal meets the curve again at the point ( - c<®, - c/t®). 
(6) Let ^1, <2 the parameters of the points where the normals 
are drawn, then from (a) the equation of the normal at (x^, y^) is 

SO that, putting y^ = S/ij, x^ = 2^2, y^ = the equations of 

the normals become 

2 ei 3 (x- 2 «i) = 3 (y<i- 3 ), 

2^2^ (x — 2^2) ~ 3 (y ^2 “ ^)* 

Solving these, the coordinates of their point of intersection are 

2^i^2(^i "^^2) * 3 ^j^ 2 (^i ■^^2) 

As <2 approaches the value of these coordinates tend to those 
of the centre of curvature; hence in the limit, when <i=<2> the 
centre of curvature becomes 

3(3 4 - 4 ^ 4 ) 27 4 - 4 ^^ 

— w-' ^=-6r- 

These values should be checked from the formula. 

(c) From (a) the normal at the point {cjt, ct) on the hyperbola 
*2'=®*“ xt-c=tHy-ct)-, 

or, since this passes through the point (^, »/), 

This is a quartic in t, and therefore has four roots ; hence four 
normals can be drawn from {$, rj) to the curve. 

Let ti, ^2, ^3, <4 be the four roots of the quartic, then 

+ ^2 ^3 ^4 ~ 

^1^2 ^1^4 't’ ^2^3 ^2^4 ^3^4 ~ 

+ ^^^ 2^4 4 - ^ 2 ^ 3 f 4 4 - $l^f 

^ ^ 2 ^ 4 = ‘ 
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If Vr^ctn then 

+ Xg + 0^3 + a ;4 = c(l/«i + 1/^2 + 1/^3 + 1 /^ 4 ) 

= + ^ 1 ^ 2^4 + ^ 1 ^ 2 ^ 3 )/ (^1^2^3^4) 

= ^(-^/o)/(-l)=^. 

Vl +-y2+y3+y4 = C(<l+^2+^3+«4)=V, 

3J1X2X3X4 — <^ l (^x^ 2 ^ 3 ^ 4 ) “ 

2 / 12 / 2 ^ 32/4 “ ^ ; 

/. X1X2X3X4 = 2/12/22/32/4 =* “ 

Finally, 2 / 1 ® + 2 / 2 * + 2 / 3 ^ + 2 / 4 * = + ^^ 2)2 

“ (^l + ^2 "^ •••)*"" 2 (^1^2 ^1^3 "^ • • • ) 

= C^»/^/c^ = 7y2. 


Ex. 11. (a) /SAei/; i/ a straight line cuts a hyperbola in 

P and P\ and its asymptotes in Q and Q\ then PP' and QQ* have 
the same middle point, (L.U.) 

(6) Prove that the portion of a tangent to the hyperbola^ 


intercepted between the asymptotes is bisected at the point of contact. 
Is this true of the rectangular hyperbola ? 

(a) Let y — mx + n be the line QPP'Q* (Fig. 34), then the 
ordinates of P, P' are given by 

(2/ - y ^/ b ^ = 1 , 

(6® - m^a^) y^ - 2b^ny + bV - m^d^h^ = 0. 

If 2 / 1 , 2/2 the roots of this quadratic, 
i,e, the ordinates of P, P', 

2/1 + 2/2 = 2 bHI{h^ - m^d^). 

Hence the ordinate of the mid-point of 
PP'is 6 W( 62 -m 2 a 2 ). 

Now the equation of the asymptotes 
differs only from the equation of the hyper- 
bola in the constant term, so that the 
quadratic giving the ordinates of Q, Q' will 
only differ from the above quadratic in the 
constant term, so that the sum of its roots, 
i.e, the ordinates of QyQ', will ^till be b^nl{h^ -m^d^) ; hence 
PP' and QQ' have the sfiime middle point. 



Fio. 34. Property of the 
hyperbola. 



292 HIGHER MATHEMATICS [oh. xn 

(6) It is easy to see from the above result that when the line 
QQ^ moves parallel to itself until P' and P become coincident, 
then QQ' is a tangent to the curve, which is bisected at P, the 
point of contact. The proposition may, however, be proved 
independently as follows. 

The equation of the tangent at (^, >2) on the hyperbola, 
a?/a2-y762 = l, is, by (80), 

And from Ex. 7 (a), § 84, the equation of the asymptotes of the 
hyperbola is 11^=0, 

SO that the ordinates at the points of intersection of the tangent 
and the asymptotes are given by 

(1 = 0 , 

or y^ (a^if - + 2a^b^rjy + a^b^ = 0. 

But since ($, rj) lies on the hyperbola. 

Hence on substituting this, and dividing out by 

y^ -2rfy 

If, therefore, the roots of this quadratic are 2/2> 

yi+yg=2)7. 

so that rj is the ordinate of the mid-point of the tangent, i.e. 

The tanaent intercepted by the asymptotes of a hyperbola is bisected 
at the point of contact. 

In the case of the rectangular hyperbola, a = 6, but the result 

is independent of this condition, so that the proposition still holds. 

When the equation of this hyperbola is given in the form 
xy==<^, it is better to give an independent proof as follows. 

The equation of the tangent at (^, r/) is 

$y+rfx=2(^, 

and since the axes are the as3nnptotes, this cuts the o^-axis where 
y«0, and the ^>axis where x=0, i,e, where y — 2(^l^=2rj, since 
^77 ~ ; hence the ordinate of its mid-point is >7, i.e, the ordinate 

of the point of contact. Hence, 

The portion of the tangent to. the rectangular hyperbola, xy~c*, 
intercepted between the axes is bisected at the point of contact. 
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93. The Common Catenary* The curve in which a heavy, 
uniform and inelastic string or chain freely hangs when sus- 
pended from two fixed points is known as the common Catenary. 
It was originally called a “ Chainette,” and the problem of finding 
the form of the curve was first proposed by James Bernoulli, who, 
together with his brother, Leibnitz, and Huyghens, published 
solutions in 1691. The curve also attracted the attention of 
Galileo, who noticed the similarity between the form of the 
catenary and that of the parabola. 


Ex. 12. Find the Cartesian equation of the common catenary, 
and investigate its chief jyroperties. 

A steel wire of specific gravity 8*4, 576 yards long, has a tension of 
ten toris applied at its ends, which are supported at eqml heights. 
Shew that the sag in the miMle is Q‘12feet approximately, and that 
the slope at either end is nearly 2° 42'. 

Let AGB (Fig. 35) be the curve in which a uniform, inelastic 



from two points A, Bin the 
same horizontal line. 

Let G be the lowest point, 
then from the symmetry of 
the curve the vertical GY 
through G will intersect AB 
in its mid -point Y. The 
horizontal distance AB is 
called the span, and the 
vertical distance GY the sag 
of the catenary. 

Denote the semi-length GB 
of the string by s, and let 
= weight of unit length, 

T = the tension at R or .4, and H = the tension at C; then the 
string CB is in equilibrium under the action of the tensions T 
and H, and its weight ws. 

If 0 be the slope of the curve at B, then resolving the forces 
horizontally and vertically, 

T cos ^ T sin 0=ws; 
hence, on division to eliminate T, ^ 

.tand=tP5/fl. 


Q ON 
Fia. 35. The catenary. 


G X 
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Now, E is constant, and so is w, since the string is uniform ; 
hence Hlw is constant ; denote it by c, then 

s=c tan . dyjdx. 

But a is a function of x, and to express it in terms of a?, this 
equation must be differentiated with respect to x. 

Writing v for dyjdx, and differentiating, 

/. dx=c , dvj^/l+v^, 
which on integration gives 

x+A=c sinh“^t;, 

OT v = sinh{(a; + A)/c}. 

If (7 y be taken as the ^-axis, then t;=0 when a;*0 ; 

/. - 4 = 0 , 

so that V « sinh (x/c), 

i-e* dy « sinh (x/c ) . dx. 

Another integration gives 

y 4- j5=ccosh (x/c), 

and if the x-axis be taken at a distance below (7, equal to c, then 
y = c, whenx=0, ^.e. c 4 -B = c, 

or B=0; 

the equation of the catenary becomes 

y =c cosh ?= I (e*/« + o-*/®) (95a) 

and the x<axis is called the directrix of the curve. 


Again, from above, 

5 = c . dyjdx -c sinh (x/c). 

The SMni-length of the curve is given by 

•=o«tah?=|(e*/« -«-»/•) (9Sb) 

Now cosh® (xfc) - siiih® (x/c) = 1 ; 

/, s?/c®-8®/<^ = l, 

80 j^=i*+o’. (95o) 
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Further, since T=^ws . cosec d, 

T=^ws , dsjdy^ws . y/s, from (95c) ; 

/. T=wy (96d) 

/. The tension at any point = weight oi string equal in length to the 
ordinate at that point. 

Let the tangent and normal at any point P intersect the x-axis 
at Q and 0 respectively, then if N be the foot of the ordinate, 
by (84a) : 

Subtangent = QN = y cosh ^ sinh ^ c coth ? . 

Subnormal = NG = y .~—y sinh ? = J c sinh 
(tX c c 

Normal = PG = s/NF^ + = ^y^O- + 8inh^a?/c) = y^jc. 

Now the radius of curvature p at P 

°° ■*’(^) |y^“‘^(co®l‘Wc)/cosh xlc=y^lc ; 

p=PG=yVc (96e) 

Again, let the perpendicular from N to PQ meet it in R, then 
NRINP^NPIPG 

=cyly^, 1*7 (95e) ; 

NR=^c. 


Hence, the perpendicular from the foot of any ordinate at any point, 
to the tangent at that point, is of constant length. 

Turning now to the numerical example, let a = cross section of 
the wire in square inches, then taking y as the ordinate at one 
end, from (95d), 

10 X 2240 X a X 144 ^ . 

y = — Q— j — = 64 X 96 feet, 

^ ax 62-5 X 8-4 


since the weight of a cubic foot of water is 62*5 lb. 

And from (95c), 

c2 = ^2 ^ s2 ^ (64 X 96)2 - 2882 = 962 (542 ^ 9) 
=962x4087; 

.c= 9675087; 
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hence, if = sagi' then 

A = y - c = 64 X 96 - 96 v/i087 = 96(64 - ^/4087) 

= 96(64 -63-93) =96x0*07 
= 6*72 feet. 

If 0 be the slope at either end of the wire, then since 
s=c tan $, 

cot ^=c/s = >/®87 x96/288 = 63*93/3=21-31. 
From the tables, 6/ = 2® 42' approximately. 

Exercises 12. 

Find the radius of curvature p for each of the following curves : 

1. The circle, x^+y^ =a®. 

2. The parabola, =px at the point (p, p), (L.U.) 

3. The curve, y =log sin x. 

4. The semi-cubical parabola, y* =axK 

5. The four-cusped hypocycloid, x^ =a^. 

6 . a?y^7^. 

7. 

8. 9ay® =x(^ -3a)®. 9. The cissoid, y®(2a -x) =a:®. 

10. If the coordinates {x, y) of a point on a curve are given as func- 
tions of the inclination of the tangent to the axis of x, prove that the 
radius of curvature is 

{(STHS)}* 

Deduce the radius of curvature at any point on the parabola 

a;=a/f?i®, y=2a/m. (M.U.) 

11. Find the radius of curvature of the tractory, 

X =a sin y =a^log tan | + cos 

12. The rectangular coordinates of a point on a curve are 

X =a sin pt, y =a cos 2pt, 

where p is constant and i variable. Find the direction of the tangent 
at the point where y =0 and the radius of curvature at the point where 
x^O. (L.U.) 
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*18. Shew that if a curve be defined by the equation# 
a; =a(?ii -sin i), y =a(?i -cos <), 

_ o^{a(l -n^) +2ny}^ 

“ a{l-n^)+ny 

(Br.U.andKU., Sc.) 


then 


P=- 


14. In the cycloid x=a(0 +Bin 6), y=a(l - cob 0), prove that the 
inclination of the tangent to the axis of x is 012, and that the radius of 
curvature at any point is twice the intercept on the normal between 
the curve and the line y =2a. {L.U., Sc.) 


*15, How is the curvature of a plane curve measured ? Find the 
relations between p, a, b when at an intersection of the curves 

b^x^ + a^y^ = a^b^ and y^ = 2px, 

(i) the tangents form an isosceles triangle with the axis of x, (ii) the 
curvatures are equal. (L.U.) 

16. If the conics +8y2 =24, a;2-4y2=4, have P as one of their 
points of intersection, find the radius of curvature of each of the curves 
at P, and shew that the distance between the two centres of curvature 
is the square root of the sum of the squares of the radii of curvature. 

17. Find the condition that must hold in order that the hyperbolae 
x^ja^ -y^jb^ — \ and xy=c^ may intersect orthogonally, and in this 
case determine the radii of curvature at the points of intersection. 
What further condition must be fulfilled if these are equal in length ? 

(L.U.) 


18. If the normal at any point P on a parabola intersect the directrix 
at K, shew that the radius of curvature at P is equal to 2PK, Find 
the coordinates of the centre of curvature at one extremity of the latus 
rectum of the parabola y^ =4aa:. 

19. Find p at the points where the axis of x meets the curve 

Zy{x +y) =x(3c -x). 

20. Shew that on the curve y -axl{a +x), 

(2pla)i =(ylxf (L.U.,Sc.) 

*21. Find the curve in which the radius of curvature at each point P 
is equal to the length of the normal between P and the axis of x, 

(L.U., Sc.) 

22. Determine the radius of curvature of the curve 

2x^ •¥y^=2(x -y) 

at the origin. (L.U., Sc.) 

23. Trace the curve y^(a^-x^)=d^x,*BXiOi find the radius of curvatures 

at the origin. • (S.U., Sq.) 

B.M. 


Ii 
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24. Prove thife the coordinates of the centre of curvature at a point 
on the ellipse 

{xla)^ + (yl¥) = l are cos®(/>, sin®<;>, 

£t CL 

where is the eccentric angle of the point. (Li.U., Sc.) 

*25. If 0 be the eccentric angle of a point P on the ellipse 

x^la^+yW^h 

shew that the circle of curvature at P cuts the ellipse again at the 
point (a cos 30, -6 sin 30). 


Find p for each of the following curves : 

26. The cardioid, -a^ cos 

27. The equiangular spiral, r=ae®cota. 

28. The rectangular hyperbola, sin 2^ =2a2. 

*29. If p be the perpendicular from the origin on the tangent at a 
point on the hypooycloid 

oj =:(a -6) cos ^ +6 cos . 6>, y =(a - 6) sin ^ - 6 sin 

distant r from the origin, prove that and determine the 

constants A and B in terms of a and 6. (L.U.) 

30. A circle of radius a rolls on the outside of another circle of the 
same radius. Shew that the polar equation of the path traced out by 
any point on the rolling circle is 

r-2a(\ - cos ^), 

the origin being the point of contact of the tracing point with the first 
circle and the initial line, the radius of this circle through the point. 

Find for this curve the relation between the radius vector and the 
perpendicular drawn from the origin to the tangent. (L.U.) 

81. Shew that if p be the perpendicular from the origin upon the 
tangent at P to a curve, the radius of curvature at P is given by 
p=p+d2p/d0®, 

where 0 is the inclination of the tangent at P to the initial line. 

Prove that in the epicycloid p is proportional to p. (Li.U.) 

♦32. Shew that the curves 

r* cos (2$ -tt) =a* sin 2a and r* =2a* sin (2d +a) 
out at right angles at their points of intersection. (L.U., So.) 
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83. A symmetrically tapered propeller S (Fig. 36) is fixed near the 
open end of a cylindrical chimney T, of radius a, so that its vertex 
lies in the plane of the end right section, and 


with its axis collinear with that of the cylinder. 
If C is any point on the curve of taper, shew 
that, for the area swept out by AC to be equal 
to the internal area of the tubes, the polar 
equation of C, referred to A as pole and AO as 
initial line, is 

rJ2 . sin - r. 

Shew also that the radius of curvature is 
given by 



FIO. 36. 


4a*p2(3a +r)2 +2ar 


34. Prove that tangents at the ends of a focal chord of a parabola 
intersect at right angles on the directrix. 

Prove that the length of the chord which is the normal at an 
extremity of the latus rectum is 21^2, where I is the length of the latus 
rectum. (L.U.) 


85. TP, TQ are two tangents to a parabola, and a line through T 
parallel to the axis of the parabola meets the curve at A and PQ in B ; 
shew that TA —AB, and PB -QB. 

A telegraph wire may be assumed to hang in the form of a parabola 
between two posts a known distance apart. Shew how to estimate the 
sag in the centre of the wire by observing the angle that the wire makes 
with the horizontal chord joining its ends. (L.U.) 


36. Prove that the tangent at any point on an ellipse cuts the major 
axis at the same point as the tangent to the auxiliary circle at the 
corresponding point. 

Shew also that the loons of the foot of the perpendicular from a focus 
to a tangent is the auxiliary circle. (L.U.) 


37. PHQ is a focal chord of an ellipse whose foci are 8 and //. Prove 
that the escribed circle of the triangle PSQ which touches PQ externally, 
touches PQ in H and has its centre at the point where the tangents to 
the ellipse at P and Q meet. (L.U.) 


38. Prove that the normal at any point on an ellipse meets the axis 
at a distance from the focus which is in a constant ratio to the 
focal distances of the point. 

If PQ is the normal at P, prove that the circle on PO as diameter 
intercepts on the focal distances of P, chords equal in length to the 
semi-latus rectum. (L.U.) 


*39. Tangents to an ellipse are drawn at the extremities of perpen- 
dicular diameters. Prove that the locus of their intersection is another 


ellipse, and shew that the eccentricities of the two ellipses are connected 
by the equation j Sc,*) 
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♦40. An elliptfc disc, whose semi-axes are a and 6, slides in two grooves 
which are perpendicular to each other, the w’hole being in a vertical 
plane. Shew that the locus of its foci is 

taking the grooves as axes. 

41. GP, OD are two conjugate semi-diameters of an ellipse. On the 

normal at P two points are taken so that PK ~PK' =CD. 

Prove that the sum and difference of the lengths CK, CK' are the 
lengths of the axes of the ellipse, and that the directions of the axes are 
the internal and external bisectors of the angle KCK', (L.U.) 

42. Deduce the Cartesian equations of the catenary from the 

«=ctanf. 

Prove that in this curve the length of the radius of curvature is 
equal to the length of the normal terminated by the directrix. (B.U.) 

43. In the catenary shew that the length of the 

perpendicular let fall from N, the foot of the ordinate PN, upon the 
tangent at the point P, is of constant length. 

Also if the normal at P meet the axis of x in 0, shew that PG varies 
as PNK 

44. Along the tangent at each point P on the catenary y =c cosh (x/c), 
a length PQ is measured equal to the ordinate of P ; shew that the 
locus of Q is such that at each point its subtangent is constant. 

(D.U., Sc.) 

45. Find an expression for the radius of curvature at any point of 
the catenary y-c cosh {xlc). 

Prove that the radius of curvature and the normal are both equal 
to t/*/c. (L.U.) 

46. A uniform chain of length I is to be suspended from two points 

A and B in the same horizontal line so that the terminal tension is 
n times the tension at the lowest point. Shew that the span AB must 
be made equal to 

(L.U.,So.) 

-1 

47. A uniform chain 100 feet long is to be suspended from two 

points in the same horizontal line with such a span that the tension at 
the ends is to be three times that at the middle. Find the required 
span to the nearest inch. (L.U., Sc. 

48. In the catenary prove that the tension T at any point P, the 
tension Tq at the lowest point and the weight W of the chain from 
the lowest point up to P are connected by 
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If the total length of the chain be 100 ft., the total weight 40 lb., 
and the sag 10 ft., shew that the greatest tension is 52 lb. and the 
distance apart of the supports is X where cosh (X/240) = 13/12. 

(L.U.) 

* 49 . A uniform chain is suspended from two fixed points. Shew 
that if an arc s is measured along the chain from its lowest point, and 
h is the difference of level of its ends, ( 5 ** - h^)lh is constant. 

A uniform chain of length I lies in a straight line on the ground. 
One end is raised vertically through a height A, and the chain is in 
limiting equilibrium. Prove that the length s of the curved portion is 
given by ^ = A* + 2/*W, 

where fi is the coefficient of friction. (L.U., Sc.) 

*50. A chain BCD is fixed at the end B and passes over a smooth peg 
at C which is lower than B, but not in the same vertical, and the 
portion CD hangs vertically. The heights of C and B above the level 
of D are h and Ic respectively, and I is the length of tlie portion BC, 
Prove that if the curve BC is continued to its lowest point the 
arc AC is equal to {k^ - - P)I2L (B.U.) 

61. The roadway of a suspension bridge is supported by two chains 
whose weight is negligible compared with that of the roadway. Assum- 
ing that the roadway is uniform, shew that the chains are parabolic in 
form. 

Shew also that the tension at any point of a chain is proportional to 
the square root of the height above the directrix. (M.U.) 

52. Prove that the radius of curvature of the curve 

*=/{<). y=^{t) 

is given by 

n=: 

^ [\dt ) \dt) I \ dt dt^ dt dt^ ) 

If CP, CD are conjugate semi-diameters of an ellipse, shew that the 
radius of curvature of the ellipse at P varies as CD®. (L.U., Sc.) 

53. If N is the length of the normal intercepted between any point 
(r, y) on a curve and the a:-axis, shew that 



Hence prove that, for the curve, 

a;=a(6^~sin 6); y=a(l-cos 0), p—2N, 
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94. Coordinates. In three-dimensional geometry, or space 
geometry, as it is sometimes called, three mutually perpendicular 

planes are taken as the planes of 
/eference, and their lines of inter- 
section are called the coordinate 
axes of a;, jy, z respectively. The 
2;-axis is usually taken in the vertical 
position, as indicated in Fig. 37, and 
the planes XOF, FOZ, ZOX are 
known as the xy, yZy zx planes 
respectively. Only the positive 
octant is shewn in the figure. The 
position of any point P in space may be uniquely determined by 
any one of the following systems of coordinates : 

(i) Cartesian coordinates, (a;, y, z). These are the perpen- 
dicular distances of the point from the yz, 2 x, a; 2 /-planes respec- 
tively. 

(ii) Polar coordinates (r, 6, <^). r is the distance of P from the 
origin, d the angle between the radius vector r and the z-axis, 
and <#> the angle between the zx-plane and the plane containing 
r and the z-axis. In the figure, OP =^r,L POZ = 0, and l NOX = c/>, 
where N is the foot of the perpendicular from P to the xy-iplsme, 

(iii) Cylindrical coordinates {u, <l>,z). u is the projection of r 
on the a^-plane, ^ is the angle XOX already defined in (ii), and 
z»is the Cartesian coordinate XP, 

302 
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From these definitions it is easy to see that (w, </>) are the plane 
polar coordinates of N with reference to OX, and (r, 6) are the 
plane polar coordinates P in the variable plane POZ with reference 
to OZ ; hence, x = u cos y = u sin (jy, z — r cos 0, and w =r sin 0, 
so that = and r^. Hence the 

relations between the three systems of coordinates may be 
expressed as follows : 

X -r sin 6 cos <f>, u =r sin d, 

y = r sin 6 sin <|>, 0 = tan-^ (u/z) = tan-^ { ± v'x^TP/z}, 

z=r cos 0, <|>=tan-^(y/x), 

X® + y® + z* = r*. X* + y* = n*, 

it being understood that the principal values of d and are to be 
taken. 

Ex, 1. Fird the distance from the origin, and the polar coordi- 
nates of the point P(0-7, 2*4, 6). 

Shew that the distance from P of the point 0(1 *9, 4, 8-1) is 2*9, 
and give a general expression for the distance hetiveen two points 
A and B whose coordinates are (xj, y^, zfj and (iCg, ^ 2 ) respectively. 

Here x=0'l, f/ = 2*4, 2 ; = 6, so that 

r2= 0*49 +5*76 +36 = 42*25; 

/. r-6*5. 

Also w2 = r2-2:2 = (r + 2;)(r-2;)=6*25 ; w = 2*5, 

and ^ = tan”^(w/ 2 ;) =tan~^ (2*5/6) =tan“^0*4167 = 22° 37', 

</> = tan“'^( 2 //a;) =tan“^(2*4/0*7) =tan“^3*4286 = 73° 44' nearly. 

/. The polar coordinates of P are (6 5, 22® 37', 73° 44'). 

To find the distance PQ, change the origin to P, then 

PQ ^ = (1*9- 0*7)2 4. (4 _ 2-4)2 + (8-1 - 6)2 
= 1*44 +2*56 +4*41 =8*41 
= PQ=2-9. 

From this analysis it is obvious that by taking A as the origin, 
the distance AB between the two points is given by 

AB^ = (X 2 - xi)* + (y, - Vi)* + (Z 2 - z,)\ 



( 97 ) 
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96. The Straight Line. Let the angle POX (Fig. 37) be a, the 
angle POY be and the angle POZ be y, then if the origin be 
changed to any other point, these angles will remain constant so 
long as the axes remain parallel to their original positions, and the 
line OP remains fixed, a, y will thus determine the direction 
of OP, It is therefore evident that for any point P on this line 
aj = r cos a, i/ = rcosj0 and 2 ; = rcosy, 


and by eliminating r, the equation of any line through the origin 


becomes 


X _ y _ z 
cos a”” cos cosy 




If the origin be changed to the point %), the equation 


becomes 


cos a cos cos y * 


where r is the distance between the points ^i), (a?, t/, 2 ), i.e. 

r2 = (x - + (y - y^f + ( 2 ; - 

cos a, cos 13 f cos y are called the Direction Cosines of the line, 
and if they be denoted by h m, n respectively, the standard 
symmetrical form of the equation of a straight line becomes 


(x - xj/l = (y - yi)/m = (z - Zi)/n = r. (98a) 

and the coordinates of any point on the line may be expressed in 
the parametric form, 

x=Xi + lr, y=yx + mr, z = Zx + nr, (98b' 


so that a!;~a?i=r cos a, y-yi = rcosjS, = r cos y, 

and (x - Xi)2 + (y - y^)^ + (z - z^f = ; 

cos * a + COS *)3 + C0S*7 = 1, 
or 1* + m* + n* = 1, 

and sin* a + sin^jS + sin* 7=2. 


.(98c) 


Ex, 2. (a) Express the equations 

Ax-{-By-^Cz + D=ax-\-hy +cz+d=0, 

representing a straight line in the standard symmetrical form. 
Hence shew that the straight line 32c~72/ + 4z = 4a5+5y ~9z=0 
passes through the origin^ and is inclined equally to the coordinate 
Mxes, 
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( 6 ) Prove that the angle between two straight lines whose direction 
cosines are Z, m, n, and l\ n’ respectively is cos~^ (IV ~\-mnV +nn'). 

Find the angle between the line 3a!;+22/+2;-5 = a;+y-22-3^0, 
and the line 8a; - - 4^ = 7a? + lOy - 82 = 0. (L.U.) 

(a) From (986), the coordinates of any point on a straight line 
may be represented in the parametric form, 

x = Xi+lr, y=yi-\-mry z=--z^+nr, 

where I, m, n are its direction cosines, and r the distance between 
{X, y, z) and (ajj, 2/1, 21). 

The given equations may therefore be transformed into the 
standard symmetrical form of (98a), if Z, m, n can be found in 
terms of the coefficients of those equations. 

To do this, substitute the parametric values of (a;, 2/, 2), then 
since (a?!, 2/1, 2i) is a point on the line, and r is, in general, not 

zero, ^ + Cn=0y aZ + bm + cn = 0. 

Solving these for the ratios Z/n, ?/i/n, 

Z/n = (Bc- bC)l(Ab - aB), mjn = (Ca - cA)l(Ah -aB). 

Substituting these in the standard form, 

(a; - x,)/(J5c - hC)={y - yi)l(Ca - cA) = (z - Zi)/(^6 - aB). 

So far the point (x^, 2/1, 2i) is arbitrary ; let it be chosen as the 
point where the given line intersects the a??/- plane, then 2i=0, 
and replacing x, y, 2 by a?!, 2/1, 0 in the given equations, 

^a?! +R 2/1 + 2)=aa;i +%i +d=0 ; 

which on solving give 

x^^(Bd- bD)l(Ab - aB), y^ = (aD- Ad)l(Ab - aB). 

Hence with these values, the symmetrical form of the equations 
Ax+By + Cz+D=ax+by + cz + d=0, 


X - (Bd - bD)/ ( Ab - aB) _ y - (aP - Ad)/( Ab - aB) _ z . 

Bc-Cb Ca-Ac Ab-aB’ ***' * 


and if 1, m, n are the direction cosines of the line 

L_=_JE— = 5 -+ ^ — , (99b) 

Bc-Cb Ca-Ac Ab-aB n/(Bc - C b)* + (Ca- Ac)* + (Ab-aB)* 

.since Z* + 4- n* = I . 


B.M. 


l2 
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form 


Applying 
rm Decomes 


these results to the given equations, the standard 


a;/43 =2^/43 =«/43, 


or x=^y—z. 

Hence the line passes through the origin, and its direction 
cosines are all equal, i,e, it is equally inclined to the axes. 

(6) Take the point of intersection of the lines as the origin, then 
the equations of the lines may be written, 

cc/I = yim = z/n = r, ^/V = tjlm* = f/n' = /. 

Let P(aj, y, z) and v, {) be points on these lines respec- 
tively, then from (97), 

+ 2 * - 2 (^ 0 ? -^rjy + (z) 

=/* +r* - 2rr'(ir +mm' +nn'). 

But from the plane triangle POQ, ii 6 -L POQy then 
pg2=r2+/2-.2rr' cos 

Hence, substituting the above value of PQy and dividing out 
cos 6 = «' + mm' + nn'. 


From (99), by substitution of the numerical values of the 
coefficients of the given equations, if /, m, w, and Z', m', n' are the 
direction cosines of the respective lines, 

1/ - 6 = m/7 = n = l/>/25 4 - 49 +1 = 1/(5 ^3) 
and J72 = m' = w73 = 1 /n^4 + 1+9 - 1/V14. 

Hence, if B be the angle between the lines, 
cos 0 ^ IV -{■ mm! + nv! 

= - 2/V42 +7/(6 V42) +3/(6 ^42) =0 ; 

/. ^=7r/2, 

«.e. the lines are perpendicular to each other. 

Ex, 3. (a) Deduce from the first part of Ex. 2 (6) an expression 
for the sine of the angle between two lines, and the conditions to he 
fulfilled for two lines to be either parallel or perpendicular to each 
other, 

(5) The straight line which passes through the points (11,11, 18), 
(%, - 1, 3) is intersected by a straight line drawn through (16, 20, 8) 
atjright angles to the z-axis. Shew that the two lines intersect at 45^. 
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(a) The value of sin 6 may be put into a convenient form by 
the aid of an important algebraic identity. 

Let a, bj c, q, r be any numbers, then 

(a* +5® 4-c*)(p* + 5^2 4-r*) - {ap -\-hq +cr)* 

=aV +6V - 2(a6pgf +acpr +6cgr) 

= (a^q^ - 2a6^g' + + {hh'^ - 25cg^r + (?^) 

+ {(?j^ - 2ac2)r + a^r^) 

= (agf - hp)^ + (hr - cg')^ + {cp - ar)* ; 

(a*+b* + c*)(p* + q* + r*) 

= (ap + bq + cr)* + (aq - bp)* + (br - cq)* + (op - ar)*. . . .(100) 
This important result is known as Lagrange’s identity. 

Now sin^6> = 1 - cos^^ = 1 - {IV + mnV + nrV)^ 

= 1 - (Z2 + m2 + n2) {Z'2 + ^'2) ^ 

+ {mrV - m'n)2 + {nV - n'lf, by (1(X)), 
= (Zm' - Z'm)2 + {mrV - m'w)^ + (nV - n'Z)^, 

which gives a convenient expression for sin d. 

It is evident that for the lines to be parallel, ^=*0, and sin ^=*0, 
so that ^ - nVnf' + {nV - w'Z)* =0, 

which can only be satisfied when 

InV = Z'm, mrV = m'n, wZ' = n'Z, 
since the square of every quantity is positive. 

Hence IjV ^mjm' ^njrV — + n^)l{V^ + m'* + w'*) = 1 ; 

/. Z = Z', m=m', w = w', 

as is obvious from the fact that the lines are parallel. 

For the lines to be perpendicular, 6^ = 7r/2, and cos ^=0 ; 

/. IV + mm' + nn' = 0. 

Hence the foregoing results may be summarised as follows : 
The angle between the lines 

(X - Xi )/l =(y - Vi )/m =(z - Zi )/n, 

(X -x'i)/l' =(y -y'll/m' =(z -z^)/n', 
is given by cos 6 =ir +nn', 

and if 1 =r, m =m', n =n', the lines are parallel, and if 11' + mm' +nn' =0, 
the lines are perpendicular.. (ICCL) 
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{b) Let the equation of the first line be 

(x - = (y - yi)/w = (2 - 2i)/», 

then, since it passes through the points (11, 11, 18), (2, -1, 3), 
by substitution, ^ 12 /m = 15 /m, 

or Z/3 = m/4 = n/5 = 1/(5 ^2), by (996), 

giving i = 3/(5V2), m = 4/(572), w = l/^2. 

The second line is obviously parallel to the aM/-plane, and since 
it passes through the point (15, 20, 8), 

a; = 15 + ZV, 2/==20+mV, 2=8, by (986), 
or m'(a;-15) = r(2/-20). 

Further, since this line is perpendicular to the 2-axis, it passes 
through the point (0, 0, 8), so that 15m' =20Z' ; 

Z'y3=m'/4 = l/5, by (996), since n'=0 ; 

Z'=3/5 and m' = 4/5. 

Hence the angle bjetween the lines is, by (101), 
cos 6 IV + mnV 

= 9/(25 ^2) +16/(25 v'2) = l/v'2 ; 

/. 6> = 45^ 


96. Straight Line passing through Two Given Points. The line 


{x - Xi)ll = {y- yi)lm = (2 - Zi)/n = r 
passes through the point (ajj, z-^). Suppose it also passes 
through another given point (cPg, ^2)* 

(Xj - Xi)/( = (2/2 - 4/i)/m = (22 - Zi)ln = ri , 


where is the distance between {xi, 2/1, and (ajg, ^ 2 ) 9 
hence, by division, 


x-Xi ^ y-Yi ^ Z-Zi 
X2-X1 ya-Yi’ Za-Zi 


(102a) 


which is the required equation. 

Let r/r^ = A ; then each point on the line may be represented in 
terms of the parameter A as follows : 


x=Xxa+(l-X)xi,'| 

y=Xy2+(i-X)y„ I* (102b) 

B=Xssa+(l-X)Bi.J . 



§ 96] SHORTEST DISTANCE BETWEEN TWO LINES 309 

Ex, 4. Find an expression for the shortest distance between two 
non-intersecting straight lines, 

Galcukde the shortest distance between the lines, 

(12-a;)/9 = (2,-l)/4 = (^-6)/2, 

(23-a;)/6 = (19-2/)/4 = (2-25)/3, 

and give the equation of the line of shortest distance, and the coordi- 
nates of the points of intersection of it and each of the given lines, 

(1) Let {x - Xg)lls = (y - ys) = (25 - 2 «)/ns = h, (-S == 1 , 2) be the 
equations of the given lines, which for brevity will be referred to 
as 5 = 1, 5 = 2 respectively. 

Suppose that the line (a;-^i)/Z' = { 2 /- = inter- 
sects 5 = 1 at (^ 1 , fi) and 5 = 2 at Q, then 

=>•»»'. C2-Ci=rn', 

where r is the distance between (^i, r;j, fj) and j/a. fa)* 

Now since 5 = 1 passes through the former point, 

^i = kili+Xii Vi — hinii + yi, ix = kini+Zy^. 

Similarly, ^2 ~ ^ 2^2 ^ 2 > “ k^n^ -i- y 2 » C 2 ~ ■t ^2 j 

/. '^l ~ ^2 ” ^1 “ ^ 2^2 — kifx + 2^2 " X^y 
rm! = 7^2 - '»?! = ~ + 2/2 ” 

rn ~ C 2 Cl ~ ^ 2^^2 ~ k^n^ + 2^2 ■“ 2 :^ , 

/^2^2 - +iC2~iCi -^Z'=0, 

k^m^ - k^nix + 2/2 “ 2/1 “ 

k^n^ - k^nx +z^-Zx- rn' = 0 . 

Eliminating ^2 ^rom these three equations, 


h 

-h 

x^-Xx- rV 

m 2 

-nix 

i 

1-1 

1 

^2 

-nx 

2:2 - 2 ;^ - rn' 


(X 2 - Xi - rZ')(mjn2 - + {y^ -yx- rm')(nf2 - 

+ (^2 -^ x ~' 

This gives the distance r between the two points of intersection. 
But if r has to be the shortest distance between the given lines, 
the line V, m\ n' must be at right angles both to 5 = 1 and 5 = 2; 

l^' + + Uxn' = 0 , 

^-rn^m' 4-n2n' =0, by (101) ; 
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= l/{(mina-Wjni)*+(nil 2 -n 2 li)* + (Iimj-l 2 mi)*}*, by (996), 

= 1/(1- (liZj + OTimj + n^nj)®} ^ by (100), 

=* cosec 6, 

where 6 is the angle between s = l and s==2. 

This gives the values of i', m\ n\ and substituting these in the 
above equation for r, the result becomes, after simple reduction, 

r = {(x, - Xi) ( min, - m,ni) + (y, - yi) (nil, - n,li) 

+ (z, - Zi)(lim 2 - bmi)} cosec 6, (103) 

which is the required expression. 

(2) Let the line intercepting the shortest distance between the 
given lines intersect the first at P (^i, and the second at 

©(fa* ^ 2 * fs)* proportional to the distance between 

P and (12, 1, 6), 

fi = 12-9^1, = fi=5 + 2ri. 

Similarly, if rg be proportional to the distance between Q and 
(23, 19, 26), 

f2~23--6l'2> 

Now ^ 2 “^i» fz-fi (102a), proportional to the 

direction cosines of PQ, and since PQ is perpendicular to both 
the given lines, by (101), 

- 9 (1 1 + 9ri - era) + 4 (18 - 4ri - 4r2) + 2 (20 - 2ri + Srg) = 0, 
and 

- 6(11 + 9ri - era) - 4 (18 - 4ri - 4r2) + 3(20 - 2ri + 3r^) =0, 

i.e. lOlri - 44r2 - 13 = 44ri - eirg + 78 =0, 

from which r^ = 1 and ra = 2. 

/. The coordinates of intersection are : 

P(3, 6, 7) and Q(ll, 11, 31). 

And by (97), P©2«=8* + 6* + 24* = 676, so that the shortest 
distance = P©>= 26. 

The direction cosines of PQ are, from above, proportional to 
4, 3, 12, and since PQ passes through (3, 5, 7), its equation is 

(®-3)/4 = (yl6)/3 = («^7)/12. 
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97. The Plane. When a straight line moves so that two points 
on it are always in contact with two fixed intersecting straight 
lines, a plane is generated provided the motion be always in the 
same direction and away from 
the fixed point of intersection. 

In this way a plane may be 
looked upon as the locus of a 
straight line, and its equation 
will be found according to this 
definition. 

Let AC, BC (Fig. 38) be two 
fixed lines in the zx and yz 
planes respectively, and let 
the intercepts on the coordi- 
nate axes be a, b, c, so that 
OA=a, OB^h, OG=c, then a 
by (64o) the equations of AG 
and BG are a:/a+2/c = l and ' 33 

ylb+zjc—l. Take any point 

Pi («!, 0, 2i) on AC, and any point Pg (0, y^, on BG, then the 
locus of the straight line P1P2 is a plane which intersects the 
coordinate points in the lines AB, AC, BG respectively. Now, 
by (1026), the coordinates of any point on P1P2 are given by the 
equations : 

a;=(l-A)a;i, z=^\z2 + (l 

and as Pi lies on AC, Zi = c{l - xju). 

Similarly, as Pg lies on BG, 

h^cil-yjb). 

Eliminate Xi, yi, Zi, Z2 from these five equations, 

2; = Ac(1 - 2 / 2 /^) +(1 - A)c(1 -xja) 

= Ac{ 1 - y/{\b) } + (1 - A) c{ 1 - x/(a - aA) } 

= \c-cy/h-\-(l -\)c-cxla 
== -,cylb-cxla+c ; 


X y z 


which is the intercept form of the equation to a plane. 
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From this important result it is evident that any equation of 
the form 

ax + Py+7Z + 8 = 0 (104b) 


represents a plane, and this may, therefore, be taken as the 
standard equation to a plane. 

It follows, also, that when a straiglit line is defined as in 
Ex. 2 (a), p. 305, by two equations 

Ax + By + Cz D —ax -^-hy cz 

that, since each of these equations represents a plane, the straight 
line implied is the line of intersection of these planes. 

Ex, 5. Find the equation of a ‘plane in ter'ms of 

(1) its perpendicular distance from the origin and the angles 
which this perpendicular makes with the axes ; 

(2) the coordinates of three given points lying on it. 

Hence find the equation of the plane which passes through the 
points (2, 0, 6), (10, 12, 0), ( -2, 3, 6), and determine the length of 
the normal to this plane from the origin and the coordinates of the 
point where it intersects the plane, 

(1) Let the perpendicular from the origin 0 to the plane ABC 
(Fig. 33) meet it in P{^, f), and suppose the direction cosines 

of OP are i, m, n, and its len^h is p, then ^ ^pl, r; =pm, and (=p7i. 

Take any point Q (x, y, z) on the plane, and let the direction 
cosines of the line PQ be Z', m\ n\ then 

oj = I + Vr, y — y-\- m'r^ 2 : = C + w'r, 

where r = PQ, 

But PQ lies wholly in the plane, and is therefore perpendicular 
to OP ; hence, by (101), 

IV -V mm' mi' ^0, 

i.e, (^ - ^) ^ + (y - v) ^ + ( 2 ^ - 0 ^ == 

since r is not zero ; 

xl + ym + zn = ^l + qm + (n=p(P + m^ + n^) = p. 

Hence, if p be the length of the perpendicular from the origin to a 
plane and 1, m, n, be its direction cosines, the equation of the plane is 

lx + my-i-nz=p, 

and the point where the perpendicular meets the plane is 
• (pi, pm, pn). 


( 1040 ) 
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If the intercept form of the equation be assumed, then the 
transformation into the above form is simple, for = ai = 6m = cw; 

/. xla+ylh + zlc^l 

becomes lx + my + nz=j) 

at once, on substitution. 

It is evident, therefore, that 


l/p2=l/a2 + l/b2 + l/c* (104d) 

(2) Let Ax + By^Cz + D—0 be the equation of the plane 
which passes through the three points y^, z^^y (Xg, 

(®3> 2/3> ^‘s)y 

Ax -hBy +0z +2)=0, 

Axi + + Czi + D =0, 

Ax 2 + By^ + Cz2-h D=0y 
Ax^ + By^ + ^^3 + D =0. 

Hence, by eliminating A, By C, Z), 


X y z 

Xi Yi Zi 

*2 Ya ^2 
*3 ya Z3 


1 

1 

1 

1 


= 0 , 


(104e) 


which is the required equation. 

Substituting the given coordinates, the equation of the plane is 


X y z 
2 0 6 
10 12 0 
-2 3 6 


1 

1 

1 


which, on expansion, becomes 

18a; + 24// + 722 -468=0, 


or 3x f 4^ + 122 = 78. 

Dividing this equation throughout by 78, 
a;/26 + 22//39 + 22/13 = 1; 

the intercepts on the coordinate axes are thus, by (104a), 26, 
19-5, 6*5. 
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Hence, by (lOid), the length of the normal to the plane from 
the origin is given by 

l/p2 = 1/262 + 4/392 + 4/132 = (1/4 + 4/9 + 4)/132 = 1/36 ; 

/. P = 6, 

the positive root being taken because the intercepts are all 
positive, thus shewing that the normal is in the first octant. 

If I, m, n be the direction cosines of this normal, the coordinates 
of the point of intersection with the plane are, by (104c), pi, pm, pn. 

But p = 26i = I9*5m = 6*5n. 

Coordinates are (p2/26. 2p2/39, 2p2/13) =(18/13, 24/13, 72/13). 

98. The Intersection of Three Planes. Let 

Pi = iiaj4-mi?/ + %2, 

be the equations of three planes ; then, if the direction cosines, 
Itt m«, of any one of the planes are different from those of each of 
the others, no two of the planes are parallel. Assuming this to 
be the case, the solution of the above equations gives, by (7), 

- 2J/Z>3 = 1/ A 

where 0^ = 1 nii rii -pi , 1)2= % -pi , 

^2 ^2 -P2 ^2 -P2 k 

^3 ^3 P 3 ^^3 '~’P2 ^3 

•®3~ "'Pi h i D= li nil Ui , * 

— P2 Z2 m2 Z2 m2 ^2 

-P3 Zg mg Zg TTl^ Wg 

If D does not vanish, the values of x, y, z are finite and the 
planes pass through a common point. 

If D =0, there are two possible cases ; either the planes intersect 
two at a time in parallel lines, or the three planes pass through 
a single line. The discrimination between the two cases is given 
in the next example. 
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Ex, 6. Find the conditions tJuit (1) a straight line, and (2) two 
straight lines should lie on a given plane. 

Hence deduce the necessary conditions for three planes (1) to 
intersect in a single line, (2) to form a triangular prism. 

The perpendicular from the origin on a given plane meets the 
plane at the point (3, 5, 2). Shew that this plane passes through 
the line of intersection of the planes x-2y - 3z + 22=0 and 
13a; + 72/“ 62 -26=0. 

(а) Let ax + by + cz + d=^0 he the given plane, and 

(05 - xj)/l = {y- yi)/m = (z- z^jn = r, 
a line. If this line lies in the plane, the coordinates 
a; = a?! + 2r, 2/ = t/^ + mr, 2 = 2^ + nr, 

must satisfy the equation of the plane. 

Hence, by substitution, 

aa?! + hi/i + C2i + d + (ai + + cn) r = 0. 

Since (a?!, y^, is a point on the line, it must also lie in the 
plane, so that the line (x -Xi)/l=(y -yi)/m=(z -Zi)/n will lie in the 
plane ax + by + cz + d =0, when 

axi+byi + czi+d=0,\ (106a) 

and al+bm + cn=0./ 

(б) F^cm this result it is evident that the two lines 

[x - Xs)!ls = (2/ = (2 - ^8)l'ns (s = L 2) 

will lie on the p- ^ -t-6y + C2+d=0, if 

aa?! + 62/1 + C2i + d = 0, ax^ + hy^ + 022 + d = 0, 
i,e, a (a?! - i ,) + i(yi- 2/2) + <^(^1 " ^2) 

and aii + hmi + c%=0, 

a?2 + hwi2 + cn2=0. 

Hence, on eliminating a, b, c, 
the two lines 

(X - x,)/l. = (y - y.)/m. = (z - z.)/n. (s = 1, 2) 

will be coplanar if 

xi-x* yi-y2 Z1-Z2 =0 (106b) 

h ftti ni ^ 

•1 1, m 2 na 
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(c) Take the equations of the three planes in the form 

'P»-=l^ + msy-\rnsZ (s = l, 2 , 3 ), 

the direction cosines having different values, so that no two of 
the planes are parallel. 

From ( 99 a) the intersection of s = 2 and s = 3 is the line 
(x ~ x^)l{m^n^ - m^n^) = (y - = zjK 

where x^ = yi = (hP2 “ kPzVK and \ = 

This line will by (105a) lie on the plane s = l if + 
and li(mzn2 -* ^2^3) + + ny{l2m2 - ^2^3) =0- 

The former gives, on substituting the values of a?|, y^, 

h('^2p3 *“ ^ 3 ;’ 2 ) + - kPz) +Pl(h'^3 h'^^2) 

or li Ml Pi =0, 

I2 WI2 P 2 
h ^^3 Ps 

i,e.j in the notation of § 98 , 2)3=0. 

The latter condition gives 

11 Dll Ui =0, or 2)=0. 

12 W?2 ^^2 

Iq W3 W3 

The vanishing of these two determinants implies also the 
vanishing of the remaining two, for if Ai, minors 

of Wg, W3 in 2), 

2) = 9 ^li 4 l+W 2 i 42 + 7 ^ 3 . 43 = 0 , 

Similarly D 3 =piAi+p 2 A 2 +PsA 3 = 0 ; 

AJ(n ^3 - n^p^) + A^l^n^pi - n-^p^ =AJ(niP 2 - n^^). 

Let each of these ratios be equal to l/k, then, from § 98 , 

- H, = WifMjjPs - ngpa) + ni^n^p^ - n^p.^ + 

=k(miAi-{- m 2 A 2 -\- m^A^ = 0 . 

Likewise - 2)3 = /c(Ji^i + {3^2 + ^3-^ 3) = 

Hence the three planes intersect in a single line when 
2)i = 2)2 = 2)3 = 2) = 0. 

{d) When the planes form a triangular prism, they must 
intersect two at a time in pauallel lines ; hence the direction 
cosines /tA(m3n2“ 1712^3), fi(^2^3-i3%), p(lz'^^2’^h'^z)y where /i is a 
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constant, must be the same for the three lines. Further, each 
line will be at right angles to the perpendiculars on the planes 
from the origin, so that 

^l(^3^2 “* ^2^3) ^i(^ 2^3 “ ^3^2) ^l(^3^2 ^2^3) 

ix. D—0, 

The point (x^, yi, 0) does not now lie on the plane s = l, so that 
none of the determinants Dg (s = l, 2, 3) will vanish in this case. 

The various cases of intersection may, therefore, be sum- 
marised as follows : 

The three planes p. +m.y +n,z (s =1, 2, 3) will intersect 

(i) in a point when D does not vanish, the coordinates of the 

common point being ( -Di/D, Da/D, -D3/D) ; 

(ii) in a single straight line when Di ^Da =D 3 =D = 0 ; 

(iii) in three parallel straight lines when D=0, and when Di, Da, 

Da are each different from zero, 

where 


-Di = 

mi Di Pi 

-d2= 

Hi Pi li * 


nia na P2 


na Pa la 


m3 ng P3 


Ha P3 I3 

-D,= 

Pi Ii mi 

. D^j 

li mi ni 


Pa I2 ma 


la ma na 


P3 I3 m3 


1 13 m3 na 


(e) Let the equation of the plane be 
p — lx + my + nz, 

then, from (1046), pi = 3, pm =5, pn = 2 ; 

3x + 62 / + 22;=p2 = 32 + 52 + 22 = 38, 
so that the equation becomes 

3x + 5y + 2z — 38 = 0. 

If this passes through the line of intersection of the two given 
planes, the determinants of the coefficients of the equations 

3x + 5t/ + 2-2 — 38 == 0, 
x*“2t/-3z + 22=0, 

13x + 72/-6z-26=0, 

must vanish. The above analysis shows, however, that if two of 
these determinants vaiysh, they all vanish. • 



318 HIGHER MATHEMATICS [on. xm 


Now 3 ^ 6 

2=3 

5 

5 = 0 , 

1 -2 • 

-3 1 

-2 

-2 

13 7 ■ 

-6 13 

7 

7 

and D. ~ 5 2 

-38 =2 

5 

2 -19 

-2 ~3 

22 

-2 

-3 11 

7 -6 

-26 

7 

-6 -13 

= 2 6 2 - 

19 =2 12 

-4 

-32 =0 

3 -1 - 

8 3 

-1 

- 8 

7 -6 - 

13 7 

-6 

-13 


Hence and Dg vanish, and the three planes intersect in a 
single line. 

99. Volume of a Tetrahedron. A tetrahedron is a triangular 
pyramid, and is thus a solid having four triangular faces. When 
each of these faces is an equilateral triangle, the solid is known 
as a regular tetrahedron. 

All solids bounded by plane faces are called Polyhedra, and 
Euler has shewn that if Fy E, V be the number of faces, edges 
and vertices respectively in any polyhedron, then 

E + 2=F+V (107) 

Ex, 7. (a) Shew that the areas of the ^projections on the xy^ yZy 
and xz-planes of a triangle ABC are wA, ZA and mA respectively y 
where Z, m, n are the direction cosines of the perpendicular from the 
origin to the plane of the triangle, and A is the area of the triangle, 

( 6 ) Prove that the volume of the tetrahedron of which the vertices 
have coordinates {x^, y^, z^), (x^, y^, z^, (xg, ?/g, Zg), (x^, y^, Z 4 ) is 

i Vi H ^ • 

Xg 2/2 2^2 1 

Vz H 1 

X4 y^ Z4 1 

(a) To simplify the analysis, take B (Fig. 39) on the y-axis 
and G on the z-axis. It is obvious that this may be done without 
loss of generality. Let the coordinates oi A, B, G be (x^, y-^, z^), 
y%> 0) and (0, 0, Zg) respectively, and let the direction cosines 
oitBC be Zg, wig, Wg ; then, since‘^RC lies in the t/^-plane, I 2 —O, 
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Suppose AH to be drawn perpendicular RO, and let its 
direction cosines be u, Vy Wy then x^ — u, AHy and the area of 
ABC is 

Let A* be the projection of A 
on the a^i/- plane, then A* BO is 
the projection on that plane of 
the triangle ABC ; hence the 
area of 

/. Area of 

A' BO : aABC = m2U : 1. 

But by (101), since AH is 
perpendicular to RC, 

/. m2V-¥n2W=0, 

Similarly m 2 m + n 2 n= 0 , 

so that nv — mw — 0 ; FIO. 39. Areas of the projections of a 

triangle. 

also mv + =* 0, 

whence, on squaring and adding to eliminate v and Wy 
= (mv + nwY + (nv - mwY = (tn^ + n^)(i^ f vP) 

= (m* + n^)(l - u^)y since + + 

or m^^n\ 

Area of i4R'0=w . A. 

Similarly, it may be shewn that area of BOG— I . A, and area 
of A'^OG^m . A; hence the areas of the projections on the xy, yz, 
and zz-planes of any triangle, whose area is A, are nA, lA, and mA 
respectively where 1, nx, n are the direction cosines of the perpendicular 
from the origin to the plane of the triangle (108) 

(b) Let the vertices of the tetrahedron be A (xiy y^y Zi), 
B {x^, y^, Zfi), C (xa, y^, * 3 ). and ^ (® 4 > ^ 4 . * 4 )- Take D aa the 
origin, then the coordinates of A, B, G will become 
{x,-Xi,y»-yi,Zs-z^ (* = 1 . 2 , 3 ). 

Let the equation of the plane A BC he p — lx + my + nz. • 




320 HIGHER MATHEMATICS [oh. xm 

Since this plarfe passes through the given points Ay its 
equation may also, by (I04e), be written 


• X 

y 

z 

1 

X1-X4 

2/1 -2/4 

2^1 -24 

1 

[X2-X4 

2/2 -2/4 

22-24 

1 

» 3“’®4 

2/3 -2/4 

23-24 

1 


or xJD^ - yD^ + 2 D 3 - Z> 4 = 0 , 

where Dj, D 2 , are the determinant minors of x, i/, z, I in the 

first row. 

Now suppose AiB^Ci to be the projection of ABC on the 
xi/- plane, then the coordinates of A^, B^y are (x^ - X 4 , - y^y 0 ), 

(X 2 -X 4 , y2-2/4»9 (^»3-i»4»2/3-’2/4»0) ; hence, by (63), the 

area of AiB^Oi is 

ilXi-Xi 1 =J 2 )s. 

Vz-y* 1 

»3-®4 Va-Vi 1 

Similarly, if A 2 B 2 C 2 , A^B^G^ are the projections of ABC on the 
yz and zx-planes respectively, area of ^[ 252^^2 = J ^.rea of 

^sB^Gq^ -\D 2 i taking regard of the signs. If, therefore, the 
area of the face ABC be denoted by A, 

\Di = l . A, -|Z )2 = m. A, ^ 2)3 = ^. A, by (108). 
Substituting for ly m, n in the p-equation of the plane ABC^ 
2j9A = Djx - Dgi/ + D^z = D^y 
from the above coordinate equation. 

/. Volume of tetrahedron =^^A =^ 2)4 

= 6- 

yz-VA ^ 2 -^ 4 , 

^3-^4 2/3 -2/4 2^3 -2:4 

=* 2/1 2=1 - 2^4 Vl 1 -2/4 1 2;i ~X4 1 2^1 21 1 

1 ®2 2/2 2^2 3^2 2/2 1 ^ 2^2 I 2/2 2^2 j 

^ ®3 2/3 2^3 ^3 2/3 ^ ^3 ^ 2:3 I 2/3 2^3 ^ 

“ ^4 2/1 2^1 1 -2/4 2:1 1 a?! +2:4 1 a^i 2/1 - 2 /i 1 

j 2/2 2^2 1 ^2 1 ^2 ^ ®2 2/2 ®2 2/2 2^2 j 

• ^ ^3 2^3 1 «3 1 iPs 1 ^'3 2/3 ®3 2/3 ^3 ^ 
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= “ ®4 2/4 ^4 ^ 

a?! 2/1 1 

2/2 ^2 1 

^3 2^3 ^3 ^ 


=4 

*1 

yi 

Zl 

1 (109) 


*2 

y2 

Z 2 

1 


X 3 

ys 

Z 3 

1 


*4 

y4 

Z 4 

1 


Ex. 8. Find an expression for the volume of a tetrahedron when 
the equations of its faces are given. 

Obtain the volume of the tetrahedron formed by the planes 
4a; + 4?/ - Ss = 12 
4a; - 5?/ + 42 = 12, 

-5a; 4- 4^ + 42 = 12, 

a;+ y-\- 2= 3. (L.U.) 

To find the volume of a tetrahedron when the equations of its 
four faces are given, the coordinates of its vertices may be found 
by solving the equations three at a time. This is a tedious 
process, and in order to obviate the necessity of solving four sets 
of simultaneous equations, a general expression may be obtained 
by the aid of determinants. 

Let the given equations of the faces be 

agx + bsy + CsZ + d,. =0 (s = 1, 2, 3, 4), 
and let ^ — a-^ b-j^ d-^ , 

^2 ^2 ^2 ^2 

^3 ^3 ^3 ^3 

a^ 

Denote the determinant minors of ag^bsyCs, dg by Ag, BgyGg, Dg 
(s = l, 2, 3, 4) respectively ; then 

A= ct j b-^B-^ CyO d-yD^ 

= -a^A^ + b^B^-c^C^+d^D^, etc. 

If the first row in A be replaced by any other row, the deter- 
minant vanishes ; thus any expression of the form 

a^Ag — bf'Bg + Cf'Og — dfDgy 

where r and s have different values, is zero. 

Now, by (7), the common point of s = 2, s = 3, 5 = 4, is 

(-AJD,.BJD„ -CJD,). 
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Similarly, the coordinates of the remaining three vertices may 
be written down; hence, by (109), the volume of the tetrahedron is 


A 

6Z)j^Z)2-^3-^4 


where A denotes the determinant of minors. 

Let denote the expression - arAg + brBg - CrCg + drBg , then, 
by the rule for the multiplication of determinants (Ex. 34, p. 33), 


-AJD, 

BJD^ -CJD^ 

1 




“ A 2 / 1^2 

-GJD^ 

1 





BJ 2)3 — Cg/ 2)3 

1 




-AJD, 

BJD^ -GJD, 

1 





1 1 -A, 

B 

1 

-0^ 


QD^D^DsDi -A^ 

B 

2 

-C, 

A 



B 

3 

- C 3 

D. 


-^4 

B 

4 

-G, 

A 


AA = 

/^1^2 /^1^3 /^1^4 

= 

-AO 0 0 


/^2^1 /^2^2 /*2^3 /^2^4 


0 A 0 0 


f ^ S ^2 /^3^3 /*3^4 


0 

0 

1 

0 


H ‘ 4 p 2 /^4^4 


'< 

0 

0 

0 


/, A = A®, since A cannot vanish, as the planes do not all pass 
through one point. 

Hence the volume of the tetrahedron becomes A®/( 6 DiZ) 2 ^ 3 ^ 4 )- 
The magnitude of the volume of a tetrahedron whose faces are the 

***““ a,x + b,y + c,z + ds =0 <s = 1 , 2 , 3 . 4 ) is 

I Cl dl I* . ^ , I ^ ^11 ^ I, ^ I , ^ ^ 


=0 (s=l,2.3. 4) is 


I El Dl Cl a 2 Dg Cg Es Dg Cg E 4 b 4 C 4 'I 
r -r Eg bg Cg Eg bg Cg E 4 b 4 C 4 E^ b^ Ci I ...( 110 ) 

J Is* «* ^* ^ ^ a* bg Cg J 

*4 C4 C4 04 

Applying this important result to the given equations, the 
required volume is 
4 4-5 -12 ® 

4-5 4 -12 

-5 4 4 -12 

1 1 1-3 


( ^ 

4 

-6 4 

-5 

4 -5 

4 4 1 

1 

1 ' 

6 4 

-5 

4 X -5 

4 

4 X 1 

1 1x4 

4 

-5 

1 -5 

4 

4 1 

1 

1 4 

4-6 4 

-5 

4 . 


27x729x729x729 
’6x243x81x81x81"' ’ 


Volume = 13*5. 
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As the given equations are in this case quite easy to solve, it 
will be interesting to check this result. 

The solution gives readily (4, 4, 4), (3, 0, 0), (0, 3, 0) and 
(0, 0, 3) as the coordinates of the vertices ; hence, by (109), the 
volume is 


0 

0 

3 

1 

= -i 

1 

0 

3 

+1 

0 

3 

0 

0 

3 

0 

1 


1 

3 

0 


3 

0 

0 

3 

0 

0 

1 


1 

4 

4 



4 

4 

4 

4 

4 

1 










as before. 


100. Quadric Surfaces. As its name implies, a quadric surface 
is the locus of a point which moves in three dimensions according 
to conditions defined by an equation of the second degree in 
X, y, z. The most general form of such an equation is 

ax^ + hy^ + cz^ + 2fyz + 2gzx + 2hxy + 2lx + 2my + 2nz + = 0. 
This equation will be referred to as Q{xyz)=0, Just as in the 
case of the two-dimensional equation F(a;y)=0, this may be 
reduced (1) by changing the origin where possible to remove the 
terms of the first degree, and (2) by rotating the axes about the 
new origin through a suitable angle which will remove the terms 
in xy, yz, zx. According as the new origin lies in the finite part 
of space or not, so quadric surfaces are classified into Central 
Quadrics and Non-central Quadrics. 

The general equation of a central quadric may accordingly 
be taken in the form Ax^-\- By^-^Cz^ = ly the centre being the 
origin. 

If A, By 0 are all positive, the surface is an ellipsoid whose 
axes are 2/JA, 2/JB, 2/^(7. 

If B or Gy or both, are negative, the surface is a hyperboloid. 

When the right-hand side is zero, the surface becomes a cone. 

The non-central quadrics have no centre in the finite part of 
space, and the terms of the first degree in the general equation 
Q (^t yt cannot therefore all be removed. The surfaces 
are, in general, cylinders or paraboloids which under certain 
conditions may degenerate into planes. 
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Ex. 9. (tt) Investigate the nature of the lad represented by the 
following equations : 

(i) 144a;2 + 225^/2 + 4002:2 + 576a: + 13502/ + 8OO2; = 599. 

(ii) 9a:2 + 42/2 -1442 = 12(22/ -3a:). 

(iii) 9a:2 + 162/2 - 3622 -20 =8 (42/ + 92). 

(6) Find the equation of the locus of a point which moves so that 
its distance from the fixed point (a, 6, c) is m times its distance from 
the origin of coordinates. 

If a, b, c be all positive and a^b>> c, shew that the surface 
wiU intersect all the planes of reference if 

(^2 + fe2 + c2) > a2. (L.U.) 

(a) (i) The given equation on rearrangement becomes 
144 (a:2 + 4a:) + 225 (2/2 + 62/) + 400 (22 + 2z) = 599, 
or 144 (a: + 2)2 + 225 (2/ + 3)2 + 400 (2 + 1)2 

=599+576 + 2025+400 
= 3600. 

Changing the origin to the point (-2, -3, -1), the equation 
becomes 1 44a:2 + 2252/2 + iOOz^ = 3600, 

or a:2/25 + ^^16 + 22/9 = 1 , 

which represents an ellipsoid generated by the variable ellipse 
a:2/25 + 2/2/16 = 1- p^/c^ 2 =/x, 
whose centre is the origin, 

(ii) The given equation may be written 

9 (a: + 2)2 + 4(2/ - 3)2 - 1442 = 72. 

Hence, on changing the origin to the point ( -2, 3, -0*6), the 
equation takes the form 

9a:2 4.4^2-1442;=o, 
i.e. x2/l 6 + ^2/30 - 2 = 0 ; 

the surface is therefore generated by the variable ellipse 

+ 2/2/36 = /i, 2 = /A, 

and the sections made by planes parallel to the 2/2, 2a: planes are 
parabolas. The surface is therefore an elliptic paraboloid. 
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(iii) Writing the equation in the form 

9 rr 2 + 16 (y- 1)2 -36(2 + 1 ) 2 = 0 , 
and transferring to (0, 1, - 1) as new origin, 

9 x 2 + 16^2 _ 30 ^ 2 ^ 0 ^ 

or x2/l 6 + ?/2/9 - ^2/4 = 0, 

i.e. x 2/16 + ?/ 2/9 = /x2, 21 = ± 2 / 4 ; 

thus shewing that plane sections parallel to the x^z-plane are 
ellipses which become a point at the origin. 

Further, writing the equation as 

x2/16 - ^2/4 = - 

it is evident that the section on the 2x- plane is the pair of lines 
2/2 = ±x /4 ; similarly the section on the 2/2- plane is the pair of 
lines 2 // 3 = ±2/2 ; hence the line 

x /4 = y/ 3 = 2/2 

is said to be a generator of the surface, which is clearly a right 
elliptic cone, whose vertex is at the origin. 

(6) Let P (x, y, x) be the coordinates of any point on the locus, 
then if .4 be the point (a, 6, c), 

AP^ = (x - tt)2 + (y - 6)2 + (2 - c)2, 
and OP2 == a;2 + ^ 2^2. 

But AP — tn.OP; 

{x - a)2 + (?/ - 6)2 + (2 - c)2 = m^{x^ + + 2^)> 

t.e. (m2 - 1 ) (x2 + ?/2 4. 2:2 j 4. 2^3; + 2 hy + 2 cz = a2 + 62 + c2, 
which may be written 

{x + a/(m2 - 1)}2 + {?/ + 6/(m2 - 1)}2 + {2 + c/m2-l)}2 

= m2 (a2 + 62 + - 1)2, 

which is obviously a sphere whose centre is the point. 

{-a/(m2-l), -6/(m2-l), -c/(m2-l)} 
and whose radius is 

mja^ + 62 + c2/(m2 - 1), if m > 1, 
mv/a2 + 62 +cV(l *“ wi2), if m < 1. 


or 
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The sphere intersects the xy, yz^ 2 ;a?-planes when z=0, a;=0, 
and respectively, and these sections are 

{» + a/(nfi - 1)}^ + + b/{nfi - 1)}^ = {m\a^ + 6^ + c^) - c^}/{'trfi - 1)*, 

{y + 6/(m* - 1)}^ + {« + c/{nfi - 1)}* = {irfi{a^ + 6* + c^) - a^}l{nfi - 1)*, 
{» +a/(m* - 1)P + {z+ c/(nfl - 1)P = {nfi(a^ + 6^ + c*) - W}l{m^ - 1)^, 

which are circles of radii 

+ c^) - c® slnfi\a^ + ^ + c^) - slin^\a^ + V^ -{•(?) 

- 1 ’ - 1 * - 1 

respectively. These will be real if 

m2(a2 + 62 4.c2)>a2, 

since a>h>e. 

101. Intersection of a Plane and a Quadric. To determine a 
plane section of a quadric surface, it is convenient to move the 
axes of the equation representing the surface into a plane 'through 
the origin parallel to the intersecting plane, and along its normal. 
The formulae for effecting this important transformation will now 
be considered. 

Ex. 10. (a) A quadric surface aa^ + by^ + = 1 is irUersected by 
the plane lx + my + nz=0 ; jirid the formulae to move the axes of the 
surface into the plane and along its normal, the origin remairdng 
unchanged. 

Hence shew that the section will be an ellipse, parabola or hyperbola 
according as 1^la + m?lb-\-n^lc is greater than, equal-to, or less than 
zero. Find also the conditions to be fulfilled that the section should 
be a rectangular hyperbola. 

(5) The ellipsoid 3x^ + Sy^-\-z^=c^iscut by the plane x + ^y^z-Q. 
Shew that the sectim is an dUpse whose semi~axes are cn/O^, Jc.y3, 
and eccentricUy n/0»6. 

(a) Take the new a;-axis as the line of intersection of the xy- 
plane and the given plane, and the ^/-axis in the latter plane ; 
the «-axis will then be the normal to this plane, and its direction 
cosines will therefore be I, m, n. 
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Let the direction cosines of the new axes of x and y be 
and ^2> ^2 respectively, then, since the new OX is perpendicular 
to OZ, ^1=0; hence 

(i) + (ii) + 

(hi) ZJi + mmi= 0 , (iv) 

(v) Iil2 + niim2=0. 

From (hi) and (v), ljmi= -m 2 / 72 = -m/Z. 

Hence, from (i), = P/(P + m^), 

so that, taking as positive, Zi= - + 

Putting m2 — ml^l in (ii) and (iv), 

= l\\ - n^)l{P + m^) and (Z* + m^) yi = - wwg. 

Hence, on eliminating Z2, 

= Z^ + m^, Zg^ = l^n^l(P + m^), 
and + m^) . 

If Ml be positive, then mo will be negative, and since 

Zi/mi= -mg/Zg, 

Zg will also be negative, so that 

^2 = “ mw/v/ Z^ + m^, Zg = - ln/\/P + m*, 
and by (iv) , n — m*. 

Let P (a?i, 2/1, 2i) be any point referred to the old axes, {x\ y\ z*) 
its coordinates referred to the new axes, then taking P as a new 
origin, the equation of the given plane becomes 

2 ' = (x-Xi)Z + (y-?/i)m + ( 2 - 2 i)ni 

= - Zxi - my I - nzi, 
since (x, y, z) lies on the plane. 

Similar expressions for x\ y* may thus be found, and these 
give the relations between the new and the old coordinates. By 
solving the three expressions for Xj, 2i, corresponding expres- 
sions giving the old coordinates in terms of the new ones may be 
found. This is a tedious process, however, and the required 
relations may be derived directly as follows. 

If OX\ OY\ OZ' be the new axes of x, y, 2, then cos Z'OX=Z, 
cos X'OX=li, cos y'OX==Z2, so that 

cosZOZ'--Z, co9XOX' = ‘-Zi and cosZOr=-Za. * 
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Hence the equation of the plane YOZ referred to the new axes is 
-Ijx' -Iz' = 0 , 
and by the above result, 

X = liX' + ^ 2 ^' + lz\ 

and similarly for y and z ; hence the following important trans- 
formation formulae : 

If a surface be cut by a plane lx + my + nz =0, through the origin, 
the equation of the surface may be referred to new axes along the line 
of intersection of the given plane and the xy-plane, the perpendicular to 
it through the origin lying in the plane and the normal to the plane, 
by replacing the old coordinates x, y, z, by the following expressions 
involving the new coordinates, x', 

x=lix' + l2y'+lz', 
y = mix' + m^y' + vaz\ 

z=: n 2 y'+ nz', (111) 

where h = - m/k, mi = 1/k, I 2 = - In/k, mg = - mn/k, n* = k, 
and k*=l* + m*, k being positive. 

Applying these formulae to the surface ax^-hby^-\-cz^ — li the 
section on the plane, z! =0, is 

a (lix' + Izyy + h (mja?' + m 2 y') + cn^y'^ = 1 , 

which reduces to 

Ax^ + 2Hxy + By^ = 1 , 

on omitting dashes, 

where A — al^ + hm^ = {am^ + W)lk^, 

H ■" 

B = al^ + hm^ + cn^ = {n^{al^ + 6m*) + ck^jlk^. 

Now 

AB - IP -{ (am^ + hl^){aPn^ 4- hrn^n^ + ck*) - - 6)*}/A;^ 

= { a6n* (m^ + 2Z*m* + P) + ck^ {am^ + 6P) } jk^ 

= bcP + canfi + a6n* 

« =(P/a + m*/5 + n*/c)a6c. 
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Hence, from (72c), the section will be an ellipse, parabola, or 
hyperbola according as 

=, or <0, 

i.c. l*/a + m*/b + n*/c > • =, or < 0, (H2a) 

as long as ahc is positive. 


From (86a), the section will be a rectangular hyperbola if 
A + B^O, 

i,e, if am* + + aU^n^ + 6m*w* + cA;^ = 0 ; 

i,e, if a + 6 - aZ* - 6m* + cA:* =0 ; 

i,e, if (a + 6)(Z* + m* + n*) - aZ* - 6m* + c(Z* + m*) = 0 ; 

^.e. if l*(b + c) + m*(c f a) + n2(a+b)=0 (112b) 

(6) From the equation of the plane, its direction cosines Z, m, n 
are given by 

Z = m/4 = n==l/(3y/2), from (996) ; 

/. Z = w = 1/(372, m = 4/(3 v'2). 

Replacing a?, «/, ^ by the expressions given in (111), the equation 
of the section of the ellipsoid made by the plane is 

(3m* + 8Z*) cc* - lOlmnxy + + 8m*/i* + k^) y* = c*A;*, 

which, on inserting the numerical values, becomes 

28a;*/9 - 10 72 . xyftl + 35y2/27 = 17/18, 

which represents an ellipse by (72c), since < A B. 

From Ex. 10, § 73 (p. 221), the reciprocals of the squares of the 
semi-axes are 

9 /28 35 7200* -492\ 
i7c*V9 ■‘'27=^ 27 / 

9 / 119 j:51 \ 10 
17c»V 27 / 3c* 3c*' 

Hence the semi-axes are c70»3 and 27^- 

From (69c), the eccentricity =7l -0'4 = 70*6. 

102. Sections of a Right Circular Cone. It will now be shewn 
that a plane section of a right circular cone is a conic as described 


B.M. 


M 
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in § 70 (p. 206). Let VAA' (Fig. 40) be a right circular cone 
whose axis OV coincides with the 25-axis, whose vertex is the point 
(0, 0, A), and whose base radius is r, then the equation of the 

cone is obviously 

(x^ + =^r^(h- 25)2. 

Let the cone be cut by a plane 
O'P' parallel to the x-axis, having 
for its line of intersection with the 
base, 2 / = a, 25 = 0. Change the origin 
to the point (0, a, 0), then the 
equation of the cone becomes 
A2x2 + A2(2/-a)2=r2(A-2)2, 
and the equation of the plane may 
be written my + nz=0, where 
m = - cos PRVy w = - sin PPF, 
and R is the point of intersection of 
PO', 70. 

Hence, transforming the equation 
Fio. 40. Sections of a right circular of the cone by (111), the Section 

on the plane is 

- r^m^)y^ + 2h{hna + r^m)y + - r^) =0. 

Now if A2(A2n2-r2m2)=0, the term in y cannot be removed, 
and from (72a) the curve is, in general, a parabola. Hence the 
condition for this is 

A^n^ -r2m2=0, since A is not zero ; 

^ 2^2 — since + n* = 1 ; 

/. 1^2 ^y2/(^2 4.^2) 

where is the semi- vertical angle 07^4 ; 

/. z.PP7=l07^=^07^', 

so that O'P is parallel to 24'7 ; t.e. the plane is parallel to a 
generator. 
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When - 'fim? is not zero, the term in y can be removed and 
the equation transformed into 

- r^w?) = c® 

where c is the new absolute term. 

The curve will therefore be an ellipse or a hyperbola according 
as is positive or negative ; 

i.e. according as > or < sin^ ; 

^^c. according as l PRV > or < </>. 

When O'P is perpendicular to OF, n=: -1, and the equation 
becomes + = which represents a circle. 

Hence the plane section of a right circular cone is always a 
conic as defined in § 70 (p. 206). 

Ex. 11 . A right circular cone of height 24 in. and base radius 7 in. 
is cut by a plane inclined at sin"^ 0*8 to its base, the line of inter- 
section with the base being 5| | in. from the centre. Shew that the 
section is an ellipse of eccentricity 0*625. 

Here A = 24, r = 7, m= -3/5, n= -4/5, a = 185/32 ; hence the 
equation of the section becomes 

576x2 + 351^2 , 234y -f c' =0, 

where c' = - (9 x 409 x 39)/16, 

i.e. 576x2 + 351(y- 2/5)2 =c, 

where c = (10289 x 351)/400. 

Hence, changing the origin to (0, 2/5), the final equation is 
576x2 + 351y2=c, 

which clearly represents an ellipse. 

If a^, a^ be its axes, then 

Oi2 = c/576 = (10289 x 39)/(400 x 64), 
a22 = c/351 =10289/400, 
giving ai = 3*96, a 2 = 5’07, 

and the eccentricity = s/l - 351/576 = 0 * 625 . 

103. Circular Sections of a Quadric. To obtain plane circular 
sections of a quadric, the necessary conditions may be derived*by 
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the methods of the last example. It is, however, simpler to 
proceed as follows. 

F(Xi y, z) =aa?2 + hy^ + cz^ + 2fyz + 2,gzx + 2hxy = 1 
be a quadric surface, and + =1, a sphere; then the 

points of intersection of the quadric and the sphere will lie on the 
surface F{x,y,z)-\{^+f + z^)=0, 

i.6. {a - \)x^ + (6 - A.) 4. _ A) + 2fyz + 2gzx + 2hxy = 0 

or, putting x^^z and y = rjz, 

(a — A) 4- + (6 — A) 7^* + 2g^ 4- 2f>} 4" c — A = 0. 

This will represent a pair of planes if it can be factorised, and 
the condition for this is, by (67a), 


a- A h g 
k 5-A / 

9 f 


= 0 , 


which is a cubic in A. It can be shewn that the roots of this 
cubic are always real, but that only one of them gives real planes. 
Hence : 


Circular sections of the quadric F(x, y, z) =1, where 

F(x, y, z)sax* 4 - by® 4*cz* 4'2!yz +2gzz +2hzy 
are given by the equation 

F(x, y, z) - A(x® +y* 4'Z*) =0, 
where A is a root of the cubic 


a-X h g 
h b-X f 
g f c-X 


= 0 . 


(118) 


Ex. 12. Prove that there are two real planes which pass through 
the centre of the ellipsoid a;*/a*4-yV^^ + 2J®/c* = l, and intersect the 
surhce in circles. 

Find these planes in the case of the ellipsoid 

12x2 4- 30t/2 4- 6«2 = 4. (L.U., Sc.) 

(a) The cubic for A becomes 

(1/a* ~ A)(l/6* - A)(l/c* - A) =0, 
giving A=sl/a*, 1/6*, or 1/c*. 
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Hence the six planes are given by 

2/2(1/62 _ 1/^2) =;s2(l/^2 ^ 1/^2)^ 

a;2(l/a2 - 1/62) =^2(1/52 _ 1/^2)^ 
a;2(l/a2 - l/c2) =t/2(l/c2 - 1/62). 

If a > 6 > c, only the second of these gives real planes, and 
since parallel plane sections are similar and similarly situated 
conics, the planes 

xsla^ - 62/a + 2>/62 - c2/c 
x>Jo^ - 62/a - - c^/c =/i2, 

will give circular sections for all values of and ft 2 , consistent 
with real intersections. 

(b) For the ellipsoid, 12a;2 + + 6^2 = 4 , 

l/a2 = 3, 1/62 = 7-5, l/c2 = l-5; 

so that b<a<Cy and by the foregoing analysis, the planes giving 
real circular sections are 

2/2(7-5 -3) =22(3.1.5)^ 

or yv/34-z=0, and ys/3-z=0. 

104. Tangent Planes. Let the line 

{x - ^)/l = ( 2 / - ri)lm = (2 - f)/n 

intersect the quadric Q(x, y, z) =0, then 

+ 7;+mr, f+wr)=0; 

i.e. Q (f , 1 /, 0 + 2r (^^4 + + nC) 

+ r2 (aZ2 + bnfi + crfi + 2/mn + 2gln + 2hlm) =0, 

where ^4 =a^ + A?;+ 5 rC+w = ^ 

1 00 

C=cC+fl'^+/>?+M' = 2^- 

Writing L for the coefficient of r2, the above equation becomes 

% C)+r(^l^ + m^+n^)+t^L==0, 

which is a quadratic for r, whose roots give the distances of 
(5> Vi 0 ^wo points of intersection. 



334 


HIGHER MATHEMATICS 


[oh. xm 


= 0 , 


If (^, rf, () lies on the quadric also, then rj, f ) =0, and one 
of the roots is zero ; if, in addition, 

,dQ dQ dQ 

01 / OQ 

then both roots are zero, and the two points are coincident. The 
line is therefore tangent to the surface at (^, rj, f), and the locus 
of this line gives the tangent plane at the point. This locus may 
easily be found by eliminating I, m, n, between the equations 
a?=^ + b‘, f/*=w + mr, z — (i-nr. 


and 

which gives 


or) 


(x-|)~| + (y- 




.( 114 ) 


as the tangent plane to the quadric Q(z« y, z) =0 at the point (^, >/, (). 

It should be observed that the direction cosines of the plane 
are proportional respectively to 

00 00 5$ 
df dr)^ 0f 

Ex. 13. (a) Shew that the condition that the line 

(» - fill ^(y- q)lm = (z - r)/w 
shovld touch the ellipsoid x^ja^ + y^/b^ + z^/c^ = 1 is 

/ ^ n2 \ /^2 ^2 ^ \ om rn \ 2 

6^' c2/ • 

(b) Find the equation of the cone with vertex at the origin and 
generators parallel to tangent lines from (p, q, r) to the ellipsoid 

x^ja^ + y^jb^ + z^ji? = 1 . (L.U.) 

(c) Find also the value of p^ such that the plane lx + my + nz=pi 
shaU touch the ellipsoid ; calculate the direction cosines of the tangent 
plane to the ellipsoid x*/36 + 2/^/25 + 9^749 = 1 passing through the 
point (12, 25, 49/36). 

(a) Let {x-p)ll = {y-q)fm=^{z-r)ln—py then substituting in 
the equation of the elUpsoid 

(p + lfJi)la^ + + mfi)lb^ + (r + nix)^lc^ == 1 , 

dr p^Pfa^ + m^/b^ + n^/c^) + 2/a {Ip/a^ + mq/b^ + nr/c*) 

« +p^la^ + q^lb^+ry(^ -1^0. 
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This quadratic will have equal roots when the line is tangent 
to the surface ; the condition for this is 

{Pja^ + m^jh^ + n^lc^)(p^la^ + q^/h^ + r^jc^ - 1 ) 

= {Ip/a^ + qmjW + nrjc^)^, 

(b) The generators of the cone will be xjl=ylm=zln=k where 
I, m, n have the same values as the tangent lines from (p, q, r) to 
the ellipsoid, i.e. Z, m, n must satisfy the above condition. 

Eliminating I, w, n, by means of the relations l—xjk^ m^yjk, 
n^zjk, the equation of the cone becomes 

(a;2/a2 + y^/Jy^ -f z^lc^)(pya^ + q^/b^ + - 1) 

= (pxja^ + qyjb^ + rzjc^)^. 

(c) From (114), the equation of the tangent plane at (^, rj, () 
on the eUipsoid is 

and since in this case, Q = + rj^/b^ + f 7^, the equation becomes 

(X - ^)^/a2 + {y^ri) ri/b^ + (^ - «0, 

or x^/a^ + yq/b^ 4- z(j(? = 1 , 

since (^, () lies on the ellipsoid. 

If this equation is identical with Ix + my ^nz^pi^ then 

^/a*=Z/jJi, il<?=nlpi‘, 

/. Pa^lpi^ + + n^c^lp^ = + 7i^/h^ + = 1 

so that Pi^ == + n^c*. 

Taking as the equation of the tangent plane 
x^/a^ + yq/l^ + 2:f/c2 = 1 , 

and inserting the numerical values, it becomes 
^/3 + ^ + f/4 = l. 

If Z, m, n be the direction cosines of the perpendicular from the 
origin on this plane, then 

Z/{l/3) = m - w/(l/4) = 12/13, by (996) ; 

/. Z = 4/13, m = 12/13, and n = 3/13. 

The equation of the plane then becomes 

405 4- 12^ + 32 = 13. • 
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105. Normal to a Qoadric. It is evident that if Zx + + nz 
be a tangent plane to a quadric, Z, m, n are the direction cosines 
of the normal. 


Ex, 14 . (a) Find the conditions that the plane lx-\-my’\-nz=p 
should touch the quadric aa;^ + 6^* + c2:* = l, and deduce the equation 
of the normal, 

{b) Shew that if the line l^x + m^y + n^z = 1 , = 1 he 

a n/orrml to the ellipsoid a^ja^ + y^jh^ + z^l<? = 1 , then 

(Zi ~ l^{m-^n 2 - - <?) = {m^ - m^il^n^ - l^n^Kc? - o*) 

= (ni - n^{l^m2 - Z2mi)/(a2 - h^), (L.U., Sc.) 

(a) Let Ix + my + nz—p touch the quadric at the point (^, f)> 
then, from ( 114 ), this equation may be written 

or ax^ + 62/>?+c2;{=l, 

since (^, rjy f ) lies on the quadric ; hence 

Z/jp=a^, mlp^hqy nlp=^clC; 

/. a^ + brj^ + =: (P/a + nP/b + n^lc)/p^ = 1 , 

i*o, p> = i*/a + m*/b + n*/c ( 116 a) 


or 


The normal at (^, t;, f) is clearly 

(x - ^)/l = {y- r,)/m = (z- C)/n, 

a$p biyp cfp 


(115b) 


(6) Let L — N = then 

by (99a) the planes l^x + m^y + n^z = 1, ZgX 4- + HgZ = 1, intersect 
in the line (a; - Q/M = {y -7])/N =^{z- ()/L, 

If this be a normal to the ellipsoid at P(^, rj, f), then, from 

a*M/^ = mh = c*Ir/f. 

Now P lies on both planes, so that 

a\M + h^miN + (PniL = 1 , 
a^ZgM + b^m^N + (Pn^L = 1 ; 

(i) a\li -l^M + h^{mi - mg)^^ + (P(ni -n^L= 0. 

But since the line lies in both planes, by (105a), 

ZjLM + miiV + niL=0 and ZgM+mg2^r + ngL=0; 

• /. (ii) (Zj - Z2)M + (m^ - m^Fl + («i».i - n^L=0. 
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Hence, from (i) and (ii), 

M ^ ^ 

(mi - m^(n^ - n^(h^ - (?) (n^ - n^{l^ - - a^) 

^ L 

(Zi - l^(m^ - m^{a^ - l^Y 

(h- k)i'^i^2 “ ^2^2) _ (^1 “ ^2)i'^ih - ^2^1) 

62 ^^2 c2-:a2 

_ (^1 - n2)(lim2 - Zg^i) 
a2-62 


Exercises 13. 

1. Determine the equations of the straight line joining the points 
( -2, 1, 3) and (3, 1, -2). Find also the equation of the plane drawn 
through the point (1, 1, 1) which contains the straight line. (L.U.) 

2. Prove the relation connecting the direction cosines of two per- 
pendicular lines in space. 

Find the equation of the plane through the axis of z and parallel to 
the line joining the points (3, 2, - 1), (1, 3, 4). 

Calculate the distances of this plane from the given points. (L.U.) 

3. Define the direction cosines of a straight line with reference to 
three mutually perpendicular axes, and find the condition that two 
lines whose direction cosines are given should be at right angles. 

Taking the axis of z as vertical, find the direction cosines of a line of 
greatest slope in the plane which passes through the points (0, 0, 0), 
(3,6, -2) and (4, 1,1). (L.U.) 

4. Define the direction cosines of a line and find the relation between 
them. 

Find the equation of a plane which passes through the origin and is 
inclined to the horizontal plane XOY at 60° and to the vertical plane 
XOZat46°. (L.U.) 

5. If p denotes the perpendicular distan ce of the point (a?!, yi, Sj) 
from the plane ax-{-by + cz= 0, shew that p>/a^ + b^ + c^=axi + byi + czi. 

(M.U.) 

6. A plane is drawn perpendicular to the line 

x-3=(y+m={^-m 

so as to pass through the point (1, 1, 1). If PQ, PR be the lines in 
which this plane cuts the two planes 

3a; - 2 -2=0 and ^6a; -y +22 -25 =0, 
find the coordinates of P and the cosine of the angle QPR. * 

B. M. m2 



338 * * HIGHER MATHEMATICS [oh. xm 

7. Find an expression for the cosine of the angle between two lines 
whose direction cosines are given. 

A right pyramid stands on a square base, and the vertical angle of 
each of the isosceles triangular faces is a. Taking the vertex as origin, 
the axis of z along the axis of the pyramid and the axes of x and y 
parallel to the diagonals of the base, obtain the equations of the planes 
of the triangular faces and of their lines of intersection, and find the 
angle between the lines which join the vertex to a pair of opposite 
corners of the base. (L.U.) 

8 . Shew that the lino perpendicular to both of the lines whose 
direction cosines are proportional to Z, m, w ; l\ m\ n\ has direction 
cosines proportional to mn' - m'w, nV - n% Im' - Vm. 

A plane parallel to the line a;-l=2y-5=2z and to the line 

3a;=4f/ -11 =3z -4 

passes through the point ( 2 , 3, 3). Find its equation. (L.U.) 

9. Find tho equation of the plane which passes through the origin 0, 
and the points (1, 6 , 4), (6, 15, -4). PN is the perpendicular let fall 
from P (14, -3, - 11/3) upon this piano ; give the length of PN and 
shew that ON =^445/3. Also give the direction cosines of ON » 

10. A straight lino is drawn through the origin meeting perpen- 

dicularly tho givon straight lino {x -a)ll=(y -b)lm={z -c)ln. Prove 
that its direction cosines are proportional to a - Ik, b - mk, c - nk, 
where k=al-\-bm+cn, and find the length of the perpendicular from 
the origin upon the given straight line. (L.U., Sc.) 

11. Find the equation of the line of greatest slope through the point 

(1, 1, 1) on the plane 2x+Sy -4^ = 1 . (L.U.) 

12. Shew that the equations of the planes bisecting the angles 

between a^a: +biy +CiZ +di =a^x +b^y =0 are 

{a^x +h^y -f-CiZ +d^)lky^ = ±{a^ -^b^ +c^z ■\-d^)lk^, 
where kg = + 65 ^+ 0 ,* (5 = 1, 2). 

13. Shew that the sum of the projections of the sides of any closed 
polygon upon a given straight line is zero. Find the equation of a 
plane in terms of its perpendicular distance from the origin and the 
angles this perpendicular makes with the axed. Calculate the distance 
of the point (2, 3, 1) from the plane lx +24y + 6 O 2 = 16. 

14. Given two points P(3, 5, 1 ), Q(5, 2 , 4) ; shew that the sum of 
the squares of the projections of PQ on the coordinate axes is equal 
to the square on PQ. A plane contains the line PQ and passes through 
the point (7, 6 , 2) ; find (1) the equation of the plane, (2) its distance 
from the origin, (3) the direction* cosines of a normal to the plane, and 
(4) the intercepts made by the plane on the axes. 
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16. Define the direction cosines of a straight line and prove the 
formulae for the cosine and the sine of the angle between the straight 
lines whose direction cosines are given. 

Find the direction cosines of the line of intersection of the planes 

3a? -2y -42=0, 4a? +2-1=0. 

Find the angles made with these planes by the line 

(a?-l)/3=y+3 = l - 2 . {L.U.) 

16. Shew that the three planes a? - 2y +2 -7 =0, 3a? +4y -22 +6 = 0, 
8a? -6y +32 - 30 =0, have a common line of intersection. 

A plane is drawn through P (2, -3,0*2) to contain this common 
line ; shew that this plane is perpendicular to the plane a? -2y +2 = 7. 

17. Obtain the equation of a plane in the form a?/a +y/6 + 2 /c = 1. 
What form does the equation take when c =0 and when c =00 ? 

The planes 3a?-i/+2 + l=0, 5a?+y+32=0 intersect in the line PQy 
and a plane is drawn through the point (2, 1, 4) perpendicular to PQ, 
Shew that this plane contains the point (2, 3, 5). 

18. Shew that the straight lines (a? + l)/( -3) =(«/ -3)/2 = 2 +2, and 
a;=(y -.7)/( -3) =( 2 +7)/2, intersect. Find the coordinates of their 
point of intersection and the equation of the plane containing them. 

(L.U., Sc.) 

19. Find the direction cosines of the line of intersection of the planes 
6a? -4y - 2 + 12 =0, 3a? -4i/ +19 =0, and shew that the point (3, 7, 2) 
lies on this line. Find also the coordinates of the two points P, Q on 
this line which are at a distance 13 from the point (3, 7, 2), and shew 
that PQ subtends a right angle at the point (54/5, - 17/5, 2). 

20 . Prove that if 9 , the planes 

x=y sin +2 sin (f>, 
y=z sin $ +a? sin 
z=a?sin0 +y sin 6, 

intersect in a line. (L.U., Sc.) 

21. Shew that an equation of the first degree represents a plane and 
find the perpendicular distance from the origin to the plane 

^ 5a? -4y +22 -6 =0, 

and also the angle of inclination of the axis of to the plane. (L.U., Sc.) 

22 . Find the condition that two straight lines in space shall intersect. 
Find the equation of the surface generated by a straight line which 
intersects the three straight lines 

y-22=0,a?=a; 2-2a?=0,y=a; a? - 2 ?/ = 0 , 2 =a. 

(L.U., Sc.) 
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23. Find the length of the shortest distance between the lines 

(x - 1)/4 =(y +2)/3 =2 and -{x -4)/2 ={y +5)/6 =(z -6)/7. 

(L.U., Sc.) 

24. Find the length of the shortest distance between the lines 
(a;+14)/-2=y/0=2+23 and (a;+2)/4 =(y -6)/3 =(2 - 2 )/ 3 . 

25. Find the equations of the line along which lies the shortest 
distance between the straight lines (a: + l)/4 =(y ~ l)/2 = -(2 -9)/6 and 
(a;-3)/2= -(y + 15)/7 =( 2 -9)/5. 

26. Find the shortest distance of the line (a? -7)/2 =(y +4)/3 = 2 -2 
from the intersection of the planes 

2a; +5y “ 82 -52 =0, 3a; -3y +22 +27 =0. 

27. Find the equation to the circle in the plane 2=0 which has the 

points {Xi, Pi, 0), {X 2 , y 2 > 0) as extremities of a diameter. Find the 
condition that the straight line {x -f)ll={y -g)lm={z - h)ln should 
intersect the circumference of this circle. (L.U., Sc.) 

28. With given rectangular axes, the line a;/2= -y/ 3=2 is vertical. 
Find the direction cosines of the line of greatest slope in the plane 
3a; -2y +2 = 6 and the angle this line makes with the horizontal plane. 

{L.U.) 

29. A tripod has its feet A, B^C on three walls, C being 2 ft. higher 

than B, and B 3 ft, higher than A. In plan a 6 = 18 ft., 6 c =20 ft., 
ca =21 ft., and d, the plan of the apex of the tripod, is equidistant from 
a, 6 , and c. If D is 25 ft. higher than O, find the lengths of the legs 
and the true values of the three plane angles at D. (L.U.) 

30. The vertical angle of each of the isosceles triangular faces of a 

right pyramid on a square base is 28°. A plane cuts the pyramid, the 
section being a quadrilateral ABCD such that the distances of A, 
B and G from the vertex are 4, 8 and 6 inches respectively. Find the 
distance of D from the vertex. (L.U.) 

31. A tetrahedron has its vertices at the points (1,0,0), (0,0, 1), 

(0, 0, 2), (1, 2, 3) respectively. Find the lengths and the Erection 
cosines of the six edges, the equations of the four faces and the volume 
of the tetrahedron. (L.U.) 

32. The coordinates of the angular points A, R, C7, D of a tetrahedron 
are ( - 2 , 1 , 3), (3, - 1, 2 ), (2, 4, - 1 ) and ( 1 , 2, 3) respectively. Calculate 
to the nearest minute the angle between the edges AG and BD, (L.U.) 

33. Three of the vertices of a tetrahedron are at the points {a, 0, 0), 

(0, 6 , 0), (0, 0 , c). Prove that if the perpendiculars from the vertices 
on the opposite faces are concurrent, the fourth vertex lies upon the line 
aSc=by-cz, » (L.U., Sc.) 



EX. 13] EXERCISES 341 

34. The vertices of a tetrahedron are (0, 1, 2), (3, 0, 1), (2, 3, 2) and 
(A + 1, A, 2A) ; its volume is 6 ; fmd the numerical value of A. 

35. A sphere of radius a rests in the positive octant in contact with 
the three planes of rectangular coordinates. Write down the equation 
of its surface. 

Shew that there are two such spheres passing through the point 
(2, 1, 3), one of radius 4*41... and the other of ra^us 1*59... . Obtain 
the equation of the tangent plane to each sphere at the given point. 

(L.U.) 

36. Prove that the equation of the sphere described on the line 
joining the points (2, - 1, 4) and ( -2, 2, -2) as diameter is 

{x -2)(a;4-2) 4-(y + l)(y -2) +(z -4)(z+2)=0. 

Find the area of the circle in which this sphere is intersected by the 
plane 2x +y -z = 3. (L.U. ) 

37. The rectangular coordinates of a point are (1, 3, 2) ; what are its 
polar and cylindrical coordinates ? 

A sphere is of 3 in. radius, its centre is (0, 2, 1) in rectangular coordi- 
nates ; find the equation to the surface in rectangular, polar and 
cylindrical coordinates. 

Determine in rectangular coordinates the equation to the sphere 
which passes through the origin and the points (0, 0, 1), (1, 2, - 1 ) and 
(1,0,3). (L.U.) 

38. Describe with sketches the surfaces represented by the following 
equations in three dimensions : 

(1) a;2+2y2+3z2=12, (2) x^+4i/ = h 

(3) a;2 -42^ =:0, (4) xyz=c^. (L.U.) 

39. Express in a symmetrical form the equations of the straight line 
given by Sa? - 3y - 2 - 16 =0, 3a; - y - 2 + 1 =0. 

Give the distance of the point (x, y, 2 ) from the straight line 
(x ^a)ll={y -b)lm={z -c)ln, 

and deduce the equation of a cone of semi- vertical angle 60°, having its 
vertex at (1, 3, 2) and its axis parallel to the line xjZ =y/4 = 2 / 2 . 

40. What surface is represented by the equation 3a;2-l-42/® 4-2®=20 ? 
Find the valqe of p such that the plane lx~\-7ny ^nz-p=0 may touch 
this surface. 

Shew that there are two tangent planes parallel to the plane 
3x-h2y+z=0, 

and give the coordinates of their points of contact with the surface. 

41. Shew that Ax^-hBy^ + Cz^=:0 is the equation of a cone having 

its vertex at the origin, and that wy + W 2=0 is a tangent plane to 

this cone if I^IA + m?IB -r n^jC =0. 
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42. Find the condition that the line {x-f)ll={y -g)lm={z-h)ln 
should touch the quadric ax^ + hy^ + cz^ = l, and deduce the equation of 
the tangent cylinder with its axis in the direction I, m, n, (L.U., Sc.) 

* 48 . A circular cylinder of radius 2 has for its axis the line 
{x-l)l2=y=3-z. 

Find (1) its equation, (2) the lengths of the axes of the ellipse in which 
it is cut by the plane a; = 2 /. (L.U.) 

*44. Find the equation of a right circular cylinder of radius 2, whose 
axis is the line (x - 3)/6 = (y - 1)/4 =(2 + 2)/2. Find also the equations 
of the tangent planes to the cylinder from the origin. (L.U.) 

*46. A right circular cylinder is cut by a sphere whose centre is on 
one of the generators of the cylinder. Shew that the projection of the 
curve of intersection on the plane containing the axis of the cylinder 
and the centre of the sphere is a parabola whose latus rectum is twice 
the radius of the cylinder. (L.U.) 

*46. Shew that any plane section of an ellipsoid is in general an 
ellipse. The ellipsoid x^ + 5y^ + 22 * = 12 is cut by the plane 

2a; + y^6+2=0. 

Find the area of the elliptic section thus made, and prove that its 
eccentricity is ^y 14/33. (See pp. 413-416.) 

47. Shew that the plane lx + my + nz=p will touch the ellipsoid 

a;*/a* -h y*/6* + z^jc^ = 1 , if + n*c*. 

The ellipsoid 2a;* + 3y* + 2 * = 1 is cut by parallel planes 3a: + 2y + 42 = 1 
and 3a; -f 2y - 1 - 42 = 2. Find the ratio of the areas of the sections made 
on the planes. 

48. Find the eccentricity of the section of the ellipsoid a:* -f 4y* -f 72* = 1 

made by the plane a; -f- y + 2 = 0. (L.U. , Sc. ) 

49. Find the equation of the tangent plane at any point of the 
ellipsoid a:*/a* + y*/6* + 2 */c* = 1. 

Find the equation of the plane which intersects the ellipsoid 

a:*/4+y*/9=2*/16 = l 

in an ellipse whose centre is the point (1, 1, 1). (L.U.) 

50. Find the equations of the tangent planes to the ellipsoid 

a:*/4 + y*/16-H2*/9 = l 

at the points in which it is met by the line a:/2=y/2=2/3. Find the 
equation of the projection on the a:y-plane of the section of the ellipsoid 
made by the plane through the centre parallel to the above tangent 
plsShes. * (L.U.) 
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61 . Shew that there are on the ellipsoid 125 + + 19 = 1 two sets 

of circular sections. Find the coordinates of the points of contact of 
the tangent planes parallel to these sections, and find the diameter 
of the circular section made by a plane whose perpendicular distance 
from the centre of the ellipsoid is 1. 

52 . Prove that an ellipsoid has two real circular sections passing 
through the ends of the mean axis. 

A sphere is drawn to meet the ellipsoid in plane sections ; prove that, 
if the sections are real, the radius of the sphere must lie between ahjc 
and bcja inclusive. (L.U., Sc.) 

53 . Shew that the spheres + 1/2 ^ 2 ^ -f 6y + 22 + 8 = 0 and 

+ 2 * + 6a; + 8y + 42 -I- 20 =0 

intersect at right angles. 

Find the equation of the tangent plane to each sphere furthest from 
and parallel to the plane of intersection of the spheres. (L.U.) 

* 64 . Shew that the middle points of parallel chords of an ellipsoid lie 
on a plane. 

Obtain the equation of the diametral plane of chords having direction 
cosines m, n in the ellipsoid = 

In the ellipsoid x^ + + 2z^ = \y find the equations of the diameter 

in the plane 2=0 conjugate to the line a;/2 — 2y=z, and also the equations 
of the third conjugate diameter. (L.U.) 

*55. If the tangent plane to the surface + + 02^ = 1 makes equal 

angles with the three coordinate axes, shew that it forms with the co- 
ordinate planes a tetrahedron of volume (1/a-H l/6-i- (Li.U.) 

*66. Shew that the straight line x = + ;x), ?/ = b^ylib^ + /x), z = f + /a 
is a normal to the elliptic paraboloid x^ja^ -\-y^lb^ = 2zy drawn from the 
point {^, 7 ], f) ; hence prove that five normals can be drawn from this 
point to the surface, and that they lie on the cone 

Vl(y - v ) + («" - -0=0. 

* 57 . Shew that through every point on the surface ^x^ +z^ = \y 

two straight lines can be drawn lying wholly on the surface. 

A straight line is at a distance 2 from the axis of z and is inclined at 
60® to that axis ; shew that the surface generated by the revolution of 
this line about the axis of z is a hyperboloid of revolution. 

* 58 . The normal at a point P on the ellipsoid [xja)^ + + (z/c)* = 1 

meets the coordinate planes in and 

POj^ + PGJ^ + = constant = P ; 

shew that the point P lies also on the ellipsoid 

x^/a* + y^jb^ + 2®/c^ = Jc^l{a* +b*-\- c^). 


(Li.U.) 
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106. Length of Arc in Cartesian Coordinates. Let ds be the 

length of an infinitesimal element of a plane curve whose Cartesian 

equation is given, then the integral taken between two points 

on the curve between which it is continuous, gives the length of 
the arc between those points. This process is sometimes called 

Rectification. 

Since 

ds^ — dx^ 4- dy^ = {1 + {dyjdxy] . dx^ = {{dxjdyY + 1} dy ^ ; 

/. ds = \/r+ (dyjdx)^ ,dx or \Al -f {dxjdy'f . dy, 
so that the length of a plane curve, which is continuous, between 
the points {x^ yi) and (Xa, t/ 2 ) given by the formulae 



the integral chosen depending upon whether the equation of the 
curve be given in the form y=f{x) or x = </>(y). 

107. Area of a Curve. Let dai be an element of area between 
a plane curve PQ (Fig. 41) and the x-axis, and dOg an element of 
area between the curve and the ^/-axis, then by considering narrow 
strips parallel to each of the axes and of width dx, dy respectively, 

da^ . dx=f(x) . dx and da 2 = • dy^ 

SO that the areas between the arc, the axes and the ordinates or 
abscissae at P(xi, ©(xg, y^ are given by 

, ai=J^'f(x).dx Cr a*=J^V(y).dy. 

' * 344 
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If the curve cuts both axes by a continuous arc, like an ellipse, 
then, in general, 01 = 02 - It often happens, however, that the 
areas Oi, O 2 lie on opposite sides of the curve, as in Fig. 41, in 



which case they are said to be complementary, because their 
sum makes up the rectangle PA*QS\ formed by joining the 
points 

P(a;i, 2/1), Q{x2,y^, ^i), 

i.e. a-^ + a^ = (Xi-x^(yz-y^- 

In every case a rough graph should be drawn to ensure the 
correct area being calculated. 

It should also be observed that if the curve cuts itself, thus 
forming a loop or loops, the area of each loop must be found 
separately if such falls within the given limits. 

When the curve is defined by parametric equations of the form 
x==F{t), y=f{t), then 

dai^^y.dx =f(t) . (dridt) . dt, and da, =xdy = F{t ) . (dy/dt) . dt. 




346 


HIGHER MATHEMATICS 


[on. XIV 


Ex. 1. Eini the length of the curve 

20y=3(4a;*-20:K+9) 
between the ordinates where x=^0-h and 

Determine also the area of the curve bounded by the arc^ the x-axis 
and the given ordinates. 

By plotting a rough sketch of the curve, it will at once be seen 
that it is a parabola and the given points are those where it 
crosses the a;*axis. 

From the equation, 

dyjdx = 3(8®- 20)/20 = 3(2®- 5)/6 ; 
from (116), d!s=s/l +9(2®-5)®/25d®. 

Let 2;=3(2®-5)/5, then dx^^b.dzfd, 
and ds = (6\/l-¥z^/Q) . dz. 

Now when ®=0*5, «= -2*4, and when ® = 4*5, 2=2*4 ; 

s/i + 2 * . d 2 = I -f 2 * + 1 log (2 + v/l 4- 2 ^) J ’ 

by (48), 

= f {3*12 + J log 5 + 3*12 + J log 5} 

=^ (6*24 +log 5) =1(6*24 + 1*6094) = 6*541. 

To find the area, 

.4 = Jrf (4®*-20® + 9)d® 

Jo'6 

The minus sign indicates, as is obvious from the graph, that 
the area lies in the fourth quadrant, i.e. on the negative side of 
the y-axis ; hence, the magnitude of the area is 6*4 square units. 

Ex. 2. Find the length and the area of the curve 
i/ = cosh”^® 

between the ordinates where ® = 1 and ®=2*6. 

The curve is shewn in Fig. 42,^ where it will be observed that it 
is symmetrical about the ®“axis.* ^ 
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Since 


and 


y^\og{x+Jx^-\), from (26), 

L_„ 

dx s/a?-\ 



since x and s increase together. 



Fig. 42. Area of the curve y=cosh-* x. 


Put a?-! then x ,dx^z ,dz\ 

ds=dz. 

For the given limits, when x = l, 2=0, and when 5C = 2'6; 
2 = 2*4 ; hence, if s be the semi-length between these limits, 
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This result may be verified without using the logarithmic form 
for the inverse function ; thus, from the equation of the curve, 

dx 

X ^ cosh y, so that ^ = sinh y, 

ds* == (1 + sinh* y) dy^ = cosh* y , dy ^ ; 

/. ds ^co&h y , dy. 

Now when » = 1, y =0, and when x = 2-6, y = log 6 ; 
pog 6 r "llog 6 

/. ^ = 2j cosh y .dy=i2 j^sinh yj =2 sinh (log 5) 

= (5 - i) = 4*8 as before. 

To find the area, 

I log 6 pc»g 6 r niog 6 

2 :.d^ = 2l cosh 1 / . dy = 2 sinh y =4*8. 

0 Jo L Jo 

From Fig. 42, it will readily be seen that this is the area between 
the curve, the axis of y and the abscissae at y = + log 5. 

If A be the area between the axis of x and the double ordinate 
at 05= 2*6, then 

+il' = area of rectangle PQffP 
=5-2 log5 ; 

/. 4 = 5-2 log 5 -4' = 5-2 log 5- 4-8. 

Taking the area as 


the strip y ,dx is now between the curve, the x-axis and the 
given ordinates, so that the value of the integral will give the 
required area. 

Hence, 

(• 2-6 p *0 r 2'6 

24 = 21 y.do5=2j cosh“^ a? . do5= 2j log(a5 + *yo^*-l) . da; 

= 2 . log (05 + \/a;* - 1) - . da;J , integrating by parts, 


M'4 

1 log 5 ~ 2 dz, 
Jo 


where 2 *=a?-l, 


s 6‘2 log 5 - 4-8, as before. 
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108. Length of Arc in Polar Coordinates. When the equation of 
the curve is given in polar coordinates, and is therefore of the 
form r=/(6), then, from (90a), 

ds = jT^ + (drldd)^ , dS=\/l +r^{d0ldr)^ . dr, 
so that the length of arc between the points (r^, 6^ and (fj, is 



the former being generally much more convenient. 

109. Area in Polars. Let dA be the area of a small sector POQ 
(Fig. 43), bounded by two radii vectores inclined at an angle 
dO to each other at the pole, and an infinitesimal arc ds, then 

dA=^\r^,de, 

Hence, for a continuous curve, the area between two points 
(ri, di) and (rg, is 

A=i . ae (119) 



Ex, 3. Shew that the length of one loop of the curve 
r = 2a cos^ 6 

is |a . ^S{2yJ3-\-log (2+^/3)}, and find its area. 

One loop of the curve will be traced as 6 varies from ^=s - 
to This is shewn in Fig. 43; since cosd=cos (-^), tlie 


toi 
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axis divides the loop in half. Hence the integration may range 
from 0 to and the result doubled. 


Now 


-4aco8^.8ind; 



= r* + 16a* cos* d . sin* B = 4a* cos^ B + 16a* cos* B . sin* B 


= 4a* cos* B (cos* 6^ + 4 sin* B) 


= 4a* cos* ^(1+3 sin* B) ; 

/. ds = 2a cos Bjr+ 3 sin* B . dB 


=2av/l +3tt* . du, on putting M = 8in B ; 

the limits 0, - g then become 0, 1 for u ; hence, the whole 
length of the loop becomes 


s=4a| 71 +3u* . du 

a . s/l + J log (\/l + 3w* + 

= j*s/3{2^y3+log {2+.y/3)} 
as given. 

To find the area, A, 

ir yr 

f*.d6^=2a*J CO 8 * B.dB. 


Since the limits are from 0 to Gamma functions may con- 
veniently be used ; thus, by (51), ^ 


A 




008 * 0 . d0 


4a*.r(i).r(») 4a».V,r.f 

2r(3) " 2.2 
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Without Gamma functions, the integration may be efEected as 
follows : 

cos* ^ = +COS 26 ) ; 

/. cos^ 6 = 1 + ^ cos 26^ + J cos* 26> = J + J cos 26^ + i(l +C 08 id) 
==f + J cos 26^ + |- cos id. 



Ex. 4. Transform the equation 

(x* + 2/*)(3a^ 4ai/3 

into polar coordirvates hy putting x^rcosd^ y=rsind; hence, 
shew that the area of one loop is one-third that of a circle whose 
diameter is a. 

2 ; 2 ^ 2 /* =r* cos* ^ + r* sin* ^ =r*. 

The given equation becomes 

r* (3ar sin 6> - r*) = 4ar® sin* 6. 

Divide out by r*, assuming it is not zero, 

3a sin - r = 4a sin* d 

=3a sin ^ - a sin 3^ ; 
r = asin3^. 

Now r will be zero for ^=0, and for these are therefore 

the limits of integration for one loop. 

IT W » 

/. A=\ fV . dd = Ja* f'sin* .dd = Ja* f (1 - cos %e)id 

Jo Jo Jo 

which is ^ the area of a circle whose radius is 
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Exercises 14a. 

Where/oer possible, a rough graph of the curve should he sketched on 
squared paper. 

1. Find the length and the area of the parabola y^=26x between 
the points where x=0 and a; =36. 

2 . Find the length of the parabola 202^= 3 (2a;^ - 3x - 5) between the 
points where it intersects the axis of x. 

Find also the area of the curve between these points and the a;>axis. 

8. Find the length of the curve between the ordinates where 

3a?=4 and a;=5. 

4 . Shew that the length of the curve y =a log (x* -o*) between the 
points where x=l'5a and x = ll*5a is (10+log 4*2)a. 

5 . Find the area of the curve y*=(13 -x)(3 + x) between the x-axis 
and the ordinates where x = ~ 3 and x = 5. 

6. Calculate the area of the curve y® =(7 -x)(5 + x) between the 
x-axis and the ordinates where x= -5 and x = l. 

7. Shew that the area of the curve y®(x® + 6x~65) = l between the 
x-axis and the ordinates where x=7 and x = 14 is log 2. 

8. Plot the curve y=2x®-15x® + 24x + 25 between x=0 and x=4 ; 
then calculate the area enclosed by the ordinates at these points, the 
axis of X, and the arc of the curve. 

9. Plot the curve 9y®=x®(9 -x®), and calculate the area of one of 
its loops. 

10 . Trace the curve y = llx-x*-18 from x = 2 to x = 9, and calculate 
the area enclosed by it and the x-axis between those points. 

11 . Find the length and the area of the cycloid 

x=r(0-sin 6), y=r(l - cos 6) 

from cusp to cusp. 

12 . Calculate the length of the epicycloid 

a;=(a + 6)sin 0-6sin^^^^ . 9^f 

y=(a+h) cos 6-6 cos^^^^ . 

for one revolution of the roUing circle whose radius is 6, whilst a is the 
radius of the fixed circle. 

18 . Find the perimeter of the cardioide 
* x=2a sin 6(1 -cos 6), y=2a cos 6 -a cos 26. 
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♦14. By putting a?=a8in*^, y=acoB^d, find the length of the four- 
cusped hypocycloid between the limits where 6^=0 and 

16. Find the length of the catenary t/=5 cosh the values of x at 
the points of suspension being ±8*047. ^ 

*16. The evolute of the parabola, y^=^axy is given by the equation, 
^x-2af=21ay\ 

Shew that this curve meets the parabola at a; = 8a, and find the length 
of the evolute between this point and the pcunt where it crosses the 
X-axis. 

fjfA yl2 

*17. The evolute of the ellipse, ^ + p = 1> is given by the equation 
{ax)^ ± (hy)^ = (a® - 

Find the length of one arc of this evolute, the limits being x=0 and 
the ordinate where i/ =0. 

Shew that the length of this arc is equal to the difference between 
the radii of curvature of the ellipse at the extremities of the minor and 
major axes respectively. See p. 273. 

*18. Shew that the length of the curve y=logsecx between the 

points where x=0 and is log (2 + ^3). 

*19. Find the length of the curve 

X =log (coth y - cosech y) 
between the points where !/=log 2 and y—\og 5. 

*20. Shew that the length 5, of the arc of the spiral of Archimedes 

r=20, 

between 0=0 and 6= a, where a<27r, is given by the relation 
a=sinh (s-ayjl+a^). 

Calculate s when a=7r. 

*21. In the equiangular spiral, r=ae® prove that 

(f) cot a =log^^ cos a + 1^, 

where a is the length of arc from ^=0 to ^ = </). 

Hence, shew that if b is the increase in the length of r, for one revolu- 
tion, then 8=ah sec a. 

0 

22. Find the length of the arc of the parabola a=r cos® 2 » 

the latus rectum, i,e, the perpendicular to the axis at the origin. Work 
this out for a =6. * • 
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♦ 88 . Shew that the length 8 of the arc of the hyperbolic spiral, 

rO-a, 

IS given by — g* — * 

Transform this integral into the form 
_ /*“» du 

by means of the substitution 0^=- ^ ; hence, by resolving into partial 

fractions, evaluate 5, between and taking a =2*1. 

*84. BOA is a quadrant of a circle whose centre is O ; M is a point 
in OA such that OM = 8 inches, and JIfP is drawn parallel to OB. If 
the radius OJ. = 17 inches, find the area of the figure bounded by OB^ 
OM, MP and the arc BP. 

85. The work done in expanding a gas from a volume v to a volume F 
is measured by the area of the curve whose general equation is 

x^y^c 

between the a;-axis and the ordinates at and F, n and c being 
constants and y the pressure of the gas. 

When the expansion is isothermal, n = l and c—a; when it is 
adiabatic, n = l + y, where y is a constant depending upon the gas used, 
and c=&. 

Shew that the difference between the work done in expanding a gai 
isothermally and adiabatically is 

where p, P are the values of y corresponding to a;=i7 and x—V respec 
tively. 

Calculate the work done in each case when F=276, P = 75, F=2' 
and y =0*4. 

* 86 . The area of the curve y=aa^ + 2bx-l5 between the a;-axis an< 
the ordinates at a; = 1, a; =6, is 32 square units, and between the x-a,xi 
and the ordinates at a; =2, a; =4, it is 22 square units. Find th 
numerical values of a and 6. 

*87. Find the area of the ellipse ^ + |a ” ^* 


The area of the parabola I6y* = 121a;, 
between the curve and the double ordinate at a: =9, is equal to half th 
area of the ellipse 

81 ^ 6 » ’ 

find the semi-minor axis of the ellipse, talijing 7r=22/7. 
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*28. Sketch roughly, and find the area of each of the following curves, 
(i) sin 6a;, (ii) y=e®*cos6a;, 

between the ordinates where a;=0 and a;=6>. 

If the curves intersect for the first time on the positive sides of the 
axes at a;=a), find the value of w, and shew that the area enclosed 
between the two curves and the ^/-axis is 

6(cV2- l)-a 

a* +62 ’ 

where 2;=^. Calculate this area when a =7, b=5’5 and 77r=22. 

*29. Prove that the perimeter s, of the ellipse 

is given by the equation 

8=4af (1 
Jo 

where a^e^=a^ - 6* and a; = a sin 

Hence, by applying the binomial expansion to the integrand, shew 
that s is given approximately by the formula 

32s=7ra(64-16ea~3e4). 

Calculate a to the nearest tenth of an inch, when a =25 in. and 
6 = 24 in., and shew that this perimeter is less than that of the circle 
whose radius is a by tt very nearly. 

*30. Shew that the length of the curve y=a sin x, from a;=0 to a;=7r, 
is given by the integral 

TT 

s=2aj (1 +a® co8®a;)i . dx. 

Assuming that a <1, prove, by expansion, that 
643 = {64 + 16a8-3a«)7r 

approximately. 

Calculate a when a =0*26. 

*31. Shew, by eliminating t, that the lemniscate, defined by the 
equations 

may also be defined by the equation 

(a;3 + y2)2=o*(a;2-i/®) ; 

and from this shew, by putting a;=r cos 0, y=r sin 6, that its polar 
equation is r* =a* cos 20 • • 

Hence, sketch the curve rpughly and find the area of one loop. 
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♦82. Trace the curve (a:®+y*)(a;®+y®-3ay)+4a2/®=0, and find the 
area enclosed by one of its loops. (L.U., Sc.) 

*83. Shew that the common chord joining the points where the 
parabola y^=4ax 

intersects the parabola = 4:b{h - x), 

is the double ordinate at 

a + h 

Hence prove that the area bounded by the arcs of these parabolas is 

Sf h?ab \i 

3U+6/ ■ 

Calculate this area when a =4, 6=9 and 6 = 13. 

*34. If 8 be the length of arc, measured from the origin to the ordinate 
where x=a oi the curve y^=x(l - 

shew that 9s® = a(a + 3)®. 

Find also the area of the loop of this curve. 

*86. If 8, A denote the perimeter and area respectively of the curve 
r^=a^ cos 36^, 

prove that 2A8 = Sira^JS. 

*86. Shew that the whole area of the curve 
a^y^=x^(a^-x^) 

is 8a®/15. 

37. Obtain the area in the first quadrant bounded by the curve 
whose equation is 6^y® = (a® - a;®)® and the line a; =0. (L.U.) 


88. The chain of a suspension bridge has the form of the curve 
a;*=6*y/6, where the origin of coordinates is taken as the lowest point ; 
the axis of y is vertical, 6 is half the span, and h the dip of the chain. 
Write down an expression for the length of the chain in the form of an 
integral. 

Shew that when h is much smaller than 6, the radical under the 
integral sign may be expanded by the binomial theorem and that the 
len^h of the chain is approximately 26 +46®/36. (L.U.) 

*89. If a rod move with its ends on a closed curve of area A and make 
a complete revolution, prove that a point P on the rod at distances c 
and c' from the ends will trace out an area of A -ttcc'. (L.U.) 

40. Find the area of the loop^ of the curve whose equation is 
ay* = (a? - a)(x - 6a)*. 


(L.U.) 
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41 * At eaoh point of a curve the gradient varies inversely as the cube 
of the abscissa of the point, and the curve passes through the points 
(2, 0) and (4, 3). Prove that the equation of the curve is .T*y=4(:^ - 4), 
and find the area bounded by the curve, the axis of x and the line :t;=4. 

(D.U.) 

n 

*42. Shew that the area included by the parabola r=a sec* ^ and the 
focal vectors of lengths a and r is ^sja{r-a) . {2a + r). (Br.U.) 


110. Surface Areas and Volumes of Solids of Revolution. Let 

S be the area of a surface generated by the revolution of the 
arc PQ (Fig. 44), of a plane curve y=f(x), about the x-axis, 



Fio. 44. Surface and volume of a solid of revolution. 

between the points P{Xi, y^, Q(x2, y ^) ; then an element of arc 
dsj whose ordinate is y, traces out an area, 27 ry . ds in one revolu- 
tion ; hence the whole area generated is 

S = 2ir I *y . ds = Sir j (x) . dx, (120a) 

or, in some cases, it may be easier to evaluate the integral, 


s=shr[;;,^i+(g)*.dy. 


.(120b) 
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Let V be the volume generated by the revolution about the 
x-axis of the area bounded by the arc PQ, the axis of x, and the 
ordinates at Xi, X 2 , then the volume of a thin circular slice RB' 
perpendicular to the axis of revolution, of radius y and thickness 
dx, is TTj/* . dx ; hence 

V=ir(**y* . dx=‘irl *{l(x)}*dx (121a) 

Jxi Jx, 

For the volume of a regular solid which is not generated by the 
revolution of a plane curve, the area of a slice of thickness dx, 
perpendicular to the axis of symmetry, must be found by the 
methods of the previous article. Denoting this area by Ay 

V=(^A.dx (121b) 

JFi 

Ex, 6. The curve y = 5c(6 - a;) - 7*66 revolves about the axis of x 
between the points where it crosses the axis ; find (i) the surface 
area, and (ii) the volume of the solid thus generated. 

The curve crosses the cc-axis when y=0, i,e, when 

a;(6- a;) -7-66=0, or 26^2 -150® + 189=0, 
i,e, (6a; - 21)(6a; - 9) =0, 

so that x=4*2 or 1-8. 


By plotting the curve between these values, it will be seen 
that the graph is the arc of a parabola, and the ordinate 

a; = i(4-2 + l-8)=3 

cuts the arc in half ; hence the integration may be taken from 
05=1-8 to a? = 3, and the result doubled. 

Since y = 6a; - a5® - 7-56, 

J = 6-2»=2(3-a!); 


. ds 


dx 


= n/1+4(.3-x)*; 


S=2>r[ y.(fe = 47rl' (6* -x® - 7'66) v^l + 4(3 - x)* . dx. 
J«=1'8 Jl-8 

Put 2(3-a5)=tan2, then --2 .dx—sec^z .dz, and whenx = l-8, 
2 =tan“^ 2-4 ; denote the principal value of this angle by when 
x = 3, 2=tan“'^ 0=0. 
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Finally, 6x - x* - 7-56 = - 7-56 + 9 - (3 - 

= 144 -O’ 25 tan^ % 

= 1*69-0*25 sec^ z ; 

/S= - 27rf (1*69 - 0*25 sec^ 2 ) . sec® z . diz 

Jzi 

= sec® z .dz- 0*6j sec® z . dz^ir ; 

400/S = 1^601 { sec 2 . tan 2 + log (tan 2 + sec 2 ) } 


- 60 sec® 2 . tan 2 ) 

on applying the results of Ex. 25, p. 133. 

Since tan 2i=2*4, sec 2 i = 2*6, hence 

400/S = (1641*12 + 601 log 6) tt, 
giving S = 6*527r = 2047. 

For the volume F, 


'*1 

.TT, 

Jo 


F = 7r[ y^.dx^27r{ (6cc - 05® - 7*66)® . (iaj 
Jrs Ji-8 

rv2 

= 27r I (1 *2^ - 2 . 1 *2®v® + v ^) . dv, on putting i; = 3 - 05, 

Jo 

= 27r j^l’2^v-f . 1*2® . 'y® + ^v®J 


= (16 X 1*2®/15) TT = 8-339. H 

/\ ^ 

Ex. 6. Shew that the volume of / \ [ 

a right pyramid is equal to one-third / \ 1 

of the volume of a regular prism of the / \ [ 

same height standing cm the same base. / \ ^ 

Prove also that the volume V of a p / * 

frustum whose parallel areas are A / \ \ \ 

and A/n^, and whose distance apart / v \ I 
is h, is given by the formula / , \ 1 

3n®F =^A{n^ + n-\-l)h. [_ i A-.y- 

Hence find n when V A^lb 
and A = 9*^ Volume of a pyramid. 

A right pyramid is one whose centroidal axis is perpendicular 
to its base. 

Let PF (Fig. 46) be a thin slice; of area a and thickness rfy, 
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parallel to, and distant y from the base ST^ whose area is A, 
Then if p be the height of the pyramid, 

or a={p-y)^AIji^. 

CP 

Hence the volume F = 1 a.dy 
Jo 

= (p* - + 2/®) dy 

= ^y -py^+ 

But volume of a regular prism of height p standing on 
the base /ST; hence, the volume o! a right pmmid = one-third of 
that of a regular prism of the same height standing on the same base. 

For the frustum, the limits of integration are now A to 0, so 
that the volume F — Ah{p^-ph-\'h^l3), 

But since a = (p - y)^A/p^y and the area of the upper face is Ajrfiy 

Ajn^^ip-hfAlp^, 

from which p = - 1). 

Substituting this value of p in the expression for the volume, 

/, 3n2F = -4^(n2 + w + l). 

When F=65, ^ = 15, ^=9, 

195^2 = 135(^2 + ^ + 1), 
or 4^2 -9w- 9=0; 

t.e, (n~3)(4n + 3)=0, 

giving w=3 or -0’75. 

The negative value is inadmissible in this case ; 

n = 3. 

Ex. 7. Prove that the area of surface of a 'prolate spheroid of 
eccentricity e and major axis 2a is 

IT 

4:ra2(l - (1 - e2 cos* sin •dff>\ 
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hence shew that if ^powers of e above the second may he neglected this 
area is that of a sphere which has the same volume as the spheroid, 

(L.U.) 

When an ellipse revolves about its major axis, the solid 
generated is called a prolate spheroid ; when it revolves about its 
minor axis, the solid generated is called an oblate spheroid. 

Let S be the surface of the prolate spheroid, then S = 27r|t/ . ds, 

and if 0 be the eccentric angle of any point (a?, y) on the generating 
ellipse, x=a cos <f>, y — b sin 0, from (73c), b being the semi-minor 
axis ; 

(dsjd<l)Y sin^ 0 + 6^ cos^ 0 =a^(l - cos^ 0), 

since a^e^=^a^ - 

The limits over half the spheroid are c^=0, and <^=7r/2 ; hence 
for the whole surface, 

TT 

S = 47ra6f (1 - e^ cos^ 0)^ . sin 0 . d0, 

Jo 

which, on replacing 6 by a(l gives the required expression. 

Since powers of e above the second may be neglected, and 
c* cos^ 0 < 1, the root may be expanded by the binomial theorem, 
giving j 

S = 47ra6j (sin 0 - sin 0 . cos* 0 + ... )e?0 

= 47ra*(l -ic*)(l - Jc*) =47ra*(l -|e*). 

Now if r be the radius of a sphere of the same volume as the 
spheroid, 

i-T 


^-Trr* = 27r J y^ , 


dx = 2a6*7r J sin® 0 . d0 = J7ra6* ; 
/. r = (ab^)^, 


and the surface of the sphere S' =4tirr^ — ^na^h^ 

= 47ra*(l -6*)^ 

=47ra*(l neglecting powers 

of e above the second, 

=S, from above ; 

so that the surface of the spheroid = that of a sphere equal in 
volume when powers of e above the second can be neglect^. 


B.M. 
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Exercises 14 b. 

1 . The curve 2 /=ae** passes through the points x = l, yz=S-5; 
0 ?= 10, y = 12*6 ; determine the values of a and 6. 

This curve rotates about the axis of x, thus generating a solid of 
revolution. Find the volume of this solid between the ordinates at 
a: = l and a; = 10. 

2. The curve a;*y=(3 -a;)(3 + a;) revolves about the axis of x ; find 
the volume of the solid generated between the ordinates at a; = l and 
a;=3. 

3. Find the surface generated by the revolution of the curve 

about the a;- axis between the ordinates at a; =0*5 and a;=0. 

4 . In the curve y=a + hx^, 

if y = l*82 when a; = l, and y=5*32 when .r=4, find a and 6. 

Let this curve rotate about the axis of x. 

Find the volume enclosed by the surface of revolution between the 
two sections at a; = l and a; =4. 

6. Find the volume of the paraboloid generated by the revolution of 
the parabola 

y^ =ia{h - x) 

about the a;-axis. 

On the flat circular end of this paraboloid a hemisphere of the same 
diameter is fastened, and the total volume of the solid thus formed is 
equal to that of a cylinder whose length and radius are each equal to 
the radius of the common section. Prove that 

9A = 16a. 

*6. Shew that the surface area 8, and volume F, of the solid generated 
by the revolution of the parabola 

2 (a - a:) = tan 0, 4i/ + 1 = sec® 

about the ^-axis between the ordinates at a;=0 and a;=2a, are given by 

(а) 16<Sf =7r{2a(l -b8a®)N/l +4a® - sinh“^2a}, 

(б) 5F=27ro«. 

7. The curve y^(x-S)=x{x-6) revolves about the a;-axis ; find the 
volume generated between the ordinates at a;=0 and a; =6. 

8. A tank has plane uniformly sloping sides, the top and bottom 
being horizontal rectangles of sides a, 6, and a, /S respectively, whilst 
the vertical depth is h. Find the capacity of the tank, and shew 
that if the tank is the frustum of a pyramid, then 

, a : b=a : /?• 
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Calculate the capacity in gallons when a = 12 ft., 6=9 ft., a =8 ft., 
/3=6 ft. and Jt = 10 ft., it being given that 25 gallons occupy four 
cubic feet. 

9. Find the whole surface of the paraboloid generated by the 
revolution of the parabola 

about the x-axis between the ordinates at x=0 and a; = 36. 

10. Find the surface area and the volume of the solid generated by 
the revolution of the cycloid 

x=r(0-sm0)t y=r(l-cos^), 

about the x-axis. 

*11. Find the surface generated by the revolution of an arc of a 
circle of radius r, subtending an angle 2a at the centre, about a line in 
its plane parallel to its chord and at a distance d from it. 

Deduce from the result the surface generated 

(а) when the axis coincides with the chord, 

(б) when the axis passes through the centre, 

(c) when the arc is a semicircle revolving about its diameter, 

*12. Find the surface generated by the revolution of a semicircular 
arc of radius r about the tangent at its middle point. 

13. A BCD is a four-sided figure having AB, CD parallel and each 
perpendicular to BC, The figure revolves about BC ; find the volume 
of the solid thus generated when AB = \0 ft., CD — % ft. and BC=^B ft. 

14. Find the volume of a frustum of a sphere of radius 5 ft. lying 
between two parallel planes on opposite sides of the centre at distances 
3 ft. and 2 ft. respectively from the centre. 

16. A bowl, in the form of a spherical segment, is two feet in diameter 
at the top, and is 9 inches deep. Find the radius of the sphere of 
which it forms part, and, neglecting the thickness of the material, find 
how much water the bowl will hold. Give the answer in gallons, having 
given that one gallon of water occupies 0*16 cubic feet. 

16. Find the volume cut off from a hemisphere of radius r, by a plane 
parallel to the flat surface and at a distance d from it. 

Deduce, from the result, the volume 

(а) when d=^r, 

(б) when the segment cut off has a depth h and radius of flat 

surface a. 

Calculate how many gallons of water a bowl in the form of a hemi- 
spherical segment would hold when ijbs upper diameter is 2*6 ft. and 
its depth 10 inches, taking .6*26 gallons of water to one cubic foot. ^ * 
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♦17. A sphere is out by a plane intersecting the diameter perpen- 
dicular to it at P. If PB=n . AP, where w <1, /Sj, are the volume 
and surface area of the larger segment, and F, 8 , are the volume and 
surface area of the whole sphere, prove that 

(а) F^; F=l+3n:(l+w)», 

(б) 8i:8=l:l+n, 

(c) 367rFi*:/Sfi«=(l+3w)a:(l+w)3. 

If 8i=990 square feet, and n=0*4, find Fj and the radius of the 
sphere. Take tt =22/7. 

Prove the following formulae where surface area, and c= eccentri- 
city of the generating ellipse, and is given by =a* - 6*. 

♦18. For a prolate spheroid : 

(l . 8in-‘e}. 

♦19. For an oblate spheroid, 

S=w{l + i^log|^}. 

♦20. Calculate the surface areas in Exs. 18 and 19 when a =5 ft., and 
6=4 ft. 

If 8 ^, 82 denote the respective areas of the prolate and oblate spheroid, 
shew that 82 = 1 * 1^81 approximately. 

21. Calculate the volume of the oblate spheroid generated by the 
ellipse 4ic® + Sly* = 324. 

22. The ratio of the volumes of an oblate and a prolate spheroid is 
1*6. Find the area of the generating ellipse if the sum of its semi-axes 
is 22-75 ft. 

♦23. An anchor ring is a solid formed by the revolution of a circle of 
ra^us r about an axis distant R from its centre and in its plane, R being 
greater than r ; if A =area of the circle, p=its perimeter, P=circum- 
ference of the circle described by the centre of the revolving circle, 
prove that 

(a) 8 =AP, (6) F=Ap, 

where 8 , V are the surface area and volume of the ring respectively. 

♦24. ABCD is a square whose side is of length 2a ; on AB a semi- 
circle is described outside the square. The whole figure then revolves 
about the side CD ; find the volume of the solid thus generated. 

If F denote this volume, and 4F=97r(14 + 37r), find the side of the 
square. 

♦25. A uniform sphere, whose radius is a, has a cylindrical hole of 
ra^us 6 bored through it so that the axis of the hole is a diameter 
of the sphere. Shew that the ratio of the volume of the solid to that of 

the whole sphere is (a* - 6*)^ : a*. 
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If a=i)*+g*, and shew that the volume removed is 

Calculate the volume of the pierced sphere when a = 13 ft. and 6 =5 ft. 

♦28. ABC is a triangle having a right angle at O ; on CB a quadrant 
of a circle is drawn outside the triangle meeting AG produced in D. 
The whole figure revolves about AD, thus generating a solid whose 
volume is 1296} cubic feet. If AG : GD=:45 : 28, find (a) the lengths 
of AG^ GD^ and ABy (6) the surface area of the solid, taking 77 r =22 
and without using tables. 


A right circular cylinder whose axis is vertical is represented in 
elevation by a rectangle AN8By SB being the base. It is cut by a plane 
perpendicular to the paper through Ny which intersects AB at G, The 
height of the cylinder, SN ==hy the radius of its base =r, and GB=c, 

♦27. Find the volume of the solid GNSB, 

♦28. If the solid GNSB be hollow and made of thin sheet iron, whose 
thickness is negligible, find the area of iron plate needed. 

Calculate this area in square feet when r = 7*5 in., ^ = 1 ft. 8 in., 
and c = 1 ft. 

♦29. The solid GNSB is cut by another plane MR perpendicular to 
the base BS and the plane of the paper, which intersects GN at M. 
Find the volume of the solid MNSRy if RS=r- by and MR— a. 

Calculate this volume in cubic feet when r = I ft, 1 in,, a = 11 in., 
^=21 in., and b=5 in. 

♦30. Shew from the result of Ex. 29, that if the plane MR passes 
through the geometrical axis of the cylinder, the volume of the solid is 
}r2(4^ + 37ra-4a). 

Hence find r, when a =7 in., ^ = 14*5 in., and this volume is 484 cubic 
inches. 

31. Find the surface generated by the revolution of the catenary 

y=c cosh 

c 

about the t/-axis, from a: = 0 to a:=c. 

Calculate also the volume generated. 

♦32. Two right circular cylinders, each of base radius r, intersect with 
their axes cutting each other at right angles. Find the surface area 
and the volume of the solid common to both. 


♦33. Find the volume of the ellipsoid 


and find the radius of the sphere of equal volume when a =9, 6=6, 
andc=4. * • 
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♦84. Find the volume generated between the point where the curve 
crosses the axis of x on the positive side and the ordinate where a; = 12, 
by the hyperbola -9y2 = 36 revolving about the aj-axis. 

35. The curve revolves about the axis of y ; find the surface 

area and the volume generated between the planes perpendicular to the 
axis of revolution at the origin and through the point where 27y =8a. 

36. Find the volume generated by the revolution of an equilateral 
triangle of side a, about one of its sides. 

87. A segment of a circle whose chord is 6 inches and height 1 inch 
is revolved round its chord ; find the number of cubic inches in the 
solid spindle so formed. (Ii.U.) 

♦38. Prove that the volume of a paraboloid of revolution cut off by a 
plane perpendicular to its axis is half the volume of the surrounding 
cylinder. 

A closed cylindrical vessel containing water is rotating with uniform 
angular velocity (o about its axis, which is vertical. The free surface 
of the water is known to be a paraboloid formed by the revolution of 
the parabola y—i)j!^x^l(2g) about its axis. Shew that the difference in 
the heights of the lowest and highest points of the paraboloid varies 
as (0 or (u^ according as the water is or is not in contact with the top of 
the cylinder, provided that the cylinder contains sufficient water for 
the base to remain covered. (L.U.) 

♦39. Sketch the curve y(l+x^)=:(3-x)(x-2), and shew that the 
volume generated by revolving it about the axis of x is 

i7r(5 log 2 - 2 - 10 tan-i }). (Br.U.) 

♦40. Trace the curve 3a^y^—x^(a^-x^), and prove that the length of 
the arc from the origin to the point (x, y) is y + \a^J2, sm-^(xla). If 
the curve revolve about the axis of x, prove the total area of the surface 
generated is jTra*. (D.U., Sc.) 

111. Approximate Methods. In many practical problems the 
precise relationship between the variables concerned is unknown, 
and it is, therefore, not possible to evaluate an integral of the 

form j*y . dx by any of the preceding methods. In such cases, 

however, approximate methods of calculation have been devised 
which will yield results to a degree of accuracy quite sufficient 
for the purpose. These methods depend upon plotting an 
approximate curve through a series of discrete points whose 
coordinates are observed values of the variables under considera- 
tion ; hence the process is often called graphical integration. 
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112. The Trapezoidal Rule. Suppose a series of corresponding 
pairs of observed values of two variables x, y, are plotted and an 
approximate continuous curve drawn through the points, assum- 
ing there are no discontinuities in the series, then to find the 
area bounded by the curve, the axis of x and two given ordinates, 
the simplest method of approximation is as follows. Divide the 
area into n strips of equal width h by drawing n + 1 ordinates, 
n being so large that each strip may be regarded as a trapezium. 
The required area is therefore the sum of the areas of the n trapezia. 
Denote the ordinates by (s=0, 1, 2, ... w), then the area 
becomes 

P (yo + 2/l) + P (2/1 + 2 / 2 ) + • • • + ¥>■ (2/n-l + Vn) 

=h{|^(yo4-yni) + yi + y 2 + ... +yn-i} (122) 

This rule is known as the Trapezoidal Rule. 

Ex. 8. The following table gives corresponding measurements of 
two quantities^ x and y. Plot these on sqtuxred paper and calculate 
the area of the curve between the axis of x and the extreme ordinates. 


X 

0 

2 

3 

4 

5 j 

7 

8 

y 

10 

00 

1 33 

35 

32 

24 

16 


The approximate curve is shewn in Fig. 46. 
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Divide the area into 16 strips by drawing ordinates at intervals 
of 0*5 unit ; denote the lengths of the ordinates by 
Vs (s= 0 , 1 , 2 , ... 16), 

then from the table 

^0 = 10, 2/4=28, i/ft =33, ^8=35, 2/14=24, i/ift = 16. 
Reading from the graph, the lengths of the remaining ordinates 
are approximately, 

2/1 = 15, 2/2 = 19» 2/3 = 23-5, 2/5 = 31, 2/7 = 34*5, 2/9 = 34, 

2 /io = 32, 2/ii=29*5, 2 / 12 =27*5, 2 / 13 =24*5, 2/15 = 49. 

/. Sum of ordinates 2/1 to 2/15 = 409*5, and i( 2 /o + 2 /i 6 ) = 13. 

By (122), the approximate area is 

0*5(13 + 409*5) =211*25 sq. units. 


118. Simpson’s Rule. In 1750 Thomas Simpson devised a 
rule with a view to securing greater accuracy than is obtainable 
by the Trapezoidal Rule. It depends upon finding a rational 
integral function which will express an approximate relationship 
between the variables It is therefore founded upon the method 
of § 63. 

Let 2 /=/(a 5 ) be a function defined by a series of discrete points 
through which a smooth, continuous curve is drawn. Consider 
the area bounded by this curve, the axis of x, and the ordinates 
2 /o» 2 / 2 * assuming that the whole area is divided into 2n strips of 
equal width h. For convenience let the ordinate 2/0 coincide 
with the 2 /-axis. As in § 63, let /(a?) take the form 2 / = a + + (xx?y 
then to determine a, 6 , c, 

2 / 0 = a, since 5 Co= 0 . 

2 /i=a + 6 ^ + cA^ since5Ci=A 
2 / 2 = a + + 4cA^, since x^ = 2A. 

Solving the last two equations for b and c, 

= (4yi - 3«/o - «/ 2 )/( 2 A), c = - 2yi + yo)l(2h^). 

Now the area between and 2/2 
Cih 

. dx- I {a + bx+C7?)dx = 2h{a + bh+^ch^l3) 

Jo 

’‘IHyo+iyi+yf^ 

6n inserting the values of a, &, c. 
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In the same way, the area between and = \h {y^ + ^yz + 
and so on, until the area of the last two strips 

== (y 2 n -2 + + ^271)* 

Hence the total area between i/q and y^^ 

= {yo + y2n + 4 + 2^3 + . . . + + 2 + 2/4 + . . . + y2„_,) }. 

This is Simpson’s Rule, which may be stated as follows. 

Divide the area to be calculated into 2n strips of equal width h by 
drawing 2n +1 ordinates, then if 

A =sum of end ordinates, 

B = „ „ even ordinates, 

C= „ „ odd ordinates, 

the required area = |h ( A + 4B + 2C) (123) 

Ex. 9. Find the area of the curve xy = \^ between the ordinates 
at 05 = 1 and 05 = 3, (a) Simpson’s Rule, and (b) by the Trapezoidal 
Rule^ and verify the results by integration. 

(a) In numerical calculations it is convenient, when employing 
Simpson’s Rule, to use the following tabular method, which is 
largely adopted in practice. 

Take ordinates at intervals of 0*2. 


No. of ordinate. 

Length of 
ordinate. 

Simpson’s 

multiplier. 

Products. 

1 

1 

1 

1*000 

2 

0*833 

4 

3*332 

3 

0*714 

2 

1*428 

4 

0*625 

4 

2-500 

6 

0*556 

2 

1*112 

6 

0*500 

4 

2*000 

7 

0*455 

2 

0*910 

8 

0*417 

4 

1*668 

9 

0*385 

2 

0*770 

10 

0*357 

4 

1*428 

11 

0*333 

1 

0*333 


Total 16*481 


Area = ^ . 0*2 . 16*481 = 10987. 
Hence (6) By the Trapezoidal Rule, 

Area =0-2 (0*667 + 4*842) = 1*1018. 

By integration, area = J ^ = log 3 = l*098o 


B. M. 
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Thus the Trapezoidal Rule gives a result 0*0032 too high, whilst 
Simpson’s Rule gives a result only 0*0001 too high. These results 
could be even nearer the true value if the number of ordinates 
were increased. 

114. Application to the Determination of Volume. The above 
rules may equally well be applied to determine the approximate 
volume of an irregular body, such as a tree trunk, whose areas 
of cross-section perpendicular to its axis are known at regular 
intervals along that axis. For let the ordinates of a curve denote 
areas, then the volume V between an area of section ag and an 

area is la . da; taken between the limits a; 2 « =a;o + 2nA and Xq, 

J ^ 

which is, by Simpson’s Rule, ^(A-h4:B + 20), where A = aQ + 

n n— 1 

Z?== 2^025-.!, and 0= This is sometimes called the 

8^1 

Prismoidal Fonnula. 

Ex, 10. The following are cross-sectional areas, A square feet, 
of a body 12 feet tong at distances x feet from one end : — 


X 

0 

1*3 

3*2 

4*6 

6 

7*3 

10 

12 

A 

2*9 

31 

3-6 

4*2 

4*8 

6*5 

6*1 

6 


Draw the graph of A and x ; give the probable cross-section at 
a; =8*5, and find the approximate volume of the body. 

The graph is shewn in Fig. 47. Draw ordinates at intervals 
of 6 inches, then denoting their lengths by A^, A^, A^, ... A^i^, 
and reading from the graph, the following gives the approximate 
values : 


Aq — 2'9, 

^8=3-35, 

^10=4-36, 

■4 16— 6-6, 

A^q — 6*1, 

^1=2-95, 

4, = 3-5, 

^11=4-65, 

4i.=5-75, 

4121 = 6*07, 

^*=3-0, 

^,=3-7. 

•4i2=4-8, 

4i,=5-9, 

*^22 ~ 6*06, 

/43=3-16, 

■4g = 3-9, 

4is = 5-05, 

o' 

II 

oo 

4123 = 6*05, 

. 44=3-25, 

il9=4-25, 


4i,=6-05, 

4la4 = 6-0. 
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Hence, at a? =8*5, the probable area of cross-section 
= Ai 7 = 5*9 sq. ft. 

By the Trapezoidal Rule, 

Volume of body =0*5 {(J^o + -424) + -42 + ... +423} 

=0*5(4*45 + 108*68) 

= 56*57 cubic feet. 



By Simpson’s Rule, 

Volume = J{4 q + 424 + 4(-4i + -43 + ... + 423) 

+ 2(42 + 4^ + ... +432)} 

= (8*9 + 4 X 56*67 + 2 X 52*01 ) 

-1(8*9+226*68 + 104*02) 

— 56*60 cubic feet. 

This result should be checked by using the tabular method of 
Ex. 9. 
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Exercises 14o. 

1. The following table gives corresponding values of x and y : 


X 

6 

16 

26 

35 

50 

y 

13 

22 

24 

27 

31 


Plot X and y on squared paper, and find the area of the curve between 
the cr-axis and the ordinates at :r = 5 and a; = 50, 


2. A series of soundings taken across a river from shore to shore 
is given by the following table, x ft. being the distance from one shore 
and y ft. the corresponding depth. 


X 

0 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

y 

0 

5-4 

10-6 

12-6 

14*4 

15 

13*4 

11-6 

8*3 

4*7 

0 


Draw the section, and calculate its area by Simpson’s Rule. 

8. The following table gives corresponding values of x and y : 


X 

0 

2 

3 

5 

6 

8 

10 

11 

13 

15 

16 

y 1 

10 

10-9 1 

11-2 

11*7 

12*6 

11-5 

10-9 

10-5 

11-2 

11-7 

12*6 


Find the approximate value of the integral 1 y ,dx, 

Jo 

4 . X is the distance in chains measured along a straight line AB 
from the point A, the values of y are offsets or distances in chains 
measured at right angles to AB to the border of a field. Draw the 
shape of this border and find the area in square chains between the 
first and last offset, the straight line AB and the border. 


y 

0 

1-5 

3 

5 

7*5 

9 

y 

0-53 

0-27 

0-46 

0-42 

0*35 

0-52 


5. A series of soundings taken across a river channel is given by the 
following table, x ft. being the -distance from one shore and y ft. the 
corresponding depth. Draw the section and find its area. 


X 

0 

10 

16 

23 

30 

38 

43 

50 

55 

60 

70 

75 

80 


5 

1 

13 

14 

15 

16 

14 

12 

8 

6 

4 

3 

0 
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6. The following corresponding values of x and y are given ; find 
the approximate value of I y . dxhy Simpson^s Rule. 


LP- 


X 

0 

0-1 

0-2 

0-3 

0-4 

0*5 j 

0*6 

0-7 

0-8 1 

0-9 

1 

y 

1-27 

1*36 

1-47 

1-68 

1-70 

1 1*84 

2-00 

2*19 

1 2-43 

2*73 

2-93 


7. X is the distance in feet across a river from one shore, and y is 
the corresponding depth in feet. Draw the section from the following 
measurements, and calculate its area. 


X 

0 

4 

9 

10 

13 

16 

18 

y 

0 

56 

81 

80 

65 

j 32 

0 


8. The following are the areas of cross-section of a body at right 
angles to its straight axis. 


A in square inches || 250 | 

292 

310 

273 

215 

180 

135 

120 

X in. from one end || 0 

22 1 

41 

70 

84 

102 ? 

130 

145 


Find the whole volume from a; =0 to a; — 145. 


9. The area of a horizontal section of a pond is A sq. ft. at the 
height h ft. from the lowest point. When h is 30 what is the total 
volume of the water ? 


h 

0 

2-5 

5 

7-5 

10 

12*5 

15 

17*5 

20 

22-5 

25 

27-5 

30 

A 

0 

2510 

3860 

4670 5160 

5490 

6810' 

6210 

6890 

7680 

8270 

8620 

8780 


10. The cross-section of a tree is A sq. in. at a distance x in. from 
one end. Corresponding values of A and x are : 


X 

10 

30 

50 

70 

90 1 

110 1 

130 

150 

A 

120 

123 

129 

129 

131 1 

135 1 

142 

156 

What is the volume of the tree in cubic inches, its total length being 
160 inches ? 

11. The following values represent the areas of cross-section of a 
body perpendicular to its axis ; 

Area in 

sq. in. 

250 

292 

310 

273 

215 

180 

135 

120 

X in. from end 

0 

22 

41 

70 

84 

102 

130 

145 


Plot A and x on squared paper, anofind the whole volume. 
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12. The area of a horizontal section of a tank is A sq. ft. at a 
height h feet from the lowest point. The following table gives a series 
of values of A and h : 


h 

0 

1 

2 

3 

4 

5 

6 

7 

A 

76*8 

77-24 

11 m 

78-04 

78-38 

1 

78-7 

78-96 

79-20 

h 

8 

9 

10 

11 

12 I 

13 

14 


A 

79-42 

79-6 

79-74 

79-86 

79-94 

79-98 

80 



Use the Trapezoidal Rule to calculate the total volume of the tank. 


13. Shew that the area of the curve a;®=4(y~9), above the a;-axis, 
is given exactly by Simpson’s Rule. 

14. Find the area of the curve y=oo8 x, between the axis of x and 

the ordinates At x=^ anda;=0, by Simpson’s Rule, taking 6° as the 

common interval between consecutive ordinates, and shew that the 
result is within 0-00005 of the exact value. 


15. An odd number of parallel ordinates is drawn to a curve at 
equal intervals A. Prove that the area of the curve between the 
extreme ordinates is approximately 

+45 + 2(7), 

where A is the sum of the extreme ordinates, B the sum of the even 
ordinates, and C the sum of the remaining ordinates. 

The under-water portion of a vessel is divided by horizontal planes, 
one foot apart, of the following areas ; 472, 398, 302, 198, 116, 60, 34. 
12, 4 sq. ft. ilnd the volume in cubic feet between the extreme areas, 

(L.U.) 

16. Plot the function 4y -a;* = 64 for values of x between 8 and - 8, 
then determine the area bounded by the curve and the x-axis, 

(а) by either the Trapezoidal or Simpson’s Rule, 

(б) by direct integration. 


*17. If /(x) = a + 6x + cx*, shew that 

^ fix) . dx=mm+m) +/» 

Jo 

Deduce Simpson’s Rule, and use it to shew that 1*62 is an approximate 

f ^dx 

— , taking ordinates at integral values of x. (Br.U.) 

I X " 




CHAPTER XV 

CENTROIDS AND MOMENTS OF INERTIA 


115. Determination of Centroids. The centroid or centre of 
gravity of a system of particles is the point where the whole mass 
of the system may be considered to be concentrated. Suppose a 
system consists of n particles whose masses are (5 = 1, 2, ... ?i). 
Let the coordinates of these particles with reference to three 
mutually perpendicular planes be ygy Zg) (5 = 1, 2, . . . w) ; 
then if M be the total mass of the system, on taking moments 
about each of planes of reference, the position of the centroid 
{Xy y, z) is given by the equations, 

_ n _ n n n 

My=^m,y„ Mz=^m^„ 

«=*i «=1 «=1 & = 1 

from which 


x = (SmaX.)/M, y=(2m8yB)/M, z = (Sm»z.)/M (124a) 

■==i i-i »=i 

When the particles form a solid continuous body of uniform 
density, then the above summations become integrations, and 
the formulae assume the forms. 


'=((!> • "“)/ ( W* • •*■“)/( W* 


In solving problems, however, it is better in general to work 
from first principles rather than to apply the above formulae. 
The method is illustrated in the following examples. 
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Ex. 1. Bodies of weights 18, 11, 12, 26 arid 33 Ih. have their 
centroids at points whose coordinates are (3, 2), (5, -4)’, ( -2, 4), 
( -1, 3) and (7, 4) respectively with reference to rectangv^r axes. 
Find the coordinates of the centroid of the system. 


5] 

121b. 

1 

I 26%^^ 
1 1 =■ 
: J 1- 
1 1 

33^^lb. 

1 

.•?'«»• I 

il • 

II » 

II 1 

'1 ■ 1 

-a -2 -1 0 
-1- 

1 I 1 1 1 1 1 

1 2 3 4 |5 6 7 

1 

-2^ 

1 

1 

1 

-3- 

1 

1 

-4- 


-5- 



Fig. 48. Centroid of a system of particles. 

The points should first be plotted on squared paper, as shewn 
in Fig. 48. Then if (^, y) are the coordinates of the centroid, 
taking moments about the y-axis 

(18 + ll+12 + 26 + 33)« 

= (18 X 3) + (1 1 X 5) - (12 X 2) - (26 x 1) + (33 x 7), 
or 1005 = 54 + 55 - 24 - 26 + 231 = 290 ; 

5 = 2 9. 

Similarly, taking moments about the cc-axis, 
lOOy = (18 X 2) - (11 X 4) +(12 X 4) +(26 x 3) +(33 x 4) =250 ; 

/. y = 2 5. 

Ex. 2. A uniform triangular lamina ABC has a circular hole 
of radius 3*5 in. punched out of it. If A B = 11 in.. BO = 2S in., 
CA =25 in., and the centre of the hole is ten inches from A measured' 
along the perpendicular from A to BG,find the distance of the centroid 
of the plate from BC. 

The figure should be drawn to scale, marking 0 as the centre 
of the circle, and D as the foot of the perpendicular on BC from 
A, as shewn in Fig. 49. * 
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The area of triangle = 

=v/35 . 7 . 10 . 18 
=210 sq. in. 

But area = JBC. .4D = 14 . 4D = 210; 

.4D = 16 in., 

and area of circle = jt x 3‘5* = 38-5 sq. in. 



Fig. 49. Centroid of a pierced triangular lamina. 

Now the centroid of the whole triangle is distant ^D/3 = 5 in. 
from BC, and the centroid of the circle is at 0, so that 

OZ) = i4Z)-10=5 in. 

Hence if y be the distance of the centroid of the plate from BCy 
moments about BC give 

210 X 5 - (210 - 38-5) y + 38-5 x 5 ; 

171-5y = 857-5, 

from which y = 5 in. 

Ex, 3. Find, by integration, the centroids of (a) a quadrant of a 
circular area of radius a, {b) the portion of a parabola of latus 
rectum 4a, bounded by the arc, the axis and an ordinate distant b 
from the vertex. (L.U.) 

(a) Let y be the length of a strip of width dx, parallel to one of 
the bounding radii and distant x from it, then if x be distance of 
the centroid from this radius, moments about it give 
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Putting a;=o d)8 y =a sin this becomes 

IT 

TTo? = 4a I sin^ d . cos d . dd 

= 4ar(f) . r(l)/{2r(|)}. by (51), 

= ial3; 

S = 4a/(37r). 

Similarly, if y be the distance of the centroid from the other 
radius, ^=»=4a/(37r). 

Hence taking the bounding radii as axes, the centroid of the 
quadrant is the point 4a/(37r), 4a/(3;r). 

(b) With tlie vertex as origin and the axis of the parabola as 
the a;-axis, the equation of the curve is = 4<ix, 

Let y be the length of a strip of width dx, parallel to the ^/-axis 
and_ distant x from it. Taking moments about both axes, and 
{Xi y) as the centroid, 

p rb rb fb 

x\ y ,dx=^\ xy .dx and y\ y .dx = \\ y^ .dx. 

Jo Jo Jo Jo 

/. Putting = 4:a5c or ?/ = 2a^x^i 

ic f x^ .dx—{ x^dx and y f x^dx = a^ f x .dx, 

Jo Jo Jo Jo 

i.e. %x . = §6^ and %yh^ = ^^6®. 

/. Centroid lies at the point (3b/6, 3a^bY/4). 

Ex. 4. A howl in the sJmpe of a hemispherical segment is 18 in. 
deep, and 4 ft. in diameter at the top ; find the position of the 
cenJtroidy assuming it to he made of uniform thin material. 

* If the howl is fiUsd with loater to a depth of 16 in., find how much 
the centroid is raised, assuming that the density of the material of 
the howl is 8*76 times that of the water. 

Let ABY (Fig. 50) be the bowl, 0 the centre of the sphere, 
thenilC = 24 in., ’CY = 18 in., sothat OC = OY- 18 =r- 18, where 
r= radius of sphere. 

Now OA^^AC^ + OC^ or 7^-242 + (r-18)2=900-36r + r2; 
/. 36r=900,'Or r = 25in. 
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Consider a thin band PQ round the bowl palrallel to -4 R, of 
width ds, radius a;, and distant y from 0, then 

Area of band = 2ttx ds. 



But a? + 2 /^ = — 625, so that x . dx + y . dy=0, 

and ds^=^da^-\-di/ = (y^/a^-^l)dy^^626 . dy^a^; 

/. X .ds — 26dy. 

Area of band =507r dy, 

(•25 

and area of bowl = 507rJ dy - 9007r. 

Let ^ 1 = distance of centroid of bowl from 0, then taking 
moments about 0, 

9007ry 1 = J 2/ • % = ^Ott 2 /^J = 25 X 576r ; 

Now consider the water only, and suppose A^B' is its level, 
then C' y = 15 in. and OC' = 25 - 15 = 10 in. 

Let PQ represent a disc of water, of width dy, radius x, and 
distant y from 0 ; then mass of water = .dy — n (625 - y^) dy^ 
taking density as 1. 

Total mass of water 

r25 r " 1 25 

= TT I (625 -y'^)dy — Tr\ 625y - ^y^ — 4500zr. 

Jio L Jio 

If ^ 2 -distance of centroid of water from 0, then moments 
about 0 give 

45007ry2 =7rf (625 -y^)y • dy=^v\ 625 . \y^ - = 68906 J . tt ; 

Jio L Jio 
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For the bowl and water, let distance of centroid from 0, 
then taking moments about 0, 

(900 X . TT + 450077) y = 900 X X 1677 + 450077 x W - 

Dividing out by 900:7, 

(\«-+5)y = 140+iJ|A = 34.«A;’ 

/. ^=-tF-x = in. ; 

.*. the water raises the centroid by a quarter of an inch. 

116. The Theorems of Pappus. When an arc of length s, 
measured between two given ordinates at Xj, ajg, revolves about 
the jc-axis, it generates a surface of revolution whose area 

S = 27r\y,dSf taking the axis of revolution as the aj-axis. If, 

however, y be the ordinate of the centroid of the arc, then, by 

(1245), 

J*! 

Eliminating the definite integral between this and the expres- 
sion for iS, 

S = S7ry.s, (125a) 

i,e, the area of a surface of revolution is equal to the product of 
the length of the generating arc and the path described by its centroid. 

Again, the volume of the solid generated by the revolution of 
the plane area bounded by the arc, the aj-axis and the given 

ordinates is F = 77| y^ , dx, but if A be the plane area and y the 

JXi 

ordinate of its centroid, then 



Eliminating the integral as before, 

V=27ry.A, (126b) 

ue. the volume of a solid of revolution is equal to the product of the 
generating area and the path described by its centroid. 

The two theorems were first given by Pappus, a mathematician 
of Alexandria, in the latter half of the fourth century. 
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Ex. 6. Prove that if a plane area revolve about an axis in its 
phnoy not intersecting it, the volume generated is equal to the area 
multiplied by the length of the path of its mean centre. 

Find the surface and volume of the annular solid generated by 
the revolution of a quadrant of a circle whose bounding radii are 
AB, AC, about an axis in the plane of the quadrant parallel to the 
chord BC. The distance of the axis from A is twice the radius r of 
the circle and the convexity of the quadrant is towards the axis. 

(L.U.) 

The position of the centroid is often called the mean centre, so 
that this is the second theorem of Pappus (1256), already proved 
above. 

For the second part, since the convexity is towards the axis of 
revolution, the figure will be as shewn in Fig. 55 (p. 402), where 
AO is perpendicular to the axis OX ; if AO meets the arc BG 
in D, then OD=r, and clearly D is the mid-point of the arc. 

To find the centroid of the perimeter, it is evident that the 
centroid of the two radii lies in AO at a distance r\/2/4 from A, 
or ^ - ^2) r/4 from 0. The centroid of the arc is at D, so that 
if y be the distance from 0 of the centroid of the perimeter, 
moments about 0 give 

(7rr/2 + 2r) y = Trr^j2 + (8 - J2) r 72 , 
from which ^ = (tt + 8 - . rjiir + 4) ; 

hence, from (125a), the surface 

^S = 27r^(7r + 4)r/2=7r(7r + 8-^2)r*. 

From Ex. 3, the centroid of the area of the quadrant lies in OA 
distant 4 r 72 /( 37 r) from A, i.e. 2(37r-2>y2)r/(37r) from 0; hence 
from (1256), the volume 

F = (7rrV4) . 277 . 2(37r-2V2)r/(37r) 

= 77(377 - 2J2)i^lZ. (See pp. 402-3.) 


Exercises 15a. 

In each of the following systems of particles, the weight and position 
referred to rectangular axes of every particle is given. Plot these 
positions on squared paper, and calculate the position of the centroid 
for each system. 

1 . 8 - 5 , ( 2 , 0 ) ; 10 - 6 , ( 4 , 2 ) ; 15 , ( 1 , 3 ) ; 16 , ( 3 , ~ 1 ). 

2 . 21 , ( 6 , 8 ) ; 13 , ( 5 , - 4 ) ; 66 , ( - 1 , - 1 ) ; 10 , ( - 3 * 5 , 4 ). 
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8 . 12, (1, 2) ; 14, (2, 1) ; 8, (3, - 1) ; 16, (4, 6). 

4, 23, (1, 1) ; 16, (1, 3) ; 162, (2, 7) ; 87, ( -4, 6) ; 136, (0, -8) ; 
78, (7, 2). 

6. 16, ( - 1, - 2) ; 21, (3, - 3) ; 8, (2, 2) ; 16, (6, 6). Where must 
an additional weight of 3 lb. be placed so that the centroid of the 
whole system may be at the origin ? 

6 . Weights of 11 lb., 13 lb., 17 lb., and 7 lb. are placed at the comers 
A, X,0, Y respectively of a square AXOY, whose side is 2*5 feet long. 
Find the position of the centroid of the system with reference to the 
sides OX, OY. 

7. Weights of 6 lb., 8 lb., 12 lb., 9 lb., 6 lb., and 16 lb. are placed 
at the angular points A, B,C, D, E, F, of a regular hexagon ABODE F, 
whose side is two feet long. Find the position of the centroid. 

8 . Weights of 1, 4, 2, and 3 lb. are placed at the comers Y, A, X, 0 
of a rectangle YAXO, having OX 15 inches long and OY 12 inches 
long. Find the position of the centroid with reference to the sides 
OX, OY. 

9. Seven equal weights are placed at the angular points B, G, D, 
E, F, O, H, respectively of a regular octagon ABGDEFOH. Find the 
position of the centroid with reference to the axes OOH, OFE, where 
O is the point of intersection of HG and EF produced. 

10. Weights of 56 lb., 13 lb., 16 lb., are suspended from a rigid 
rod OX whose weight may be neglected. The 56-lb. weight is hung 
from 0, the 13-lb. weight at a distance 3 feet from 0, and the 
16-lb. weight 6 feet from O. The rod is 12 feet long, and a fourth 
weight hung from X causes the rod to balance horizontally when 
supported at a point distant two feet from 0. Find the magnitude of 
this weight. 

11. ABC is a triangle having AB, 10 inches long, BO, 21 inches long, 
and CA, 17 inches long. 7 lb. is placed at 5 lb. at B, and 2 lb. at U. 
Find the position of the centroid with reference to AD, DC as axes, 
wh«:e D is the foot of the perpendicular on BC from A. 

12. Find the position of the centroid of a uniform triangular lamina 
ABC, whose base BG is a inches long and height h inches. 

Shew that it is the same as that of three equal particles, each one- 
third of the mass of the plate, placed at the angular points. 

If Z> is the mid-point of BG, calculate the distance of the centroid 
from D along DA, when AB is 8 in., BG is 18 in., and GA is 14 in. 

13. PQR8 is a uniform plate in the shape of a trapezium, having 
PQ, 8R as its parallel sides. If D, E, are the mid-points of PQ, R8, 
respectively, find the distance of the centroid of the plate along ED 
measured from E, having given tljat 8R is 40*6 in. long, P/Sf is 9 in., 
QR is 15*76 in., and PQ is half the length of 8R. 
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14. PQYOX is a uniform plate in which each of the angles at Q, 
Ot X, are right angles, and OY, PX are equal. PQ is 15 inches long, 
yC is 20 inches long, and the centroid of the whole plate lies on a line 
parallel to OY and distant 12*64 inches from it. Find the length of 
the side PX and the distance of the centroid from OX. 

15. ABC is a triangular wedge whose thickness, measured perpen* 
dicular to the plane ABC, varies uniformly from zero at .4 to ^ along BG. 
Prove that the centroid lies three-quarters of the way along the line 
from A to the centre of the rectangular base of which BC is the edge. 

16. Find the value of y from the equation 



when y=a . sin® ^ cos What is the meaning of this value ? 

Find the position of the centroid in each of the following cases : 

17. A uniform circular arc of radius r, subtending an angle 6 at 
the centre. 

18. A uniform semi-circular area of radius r. 

19. A uniform hemispherical shell of radius r. 

20. A uniform solid hemisphere of radius r. 

21. A uniform lamina in the shape of a quadrant of a circle of radius r. 

22. A uniform semi-elliptical area whose semi-axes are a and 6. 

23. The area formed by the curve of the parabola, y*=4aa;, and the 
double ordinate a.t x—h. 

24. A uniform right circular cone of height h and base radius r. 

25. The surface of the frustum of a right circular cone, whose flat 
circular surfaces are distant h from each other and whose radii are a 
and h respectively, a being greater than b, 

26. A circular disc of one foot radius has a circular hole of radius 
three inches cut out of it, the centre of the hole being at a distance of 
one and a half inches from the centre of the disc. Find the position 
of the centroid of the disc. 

27. A solid is formed by joining the flat surface of a hemisphere to 

the base of a cylinder of the same radius. Find the centroid of the 
solid, the height of the cylinder being equal to the diameter of its base, 
which is 9*6 inches. • 
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28. ABC is a uniform lamina in the shape of a sector of a circle whose 
centre is 0 : if r is its radius and 2(/> the angle AOB, find the distance 
of the centroid from 0 along the bisecting radius of 

(1) the whole sector, 

(2) the segment bounded by the chord AB, 

Deduce the position of the centroid of a semicircle. 

29. Find the position of the centroid of the area enclosed by the 
cycloid, 

x—r(0-6md), y=r(l -cos 6>), 
and the a;-axis from cusp to cusp. 

80. Find the position of the centroid of a bowl in the form of a 
hemispherical segment whose top diameter is 2a and depth h. 

Deduce the position of the centroid of a hemispherical shell whose 
radius is r. 

*31. OPQR is a uniform square lamina of side a ; a triangular portion 
DHP is cut off such that D is the mid-point of PQ and H is the point 
of trisection of the side OP, HP being the smaller segment. Find the 
position of the centroid of the figure RQDHO with reference to OP, OR 
as axes. 

*82. ABGD is a uniform rectangular plate whose sides AB, BG are 
28 and 21 inches long respectively. At a distance 14 '4 inches from A 
measured along AC, a circular hole of radius r inches is cut out, and the 
centroid of the plate is thereby shifted to a point on AC, distant 18*6 
inches from A, Find the value of r, taking Ttt =22, and without using 
tables. 


*33. A uniform triangular lamina ABC whose base BC is two feet and 
height three feet has its vertex A removed by cutting through a line 
PQ parallel to BG ; shew that if y is the distance of the centroid of 
BPQG from BC, then 


y= 


2-\-p 

~2T^' 


where p is the length of PQ, 


*34. Find the position of the centroid of an octant of a uniform 
ellipsoid whose equation is 


“ 4 - — -1 


*85. Find the centroid of the arc of the catenary 
y—c, cosh (xjc), 
between the points where x=c an& a?= -c. 
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'*‘86. Find the position of the centroid of a hollow conical vessel of 
height h and base radius r, made of uniform thin metal plate, 

(1) when there is no base, 

(2) when there is a base of the same material. 

*87. In a disc of brass 40 cm. in diameter, a circular hole of 8 cm. 
diameter is cut out and replaced by lead of the same thickness, the 
distance between the two centres being 8*73 cm. Find the distance 
of the centroid of the whole plate from its centre, having given that 
the densities of brass and lead are 8*62 and 11*37 grams per cubic 
centimetre respectively. 

♦88. A uniform plate ABCDEFG is shaped like the letter L, being 
formed by two rectangular strips ABFG, GDEF, the point C lying on 
FB, and &F, FE being in the same straight line. If the lengths of AB, 
AGy DE, FE are x, y, a, h inches respectively, shew that, if the centroid 
of the whole plate lies on a straight line passing through O, then 

ax - hy + 

Find y when a is 18, 6 is 24 and x is 12. 

Hence, with these values, find the position of the centroid of the 
plate with reference to GEy GA as axes. 

On the strip ABFO another strip of the same material and width is 
fixed symmetrically, so that the centroid of the whole plate is situated 
at C ; find the length of this strip, 

♦89. Regarding a walking stick as made up of a long right cylinder of 
length na and radius 6, together with a spherical knob of the same 
material whose radius is a, shew that the distance of the centroid from 
the bottom of the stick is 

8a^(n4-l)+3a^a6^ 

~“2(37i62-:jr^2)“~* 

Work out this distance when a is IJ in., 6 is f in., and n is 28. 

*40. Find the position of the centroid of : 

(1) A solid regular tetrahedron, i.c. a pyramid on a triangular base, 
all of whose faces are equilateral triangles. 

(2) The surface, including the base, of a regular tetrahedron, the 
length of an edge in each case being a. 

*41. YZXO is a uniform rectangular sheet of metal, having YZ and 
OYy X and a inches respectively. The comer Z is turned over so that 
it lies on the side OX, and the centroid of the plate thus folded lies on 
a line parallel to OF and distant 6 inches from it. Prove that x is the 
positive solution of the equation 

3x^-(ybx-a^=0. 

Hence, find x and the distance of the centroid from OX, when a is 
12 in. and b is 8*8 in. * 
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42 . Find the coordinates of the mass centre of the area in the first 
quadrant bounded by the curve whose equation is and 

the line a;=0. (L.U.) 

* 43 . A long vertical tapering rod of circular section has to bear a 
load W at its end ; the rod weighs w lb. per unit volume, and the 
tensile stress / over every section has to be constant. Determine the 
law giving the radius of the section at any distance y from the smaller 
end, and find the position of the centre of gravity of the rod when of 
length h, (L.U.) 

* 44 . Find the centre of gravity of the solid cut off from the cylinder 
a;* =a® by the planes z=0, x sin 6 -(z-h) cos =0, where 

h cot d> a, 

A cylindrical shaft, 1 foot diameter, bevelled at one end, is to be 
mounted on a horizontal axis forming a diameter of a circular section 
so that it will hang with the bevelled face horizontal. If the greatest 
length of the shaft is 4 ft. and the shortest length 3 ft., determine the 
distance of the axis from the circular end. (L.U.) 

* 46 . Find the area and centroid of the portion of a plane bounded by 
a parabola y* = ax, the line x = b and the axis y = 0. The area is revolved 
about the axis of y so as to form a solid ring. Find the volume of the 
ring. (L.U.) 

* 46 . A plate in the form of a quadrant of the ellipse + y*/6* = 1 
is of small but varying thickness, the thickness at any point being 
proportional to the product of the distances of that point from the 
axes ; shew that the coordinates of the centroid are 8a/15, 86/15. (L.U.) 

* 47 . The coordinates of the vertices A, B, C, D of a quadrilateral with 
reference to the diagonals as axes are {a, 0), (0, 6), ( - c, 0) and (0, - d). 
Prove that the centroid of the quadrilateral is at the point (a - c)/3, 
{b-d)l3. Hence shew that if 0 is the point of intersection of the 
diagonals, and E and F are points on OA and OB such that AE —00 
and BF = OD, the centroid of OEF coincides with that of the quadri- 
lateral. (L.U.) 

48 . Find the area and the abscissa of the centroid of the plane 
surface bounded by the curve 

5 

the axes of x and y, and the line x—\, (L.U.) 

49 . A semi-circular bend of lead pipe has a mean radius of one foot ; 
the internal diameter of the pipe is 4 in. and the thickness of the lead 
J in. Find its weight, given that a cubic inch of lead weighs 0*41 lb. 

(L.U.) 

50. AEB is the diameter of a semicircle of radius a, and CD is a line 
parallel to AB and lying on the same side of AB as the semicircle. 
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Shew that the volume of the solid formed by revolving the semicircle 
round CD is 27r*a® - 47ra®/3, the perpendicular distance between the 
lines AB and CD being 2a. (S.U.) 

*51. Find the coordinates of the centroid of the smaller segment of 
the ellipse {xla)^-^(yfh)^ = l cut off by the line bx-\-ay=ab. If the 
segment revolves about its chord, prove by the theorem of Pappus 
that the volume of the solid generated is 


7r (lQ-37r) a^b^ 
6 ' 


(D.U., Sc.) 


*52. A groove of semicircular section, of radius b, is cut round a 
cylinder of radius a. Prove that the volume removed is ir^ab^ - 
and that the surface of the groove has an area of 2Tr^ab (Br.U.) 

117. Moments of Inertia. Suppose a particle be describing a 
circle of radius r with uniform angular velocity w about the centre, 
then the angle swept out in any time t is ^ or w/. If, however, 
V be the corresponding linear velocity along the circumference, 
the arc described in time t\svt\ but vtfr is the circular measure 
of the angle described at the centre, so that vtjr = cd^, or 

v=»r (126) 

Suppose, further, that a system of particles of mass nig (s = l, 
2, ... n), moving with uniform angular velocity w about a fixed 
axis, their distances from this axis being and their corresponding 
linear velocities being then the kinetic energy of the system 


1 ” 


8 = 1 


The expression ^ nigVg^ is called the Second Moment of Mass or 

the Moment of Inertia of the system about the axis of revolution, 
and is usually denoted by /. When the particles form a uniform, 
continuous body, the summation then becomes an integration, 
so that 

B rmj > 

I = V m«r.* or r* . dm, 

■=i 

and the Kinetic Energy =il«* or il t (127a) 

when the angular velocity is not uniforih. 
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Again, if M = ^ Le. the total mass of the system, and h be 
8^1 

such a distance that Mk^ = /, A; is called the radius of inertia or, 
more often, the radius of gyration of the body about the axis of 
revolution ; hence 

k*=(im.r.«)/M or (j;V.dm)/M; 

^ - fm, ■ (127^) 

where M = 2 mi or dm. 

1=1 

n 

The momentum of the system is and therefore the 

8 = 1 

moment of the momentum of the system about the axis of revolu- 

n n 

tion is 

8=1 8=1 

Moment of momentum about the axis of revolution 

T d6 


=I« or I 


when 0 ) is not uniform. 


Ex. 6. Find the moment of inertia of a thin unifwm circular 
plate of mass m and radius r about (1) any diameter, and (2) the 
axis perpendicular to the plate passing through its centre. 

Hence shew that when a disc of radius r rolls down an inclined 
plane along the line of greatest slope without sliding, its acceleration 
is ^g sin a, where a is the inclination of the plane to the horizontal. 

Let the centre 0 be the origin, and the diameters X0X\ YOY' 
(Fig. 61) the axes. 

Taking a strip PQ of length 2a?, width dy, parallel to and distant 
y from XX\ it is clear that its moment of inertia about XX* is 
2xy^p . dy, where p is the surface density. 

Let LXOQ = d, then x—r cos $, y=r sin 6, and dy=r cos 0 . dd. 

I for plate about X*X == 4/t) | xy"^ . dy 
Jo 


w 

= cos*fl . sin® 0 . dO 


by (60) and (61). 
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But m^irr^p; 

/ = Jnira. 

It is obvious that this result will be true for any diameter, 
since both m and r are constant. 


Y 



Fig. 51. Moment of Inertia of a circular plate. 


For an axis through 0 perpendicular to the plate, usually called 
the 2 ;-axis, take a circular strip bounded by two concentric circles 
of radii x and x-\-dx respectively, 
then the area of this strip = 2Trx . dx ; 

72 = 27rp| ,dx = \Trpr^^\Tar^. 

Suppose the disc starts from O 
(Fig. 52), the point Q being then 
coincident with 0 ; let it traverse 
the distance OP — x in time the 
angle PCQ being d, then the kinetic 
energy of the disc due to its trans- 

(d^ 

\di) ' 



lational motion from 0 to P = 


Fig. 52. Disc rolling down an 
inclined piane. 

; and the kinetic energy 


due to its rotation about ^ = > ^7 {127a). 

dx do , 

Total kinetic energy 


But 
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and by the previous 


'eviouB resuii;, ig — ^rnr - ; 

m) 


and this is equal to the work done by gravity 

= mg X vertical distance fallen through 
=mgx sin a ; 

Hence, by differentiation, 


3 .^=25rsina; 

Acceleration down plane =^=|^ sin a. 


118. Theorems of Perpendicular and Parallel Axes. Consider a 
system of n particles of mass (5 = 1,2,... n), and let P(xp, yp, 0) 
be the position of one of them referred to three mutually per- 
pendicular axes, then the distance of P from the z-axis is 

•Jxp^ + yp^, 

n n n 

and 2] mpxp^ + ^ mpyp^ =‘^mp {xp^ + yp^), 

p=i p-i P-i 

i,e, if Ix, lyy h be the moments of inertia and kx, ky^ kgy the 
corresponding radii of gyration about the Xj y, z-axes respectively, 

Ix+Iy==Iz* or kx* + ky* = k** (128ft) 

Also, if P be in the position (aj, y, z), then since 
0P^ = x--\-y^ + z^y 

it follows that the 


Moment of Inertia ftbont the Origin =Ix+Iy+lB (128b) 

These important results are known as the Theorem of Perpen- 
dicular Axes. 

Again, let XX' (Fig. 53) be any axis through the centroid of 
a body, and SS' a parallel axis distant A from XX' . 

Suppose P be any particle of the body whose mass is m and 
whose distance from XX' is r=PR. 
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Then PQ=r- A; /. PQ*=r*-2Ar + A* ; 

m . PQ^=m(r^-2rk + X?). 

tP 




FlO. 53. Theorem of parallel axes. 


Hence, summing over the whole body, and denoting the 
moments of inertia about XX\ SS' by Io.h respectively, 

Ix — Iq- 2X2mr + A,^ . 

Now since XX' passes through the centroid, by 

(124:a), and 2m = total mass of body ; denote it by M, then 


Ix-Io + MX3,| 


( 129 ) 


This is the theorem of parallel axes. 


Ex. 7. Determine the radius of gyration of a heavy uniform 
cylinder of radius r and length I about an axis through its centroid 
'perpendicular to its geometrical axis, and calculate this radius when 
r = 4 in. and i = 4 /f. 



Let A BCD be half the cylinder (Fig. 54), OX, the geometrical 
axis, and O, the centroid. * 



392 HIGHER MATHEMATICS [oh. xv 

Consider a disc PQ perpendicular to OA, of thickness da?, and 
distant a? from 0. 

Then I. of PQ about its own diameter is J^rpr^da?, by Ex. 1, 
p being the density of the material. 

Hence, by (4:4a), 

I. of PQ about Y*Y = \irpr^dx-{- IT pr^:i^ (lx 
= TT/or^ ( + a?^) . da?. 

If A = radius of gyration about Y' F, 

J —\l 

But M=7rr*?p, and taking the integral over half the cylinder 
and doubling the result, since it is uniform, 

W = 2|*' (ir* + X*) rfx = 2 J ** = + t^P ; 

A? = i(r»+^1»). 

When r=4 in., and i = 4 ft. = 48 in., 

A:2 = j(i6 + ^ . 482) = 4 (1 + 48) = 196 ; 

/, A; = 14 in. 

119. Ellipsoids of Inertia. Let P(x, y, z) be the position of 
any particle of a body whose total mass is M, referred to three 
mutually perpendicular axes, OX, OY, OZ. Denote the moments 
of inertia of the body about OX, OY, OZ respectively, by 

A=Zp{y^-\-z^), B = Zp(z^ + a^), C = Zp{x^ + y^), 

where M = 'Ep, the summations including integrations also. 

Let D=Epyz, E^Epzx, F=Epxy, These expressions are called 

products of inertia. 

Now take any other axes 0X\ OY', OZ', mutually perpen- 
dicular to each other, through the origin, and let the direction 
cosines of OZ' be I, m, n. If (a?', y', z') be the coordinates of P 
with respect to these axes, then from Ex. 8 of § 101, or by solving 
the equations of (111) for x' and y', 

hx' ^mx-ly and ky' = - Inx - mny + k?z, 
where P = P + m2 = 1 - n*. • 
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Hence + y’^) = ( - Inx - mny + + {mx - ly)^ 

= iPn^ + + (m^n^ + l^)y^ + k!^z^ 

- 2kHnzx - 2k^mnyz - 2lm{\ - n^)xy. 

Now + m 2 = ^2 (1 _ ^ ^2 = j 5.2 ( 1 _ ^ 2 ) (^2 ^ ^ 2 ) j;. 2 . 

Similarly, + n^) P . 

Hence, after dividing out by k^, 
x '2 ^ y '2 _ (^2 ^ 7 i 2 j<jj 2 ^ ^^2 ^ ^ ^ m 2 ) 2;2 - 2mnyz - 2^nza5 

- 2lmxy 

— + 2 : 2 ) |^ 2 ( 2;2 4- x 2) + n2(x2 + 1 / 2 ) - 2mnyz - 2 ln 2 a; 

- 2lmxy. 

Multiplying out by p, and summing over the whole of the body, 
the moment of inertia / about OZ' =^p(x'^ + y '^) ; hence : 

The moment of inertia of a body about any line through the origin 
whose direction cosines are 1, m, n, is given by 

I =1*A + m*B + ii*C - 2mnD ~ 21nE - 21inP, (130) 

where A, B, C, are the moments of inertia about the axes of z, y, z 
respectively, and D, E, F the products of inertia for the coordinate 
planes. 

Let a point Q on OZ' be chosen so that the moment of inertia 
about OQ is inversely proportional to the square on OQ ; if OQ = r, 
then (130) gives 

PA + nPB + rPC - 2mnD - 2nlE - 2lmF = fP/r^, 
where is a constant. 

If {Xy y, z) be the coordinates of Q, then a; = ?r, y = mry z = nr\ 
/. the locus of Q is the surface 

Ax* + By* + Cz* - 2Dyz - 2Ezx - 2Pxy = |x* (131) 

Since A, B, C are essentially positive, tliis equation represents 
an ellipsoid, and is called the ellipsoid of inertia or the momental 
ellipsoid, and its axes are called the principal axes of the body 
at the point 0. 

120. Principal Moments at 0. The moments of inertia about 
the principal axes are known as the principal moments of inertia, 
and their determination is an important practical problem. It 

£.M. 


o 
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is obvious that the principal axes are normal to the surface, and, 
by (114), the direction cosines of any normal to a quadric 
Q{x, y,z)=0 are proportional to dQjdx, 'dQj'dy, dQjdz respectively. 
Appl 3 dng this to the equation of the ellipsoid of inertia (131), 

{Ax- Fy- Ez)ll-(- Fx+ By- Dz)lm-{ - Ex- Dy + Cz)ln, 
or replacing x, y, z by Ir, mr, nr, 

(Al - Fm - En)jl =={-Fl + Brn - Dn)lm -{-El- Dm + Gn)/n 
= {1{AI - Fm - En) -m{Fl - Bm + Dn) 

-n{El + Dm - Cn)}l{l^ + w? + n^) 

— AP + Bm^ + CfP - 2Dmn - 2Enl - 2Flm 

= /, by (130). 

Hence {I-A)l-^ Fm+ En=0, 

Fl + {I-B)m+ l)n=0, 

EI+ Dm-h{I -C)n=0 

which, on eliminating 1, m, n, gives 

I- A P E =0, (182) 

F I-B D 

E D I~C 

a cubic in I whose roots give the three principal moments of 
inertia of the body for the point 0. The direction cosines Z, m, n 
may then readily be derived from the above equations on in- 
serting the values of I and solving, thus the positions of the 
principal axes become known. 

Ex. 8. Fi'iid the equation of the ellipsoid of inertia and the 
jyrincipal radii of gyration at one of the vertices of a uniform cube 
whose edge is of length a. 

Take the selected vertex as origin and the three edges con- 
current at that vertex as axes. Let p be the density of the cube, 
then considering a rectangular slice, of width dy, parallel to and 
distant y from the 2;a;-plane, its moment of inertia about an axis 
parallel to OX through its centroid is a^p . dyl\2. 

Hence, by (129), the moment of inertia about OX is 

a^p . dyl\2 + (0^4 + y^)o^p . dy 
= a^p{a^l3 + y^)dy. 
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/. In the notation of § 119, 

A = d^p [Vva + 1/2) dy = 2aV3 = 2Ma73, 

J 0 

where M = mass of cubc=aV* 

Similar considerations, as well as those of symmetry, shew that 
^ = J? = C = 2Ma73. 

Referring again to the rectangular slice, its product of inertia 
for the yz and 2 aj-planes is clearly 

aV . dy . (ay/2) ; 

F^\a?p \ y ,dy=^ a^pji = 

Jo 

Similarly, J)—E^F^ Mc^ji. 

Hence, by (131), putting = the equation of the ellipsoid 
of inertia becomes, on multiplying out by 6/M, 

4 (x^ + + 2 ^) - 3 {yz + 2 x + xy) = 6 

If 7 = MW be the moment of inertia about any line through 0, 
then, by (132), after division throughout by M, the principal 
radii of gyration are given by the cubic, 

ifc2-2aV3 a74 a^/d =0, 
a2/4 F-2aV3 a^/d 
a2/4 aVd W-2ay3 

or (W - 2aV3)3 - 3 . (aV4)^(A:2 - 2a^/3) + 2 (aVd)^ =0, 
which factorises into 

(W - 2a2/3 - a2/4)2(fc2 _ 2a2/3 + a^/2) =0 ; 

/. /^i2 = /b22 = lla2/12, = 


Exercises 15b. 

1. A thin uniform rod has a length I and mass m ; find I about an 
axis perpendicular to its length, (1) through its centre, (2) through one 
end. 

If the rod is two feet long and it rotates about a point in its length 
such that its radius of gyration is eight inches, find the distance of this 
point from the nearer end. 



396 


HIGHER MATHEMATICS 


[CH. XV 


2 . A uniform wire of length I and mass m is bent into a plane rect- 
angle. Find I about an axis through the centroid perpendicular to its 
plane. If the radius of gyration about this axis is 2^3, find the length 
of the wire. 

8. A uniform wire is bent into a circle of radius r and mass m\ 
find the moment of inertia about (1) any diameter, and (2) the axis 
through the centroid perpendicular to the plane of the wire. 

The circle has two diameters of similar wire fixed to it, and these are 
perpendicular ; find the radius of gyration about the axis through the 
centre, perpendicular to the plane. If this radius of gyration is ten 
inches, find the radius of the circle, taking 77r = 22. 

4 . A uniform rectangular plate has the length I and breadth h ; 
find I about : 

(1) an axis through the centroid parallel to the breadth ; 

(2) one of the shorter sides ; 

(3) an axis through the centroid perpendicular to the area ; 

(4) an axis through one of the angular points perpendicular to the 

area. 

Calculate the radius of gyration in each of the above cases when I is 
31*5 inches and h 's 30 inches. 

5. Given a uniform triangular plate whose altitude is h and base a ; 
find I about : 

(1) the base ; 

(2) an axis through the centroid parallel to the base ; 

(3) an axis parallel to the base passing through the vertex opposite 

the base. 

Calculate each of these moments when the base is 48 inches long and 
the other two sides are 29 and 35 inches long respectively. 

6. An annular area is enclosed by two concentric circles having 
radii a and h respectively, a being greater than h ; find I about : 

(1) any diameter ; 

(2) an axis through the common centre, perpendicular to the plane 

of the area. 

Find the value of b such that when a is 15, the radius of gyration 
about a diameter is 8*5. 

7. Find I for a thin uniform circular disc of ladius r, about *. 

(1) any tangent ; 

(2) an axis through any point on its circumference perpendicular 

to its plane. 

If a circular hole of radius x be drilled at the centre of the disc so 
that the radius of g 3 rration about, any tangent is 3*5 in. when r is 3 in., 
find X. 
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8 . A uniform elliptical plate of mass m has semi-major and minor 
axes a and h respectively ; find I about (1) the minor axis, (2) an axis 
through the centroid perpendicular to its plane. 

Find the minor axis so that the radius of gyration about (2) shall bo 
13*76 when the major axis is 44 inches long. 

9. A thin uniform parabolic plato of mass m is bounded by the 
^•axis and the parabola y^=^4a(h-x ) ; find I about the ^-axis. 

Calculate the radius of gyration when a is 3-5, and the straight edge of 
the plate is 14 feet long. 

10. A uniform thin plate is made up of a square ABCB and a semi- 
circle CED of radius a ; find I about the side AB, the total mass of the 
plato being m. 

Calculate the radius of gyration when a is 13 in. 

11. A uniform hollow cylinder of mass m has radii a, b, a being 
greater than h ; find I about its geometrical axis. 

Deduce from the result the moment of inertia of a solid cylinder of 
radius r about its geometrical axis. 

If the radius of gyration of the hollow cylinder be 53^/2 in., and a is 
7*5 ft,, find the radius 6. 


12. Find I for a uniform sphere of radius r and mass if, about any 
diameter. 

A uniform sphere of radius 8 in., with centre .4, is attached to a thin 
rod OA of length 65 in., and the system revolves about 0, Find the 
radius of gyration of the sphere, neglecting that of the rod, when the 
vertical distance between 0 and A is 33 in. If the vertical distance 
between 0 and A increases to 63 in., shew that the radius of gyration is 
decreased in the ratio of 10 to 3 very approximateljs and find the 
change in the angle at which OA is inclined to the vertical, 

13. A uniform right circular cone has height base radius r, and 
mass M ; find / about : 

(1) its geometrical axis ; 

(2) a base diameter. 

If the radii of gyration about the given axes respectively are in the 
ratio of 2 : ^3, prove that r:h=2: 


14. Find I for the ellipsoid 


2 * 

is+bs+a"* 


= 1 . 


about each of the principal axes. 

Calculate the radii of gyration for each axis when a is 24 in., h is 
18 in., and c is 7 in. 

16. Find the radius of gyration of a uniform triangular plate ABC 
about any line through C distant p trom A and q from B* 
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Shew that this is the same as the radius of gyration about the same 
axis of three particles, each one-third the mass of the plate, placed at 
the mid-points of the sides. 

16 . Find the moment of inertia of a uniform triangular lanaina ABC 
whose sides are a, 6, c and mass if, about an axis through the centroid 
perpendicular to the area. 

Calculate the radius of gyration when a is 24 in., 6 is 27 in., and c is 
36 in. 

17 . Find the radius of gyration about an axis through the centre 
parallel to a side of a uniform square plate of side a, having a circular 
hole of radius r cut out at the centre. 

Calculate this radius when a is 22 in. and r is 7 in. 

18 . A uniform rectangular plate 16 in. by 25 in. has another small 
uniform plate, which is square, fastened to it so that their centres are 
coincident. The radius of gyration A*, about an axis through their 
common centre, parallel to the shorter side is given by 

12 ^^ 2 ^ 481 ; 

find the side of the square plate. 

19 . Two thin uniform discs of radii a, h respectively, a being greater 
than 6, arc fastened together so that the distance between their centres 
is c. Find the radius of gyration of the whole about an axis through 
the centre of the larger disc and perpendicular to its plane. 

If a is 3 feet, and c is 1 foot, find the values of h which will give 
\/4*2 feet as the radius of gyration about this axis. 

20 . A uniform solid sphere of radius a has a cylindrical hole of 

radius h drilled centrally through it. Prove that the square of the 
radius of gyration about the axis of the hole is (2a^ + Shew also 

that for a diameter perpendicular to the above axis the result would be 
(4a2 + 62)/io. (S.U.) 

21 . A uniform heavy cylinder having hemispherical ends, of mass M 
and radius r, rotates about an axis through the centroid perpendicular 
to the geometrical axis. Find the radius of gyration. The length of 
the cylinder exclusive of the hemispherical ends is 1. 

22 . ABGD is a square whose side is of length 2a ; on AR a semicircle 
is described outside the square. The whole figure then revolves about 
the side CD ; find the radius of gyration of the solid thus generated 
about the axis of revolution. 

♦23. Find the radius of gyration of a uniform plate shaped as a 
trapezium whose parallel lengths are h feet apart and of lengths a, h feet 
respectively about the longer side a. 

If k be the radius of gyration about an axis through the centroid of 
the plate, parallel to the side a, prove that 

18 . . (a + 6)2 = (a® + 4a6 -H h^)h\ 

and calculate both radii when a is* 3*6, h is 2*4, and h is 1*8. 
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*24. Prove that if fe,, hyy are the radii of gyration of a particle 
about the a:, y and 2 -axes respectively, and k is the radius of gyration 
of the particle about the origin, then 

Apply this theorem to find the moment of inertia of a uniform hollow 
sphere of radius a, containing a concentric cavity of radius h, and shew 
that if p, q be the radii of gyration about a diameter and the centre 
respectively, when b is zero, then p, q, a are the lengths of the sides of a 
right-angled triangle. Hence find a when p is 9*6 in. and q is 16*8 in. 

*26. Find the moment of inertia of a rectangular thin lamina about a 
diagonal, its sides being a and h. 

Shew that the radii of gyration about the diagonal and an axis 
through the centroid perpendicular to the lamina are the square roots 
of the values of x which satisfy the equation : 

72(a2 + 62)a;2 - 6(a^ + + h^)x + + h^) =0. 

*26. The radius of gyration about the a;-axis of a solid paraboloid 
generated by the revolution of the parabola 

y^-\2xy 

about the axis of x, is five feet. Find the radius of the flat circular end 
of the solid. 

27. Find the moment of inertia about its centre of a hollow sphere 
containing a concentric cavity of radius 6, the radius of the sphere 
being a. 

*28. A T-section consists of two rectangles A BCD, EFGH, E, H lying 
in CD such that DE is equal to HC, When AB is 2 ft., BC is 9 in., 
and EF is 1 ft. 6 in., the radius of gyration about the neutral axis, 
i,e, the line parallel to A B through the centroid of the area, is 3^/6 in. 
Find the width of the rectangle EFGIL 

*29. Find the moment of inertia about the axis of revolution of a 
uniform anchor ring of mass M, formed by the revolution of a circle of 
radius r about an axis distant R from its centre, R being greater than r. 

Calculate the radius of gyration when r is 8^/3 in. and R is 36 in. 

*30. Find the radius of gyration of the area of the curve 
(a;2+y2)2 = 144(a;*-?/2) 

about a line in its plane through the origin perpendicular to its axis. 

31. A cylindrical shell whose external diameter is 3 ft. and internal 
diameter 2 ft. rolls down a plane inclined at 30° to the horizon. If it 
starts at rest, determine its speed when it has described 20 ft. of the 
plane. (L.U.) 

*32. Shew that the principal radii of gyration at the centroid of a 
triangle are given by the equation 

108it« - 3(a2 H 6^ + c2)^ + A2 =0, 

where a, 6, c are the sides and A the*area of the triangle. (L.U., Sc.) 
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*83. Prove that if a plane closed curve, which is symmetrical about 
any line in its plane, revolves about a parallel axis not intersecting the 
curve, then the moment of inertia of the solid generated about the axis 
of revolution is given by 

/=M(A«4-3A:2), 

where h is the radius of gyration of the generating area about its axis 
of symmetry and h is the distance between this axis and the axis of 
revolution. 

34 . Prove that the moment of inertia about its axis of symmetry of 
a solid frustum of a cone of mass M is (6® - a®)/(6® - a®), wWe 
a and h are the radii of its circular ends. (S.U.) 

♦35. Prove that the radius of gyration of a uniform lamina in the 
form of a parallelogram about a diagonal is /Sf/cv'b, where S is the area, 
and c the length of the diagonal in question. (M.U., Sc.) 

*86. A mass of 10 lb. hangs from a string wrapped round the hori- 
zontal axle of a flywheel of mass 200 lb. ; the radius of the axle is 2 in. 
and the mass falls 15 ft. from rest in 16 secs. Find the radius of gyration 
of the flywheel. (Li.U.) 

*37 A fly-wheel in the form of a uniform circular disc of radius 8 in. 
and weight 54 lb. is free to rotate about a horizontal axle. A weight 
of 20 lb. is suspended by a rope coiled round the circumference of the 
wheel. If the system starts from rest, find the velocity of the weight 
when it has descended 14 ft. (Le.U.) 

38 . Verify the following rule for finding the moments of inertia of 
symmetrical bodies, first given by Dr. Routh. The moment of inertia 
about an axis of symmetry is 

Mass X (sum of squares of perpendicular semi-axes)/^, 
where d is 3, 4 or 5 according as the body is rectangular, elliptical or 
ellipsoidal. 

*89. Find the equation of the momental ellipsoid at the vertex of a 
right circular cone of height h and base radius r. (Li.U., Sc.) 

* 40 . Prove that the equation of the momental ellipsoid at a point on 
the edge of the circular base of a right solid cone of height 1 ft. 6 in. 
and base diameter 1 ft. is 21a;®-f 41y®-f-26z®-30za;=/x®, where u is a 
constant. Hence calculate the radius of gyration of the cone about a 
generator. 
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121. Volume by Double Integration. In determining the 
volumes of solids, the general method employed is to find the 
area a of a convenient slice and then integrate over the whole 
solid. In general, however, the area a also requires an integra- 
tion, and if the slice lies in a plane parallel to that of yz^ then 


taken between the proper limits, and the volume V becomes 


■-ja.ix.jj* 


, dx . dy, 


the second integration being taken over the whole solid. 
Such a symbol is known as a double integral. 

If z = 4t(Xf y), then in evaluating 

\z . dy or \d>(x, y) . dy, 


X is regarded as a constant, as it certainly will be for an area parallel 
to the y2;-plane. The resulting integral taken over the region con- 
sidered will then become a function of a?, and the second integra- 
tion performed with respect to x. 

In the notation of double integrals, the right-hand difierential 
always applies to the first integration, and the other differential to 
the second integration. The following examples will illustrate 
the method of dealing with double integrals. 

B.M. 401 , q2 
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Ex, 1. Find the volume of the annular solid generated by the 
revolution of a quadrant of a circle whose hounding radii are AB, AG 
about an axis in the plane of the quadrant parallel to the chord BG. 
The distance of the axis from A is twice the radius r of the circle, 
and the convexity of the quadrant is towards the axis. (L.U.) 

The solution to this question was intended to be based on the 
second proposition of Pappus, and such a solution is given on 
p. 381, but an independent method, though longer, will exemplify 
the use of double integrals. 



The quadrant is shewn in Fig. 55, 0 being the origin on the axis 
of revolution. Suppose the quadrant revolve through a small 
angle d<f> about OX, so that O' A" be its new position in the plane 
perpendicular to OX, containing OA. 

Consider a slice PQ of thickness dx parallel to OA, then the 
volume of this slice is 

Area P'P''Q''Q ' . dx 
^\(P'F^-0'Q'^).d<f>^dx 
= \.PQ.{KP + KQ).d<l>^dx. 

Let L QAP = 6, then since l PAH = 7r/4, 

PQ—QH ~ PH=QH - AH—r{sm (0 + 7r/4) - cos (6 + 7r/4)} 

= 2r sin 

KP = KH - PH = 2r - r cos (d + 7r/4) = 2r - r (cos - sin ^)/>/2. 

KQ = KP - PQ = 2r - r (cos d - sin 0)1 - 2r sin 0/^2 

= 2r - r (cos 0'+ sin 0)1 ; 
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and x^r sin^j-^j=r(cos ^-sin 0)!^% 

so that dx— -r(sin 8 +cos 8)1^2, 

/. Volume generated by the quadrant in revolving through the 
angle dcjy 

= r®^2j { 2^2 (sin^ 8 + cos 8 sin 8) 

- cos 8 . sin^ 8 - cos^ 8 sin 8}d8 . 

d<l) being constant. 

Volume generated by the whole revolution 


=r®,y2[ [ {2^2 (sin^ ^ + cos 8 . sin 8) 

Jo Jo 

- cos 8 sin^ 8 - cos^ 8 sin 8}d<f> . dd 
= r»|*’'(3n--272) . #/3 = 7 r( 3 -- 272 )r»/ 3 , 


which agrees with the result previously obtained from the second 
proposition of Pappus. 


Ex. 2. x^ja^ + y^jh^ = 1 gives the contour of the base of a right 
cylinder, and the height is c. The cylinder is bevelled dovm so that 
the height z at any 'point {x, y) of the base, in the first qiuidrant, is 
given by z = c{l -xla)(l -y/b). Express the volume left in this 
quadrant as a double integral and shew that its value is 

abciir -131^)14:. (L.U.) 

Consider a rectangular prism of height z, whose axis is parallel 
to the g-axis, and the coordinates of whose base on the oji/- plane 
are (x, y), (aj + dsc, y), (x-{-dx, y^dy), (x, y + dy ) ; then the volume 
of the prism isz .dx . dy. 

Hence the volume of a slice of the solid, parallel to the i/ 2 ;-plane, is 

Cv Cy — . 

\ z.da>. dy = c\ (1 -a:/o)(l -«//6) . dx . dy, where y=bs]a^-^la. 
Jo Jo 

/. The volume of the whole bevelled solid in the first quadrant is 

c^\\\-xla)(\.-ylb ) . dx . dy. 

JoJo 
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It is obvious, in evaluating the first integral, that x is constant, 
since the slice is parallel to the i^u-plane ; hence, if V denote the 
required volume, the first integration gives 


r 


= - ^ j*^(l - x/a) {2 \/a* - a^/a - (a^ - 7^)/a^} . dx. 


Putting 05= a sin 6>, 

IT 

V *= |a5c J (2 cos* 6 - cos* d - 2 sin cos* 0 + sin ^ cos® 6) . dO 
= iahc(7r/2 - 2/3 - 2/3 + 1/4) = al)c(7r - 13/6)/4. 


122. Area of a Surface. Let z==f(xy y) be a quadric surface, 
and suppose it to be intersected by a rectangular prism whose 
axis is parallel to OZ and whose base on the ajy-plane is a rectangle 
having the points (a;, t/), (x+dx, y), (aj + dx, y + dy), (Xy y-^-dy) as 
its vertices. If (a?, y, z) be one of the points of intersection of the 
quadric and the prism, then the tangent plane at this point will 
cut a section of the prism whose area will approximate to that of 
the section cut ofi on the quadric by the prism, these two areas 
being equal in the limit. 

Let dS be the area of the section of the prism cut off by the 
tangent plane, then since this section is a rectangle, by (108) 
dx . dy=n . dS, 

{, m, n being the direction cosines of the tangent plane. 

Now, by (114), these are proportional to 'dzjdxy 'dzjdy, and 1. 

Let p-'dzj'dxy q = 'dzldy, and m = kqy n — ky then since 

l* + m* + w* = l, A;*(p* + 5 '* + 1)=1 or l/n = l/>/l +p* + gf*. 

Hence the surface S of the quadric z =f (z, y), is given by 



It is clear from this that if s, or z, x be taken as the indepen- 
dent variables, corresponding formulae involving the partial 
derivatives 'dx/dyy dxjdZy and 'dyj'dZy dyjdx respectively may be 
used. 
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Ex, 3. Shew that the area cut out of the cylinder = 4oa; by the 

cylinder T^-^-y^—a^ is 57ra*/2. (L.U., Sc.) 

The axis of the parabolic cylinder z^ = ^ax is the axis of y, 
and the axis of the cylinder is the axis of z. 

Now, since 2*=4aa;, 


. 'dz 2 a la j ^2 a 

fa f V'a*— *■ fa 

Jl-\-a/x.dx,dy=^ 4 :\\/(d^- 3 i^)(a + x)lx,{ 


n 

= 8a2| (cos^ 


0 + sin^ 0 , cos^ 6 ) dd, on putting x=a sin^ d, 


= Sa^(irj 4 : + 7r/16) = 57ra*/2. 


123. Centroids and Moments of Inertia. There are many cases 
where double integration is required in the determination of 
centroids and moments of inertia. The following example will 
illustrate the method of dealing with such cases. 


Ex. 4. (a) A right prism standing on a rectangular base is cut 
by a plane so that the lengths of parallel edges are z^y z^y z^y z^. Shew 
thit the centroid of the solid thus cut off between the xy-plane and 
the intersecting plane is at a height above the base equal to 

{ 2 z ^ + Zj + (Zjj* - «i23)/(*i + * 3 ) }/6. 

Calculate this height when z^^h ft., 2:2 = 3 ft. and 23 = 4 ft. 

(5) The thichiess z of a plate in the form of the parabola y^ = 4 ax 
between the vertex and the ordinate at x — h, is given by the relation 
z = a^ + y^. Find its radius of gyration about the axis of the para- 
bolay assuming it to be mad>e of material of uniform density y and 
with edges perpendicular to the xy-plane. 

(a) Let lx-\-my-^nz=p be the plane of intersection, and 
suppose the base of the prism to be on the auy-plane, having 
(a, 0), (0, 0), (0, b)y (a, 6) as its vertices ; then if Zj, z^y 23, z^ be 
the corresponding heights to the plane, the equation of the plane 
through (a. 0, 2), (0, 0, 22) and (0, 6, 23) may, by (1046), be 
written lx y z 1=0, 

a 0 2i 1 
0 0 2^ 1 
0 5 23 1 
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llp = (z2-Zy)laZi, mlp = (z^-z^)lbZi, w/;) = l/z2. 

Hence, taking a prism whose base is a rectangle of sides dx, dy 
and height z, between the a^y-plane and the intersecting plane, its 
volume = z , dx . dy^ and its moment about the xy-plane is 

Iz^ . dx . dy, 

so that, if z be the height of the centroid, 

z\ \ z .dx , dy=\\ \ z^ .dx . dy. 

J 0 J 0 J oJ 0 

Putting z^{p-lx- my) /n, 

2nz I I (p-lx- my) dx .dy—\ 1 {p -lx- my)^ . dx . dy. 

J oJ 0 J 0 J 0 

/. 2nz\ {{p-lx)-\mh}dx— \ {{p-lx)"^ -m(p-lx)h-{‘\m%^]dx\ 

Jo Jo 

2nz(p - \mh - \la) —p^ - mbp + + \ {mb - 2p)la + 

Dividing throughout by p^, and inserting the values of Ijp^ 
mjp, njp already found, a simple reduction gives 

6 (21 + 23) 2 = 2 (2i + 23)2 - 2;., { z ^ + 23) + - z ^ z ^ ; 

/. 62 = 22i + 223 - 22 + { z .^ - 2i23)/(2i + 23) . 

Now since (a, 6, 24) also lies on the plane lx-\-my-\- nz =p, 
la/p + whip +nzjp = 1, 
so that 2^4 = 2^1 - 2^2 + ^3* 

Hence 2 = { 224 + 23 + (22^ - z^z^)l(z^ + 23) }/6, 
as given. 

It is easy to transform this expression into the form 
2 = (21^ + + 232 + 242)/{ 6 (2i + 22 + 2:3 + 24) } + (2;i + 22 + 23 + 24)/12. 

With the given values, 24 = 6, and 

z = 62/27 = 2-296 ft. 

(b) Let p be the density of Ijhe plate, then the mass of an 
elementary prism of length z is pz .dx. dy, and its moment of 
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inertia about the aj-axis is py^z ,dx.dy; hence, if )fc be the radius 
of gyration about this axis, 

h^p\ { z ,dx . dy=^2p{ ^ yH . dx . dy^ 

JoJo JoJo 

t.e. f + -d^y^^i ^y^{x^-{-y^)dxdy 

JoJo JoJo 

(x2|/ + t/^/3)(fx=2j*^(a;22/^/3 + y®/5)da;. 

Since y is now an ordinate of the parabola y^ = 4aa:, 

T^\ {x^+ \ax^)dx = Sa \ {\x^ + ^ax^)dx\ 

Jo Jo ‘ 


giving 


/. A;2(/t/7 4-4a/15)=8a^(V27 + 4a/35), 

,2 4 - 108a) ah 

15h + 28a 


124. Centres of Pressure. The force exerted on each unit of 
area of a surface by a fluid in contact with it is called the pressure 
of that fluid. Let 5a be a small element of area, and let 5p be 
the force exerted by the fluid upon it, then 5p/Sa is the pressure 
at this point on the surface, and the sum of the pressures over 
the whole area is called the resultant pressure. The point on 
the surface where a single force acts, equivalent to the resultant 
pressure, is called the centre of pressure of that area. The deter- 
mination of resultant pressures and centres of pressure requires, 
in general, the use of double integrals. 

Ex, 5. (a) Explain the use of double integrals in finding centres 

of pressure of areas under fluid thrust, (L.U.) 

(6) Determine the coordinates of the centre of pressure of a 
uniform thin lamina in the shape of a quadrant of a circle of radius r, 
when immersed vertically in a homogeneous liquid with one hounding 
radius in the surface. Compare the position of this point with that 
of the centroid, 

(a) Let a plane surface be completely immersed in a homo- 
geneous liquid whose pressure at any point is p, then the pressure 
on an infinitesimal rectangular area whose vertices are the points 
(a;, y), (x + dx, y), {x+dx,y + dy); (x, y + dy), kp.dx. dy. 
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Hence the resultant pressure over the area = Jjp . dx . dy. 

Let (i, y) be the centre of pressure, then taking moments about 
each axis in turn, 


.dx ,dy ,dx , dy and y JJp . dx . dy = JJpy . dx . dy, 
||px.dx.dy _ ||py.dx.dy 


If- 


dx . dy 


|j p . dx . dy 


(184) 


where the integrals are taken so as to embrace the whole area of 
the surface immersed. 

If the weight of the fluid alone be considered, and taking 
density of the liquid, and h the depth of the point (x, y) below 
the surface, p-pgh. 

This analysis shews clearly the use of double integrals in 
determining centres of pressure. 

(b) Since the lamina is vertical with one edge in the surface, 
taking this edge as the axis of x, A =y, and p-pgy> 

Hence (134) becomes 


and 

i.e. 


I y . dy . dx = i | xy .dy .dx 
JoJo JoJo 

rCy CrCy 

y y.dy.dx= y^.dy .dx, 

0 J 0 J 0 J 0 

x\ y^.dx={ xy^. dx, \y\ y* . dx=^ [ y® . dx. 
Jo Jo Jo *^Jo 


But y is now an ordinate of the quadrant, and is therefore equal 
to ; 

/. xj* (r®-x®)dx = j' x(r®-x®) . dx, 

(r*-x®)dx = || (r®-x®)^.dx; 

T 

i.e. f X . r® = \r^, yr® = cos^ B . dx. 


where 


x=r sin 0=7r/16; 
x = 3ry8, y = 37rryi6. 
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If (a?', t/') be the centroid, then from Ex. 3, p. 377, 

x' = 4r/(37r) = 1 /' and y“i/'=r(97r2-64)/(487r), 

which is obviously positive, so that y>y\ and therefore the 
centre of pressure is below the centroid. Since the pressure 
increases with the depth, it is clear that this will always be the 
case for plane areas which are immersed in any position not 
horizontal. For a horizontal position the pressure is uniform 
over each element, and therefore the centre of pressure will 
coincide with the centroid. 


126. Triple Integrals. In some practical problems it is neces- 
sary to use triple integration. If, for instance, the density at any 
point (x, y, z) of a solid be a given function <^(x, y, z) of the 
coordinates, then the mass of an infinitesimal prism of volume dv 
whose edges are dx, dy, dz, is <^(x, y, z) . dv or <^(x, y, z) . dxdydz. 

Hence the mass of the whole solid is 

y, 2) • dv, or y> X)dxdydz, 

the integrations extending over the whole solid. Triple integrals 
may be evaluated in precisely the same way as double integrals. 

Ex, 6. The solid ellipsoid, + y^lh^ + z^lc^ = l, is such that 
the density at any point (x, y, z) is /x(x^”-l-l). Calculate its mean 
density. 

Let dxdydz be the volume of an infinitesimal prism situated 
in the limit at the point (x', y', z'), then the mass M of the ellipsoid 
is given by ra cy' 

M = /xJ 1 j (x^” + l) dxdydz 

= 2/ij' ^ (x2” + l)zdxdy. 

z is now the ordinate of the ellipse y^/y'^ + z^/z'2 = l, on the 
plane x *= x' ; so that z = z' \/y'^ - y'^jy ' ; 

M = (x^” + l)z' s/y'^ - y^ly* . dx dy 

= 2^1“ + \)z' sin-i | + 1 ■ dx 

(x®" + \)y'a'dx. 
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But y' is the ordinate of the ellipse + on the 

rry-plane, and z' is the ordinate of the ellipse = l on 

the 2a5-plane ; 

/. y' — h\/a^-7?la and z' = cs/a^-x^la^ 
so that M = TT/xhcfa ^ . j + 1) (a® - dx 

_ iix7rahc{3a^^ + (2n + 1) {2n + 3)} 

3(2n + l)(2n + 3) 

Now the volume of the ellipsoidi s 47ra6c/3 ; hence, by division, 
the mean density is 

/i{3a2« + (2n + l)(2n + 3)} 

(2n + l)(2n + 3) 

126. Change of Variables. It is sometimes necessary in order 
to evaluate a multiple integral to change the variables, as, for 
instance, from Cartesian coordinates to polars. When each 
variable is expressible in terms of a single parameter, the trans- 
formation is quite simple, bub when each variable is given as a 
function of two or more new variables, the transformation is 
more troublesome. Formulae giving the differential relations 
between the old and new variables in such cases will now be 
established. 

Suppose that to evaluate the double integral • ^y> 

it is necessary to change the variables x, y into u, v, where 
x = P{u, v)y and y=Q(Uf v). From (39), 

(a) dx = ^ , du + ^ . dv, 

(b) %=||.rfu+g.rf». 

Now, in evaluating the integral, x is considered temporarily 
constant whilst the ^-integration is performed. So in changing 
the variables x may first be regarded as constant, then dx-0, 
and (a) becomes 

du vv 
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Eliminating du between this relation and (b), 

where ^ ~ ^ Jacobian of x, y with respect to 

Uy V, as defined on p. 87, which by (42) does not vanish. 

Now let y be constant whilst x is variable, then from the 

relation just obtained, dv=0, and from (a) dx = ^, du. 

Hence y) -dx . di/= v) .J .du . dv, 

where F(Uy v)=<t>{P{Uy v), Q(Uy v)}. 

Similarly, it may be shewn that 

Jj*J</)(a;, y, z)dx . dy . = Vy w) .J . du . dv . dw. 

Hence, if z=P(u, v), y=Q(u, v), 

y).dx.dy=|li0{P(u, v). Q(u, v)} J.du.dv, 


where 


and if 


where 


J = 


dx ^ 

0U 9U 
dx dy 
dw dw 

x=P(u, V, w), y = Q(u, V, w), z=R(u, v, w), 
0(x, y, z) . dxdydz = (([0(P, Q, R) . J . dudvdw, 


0x dy dz 
0u 0u 

^ 

dw dw dw 
dx dy ^ 
0w 0w 0w 


( 186 ) 


If J' be the Jacobian of w, v, w with respect to Xy y, Zy where 
u = A(x, yy z)y v = B(Xj y, z), w^G{Xy y, z), then /J' =1, and this is 
true for any number of variables provided the relations defining 
the functions are independent. The theorem will be proved for 
two pairs of variables. 
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Let x = P(i«, v), y—Q(u, v), and suppose these equations solved 
for u, V, so that R(Xy y), v—S{x, y) ; then in the former x and y 
are independent, and in the latter u and v are independent. 

Writing the Jacobians in determinant form and changing 
columns into rows in J, 


JJ'- 


'dx 

'du 

'du 

dx 

dx 

dx 


dx 

dv 

% 

dv 

dx 

'dy 


du 

dv 


dx 

du dx dv 

dx 

du dx 

dv 

dx 

dx 


du 

dx^'dv’ dx 

du 

dy^ do ' 

dy 

du 

dv 



dv dy dv 


du dy 

dv 


dy 


du ‘ 

' dx^ dv ‘ dx' 

du * 

dy ^ dv ‘ 

Sy 


= 1, since x and y are independent. 


Similarly, it may be shewn for any number of variables. 

Hence, using the notation of Ex. 9, § 32, page 86. 

It yg =<^b(Xi, X 2 , ... Xg), be s independent functions in Vg variables, and 


J = 


3(yi, y*. ... ys) 




9(xi, X Xg) 

9(yi. y^, ... ys)’ 


Xg. ... Xg)’ 

then = 1 (138) 

When a;, is expressed in terms of this rule will facilitate the 
determination of J, since J' may be found directly. 

Ex, 7. Prove that the area in the ^positive quadrant enclosed 
between the curves a^y = sc®, a'^y l^x=y^ and V^x = ^ is equal to 
\{a-a')(h-h% (L.U.,Sc.) 

Shew that the hcus of the point x—a sin 0 cos sin d sin </>, 

2 = c cos 6 is an ellipsoid^ whose volume is 


rr IT 
f J 

M)c\ I sin 6 , cos^d ,dd.d<l> ; 
Jo Jo 

hence evaluate this double integral, 

(i) Let a^ly^Us if(x-Vy then 


du 

dv 


dx 

dx 


du 

dv 






-^ly^ 




=Sxy=S->Jm; 


Bfix 


... J=l/J' = l/(8Vw). 
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Cvt 

I dx .dy 

Xi Jyi 

= f ,du , dv, by (135), 

= ij* ui(a-a')du = l{a,-a.')(b-'b'), 

(ii) Eliminating 0 and from the parametric equations, 

+ y^/h^ + z^jc^ — sin^ 6 ^ cos^ + sinW sin^ + cos^ 6 ^ 

= sin*^ + cos^^ = l ; 

the locus is an ellipsoid. 

The volume of an ellipsoid = 81 1 z .dx . dy. 

Jo Jo 

Now to change the variables, 

J = ~ ^ = a cos 0 cos h cos 0 sin <#> —ah sin 6 cos d ; 

^ - - a sin ^ sin ^ h sin 6 cos d> 

d<fi di> 

F= 8 a 6 cf ^fsin 0 cos^O . # . (I^ = 8a6cr^4V^Sr^ • ^ 
JoJo Jo (y) 

rr 

= fa 6 cj' d<^= j7rabc. 

127. Intersection of a Plane and an Ellipsoid. The volumes of 
the two portions of an ellipsoid cut off by a plane may be found 

by evaluating the triple integral between the proper 

limits. In general, however, the calculation is very long and 
tedious, and often difficult. This may be obviated by taking a 
slice parallel to the intersecting plane and integrating along the 
normal. If, therefore, the area of such a slice is known, the 
triple integral may be replaced by a single integral. 

Now just as an ellipse has conjugate diameters, so an ellipsoid 
has conjugate planes, passing through the origin, such that their 
lines of intersection are conjugate* diameters of the elliptic sections 
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cut off respectively by them. From the properties of these con- 
jugate diameters (Ex. 12 (c), p. 226), the equation of the ellipsoid 
referred to its conjugate planes may be written 
x^ja? + y 1 » 

where a, y are the semi-lengths of the conjugate diameters. 

Let the plane j 5 = A, parallel to the conjugate t/iJ-plane, intersect 
the surface, then the section on it is the ellipse 
ir2/a2 + 2/7^2 = l-A2/y2. 

If w be the angle between the coordinate axes of this ellipse, 
which are a pair of conjugate diameters, and a', V be the semi- 
axes, then, by (73A), 

a/3/(l ~ A 2 /y 2 ) cosec w, 

and the area A of the section = = 7rai8(l - A^/y^) gjn 
Hence if Aq be the area of the parallel section through the origin 
Aq = Trap sin w, 

so that, by division, to eliminate ai, 

AIA^^\-k^ly\ 

Further, let Pq, p be the perpendiculars from the origin to the 
respective planes, z = y, z = \, then ^ly-pIPa- 
Hence A=Ao(1-p*/Po*) (137a) 

Ex. 8. (a) Find the area of the elliptic section cut off from an 
ellipsoid by any plane through the origin. 

(b) Prove that the plane xla-^-yjb + zIc-l divides the volume of 
the ellipsoid x^Ja^ + y^/b^ + z^jc^ = i in the ratio 

(3V3-4): (3^3 + 4). (L.U., Sc.) 

(a) Let + + be any plane intersecting the ellipsoid, 

7?la^ + y^jb^ + z^j^ = 1 , and passing through the origin, then by (1 1 1 ) 
the section is the ellipse 

A^a? + 2irxy + Fy^^0, 

where A* = (nfija^ + P/fe*) -f m*) , 

F = iPn^ja? + mH^/b^)l(l^ + m*) + (P + m2)/<P, 

H' = lmn(lfa^ - 1 lb^)l(P + m^). 



§ 127 ] 


PLANE SECTIONS OF AN ELLIPSOID 


415 


From Ex. 8, § 73, the squares of the reciprocals of the semi- 
axes of this ellipse are {A' + B' -(A' - the 

pro duct of wh ich is A' B' - ; hence the area of the ellipse is 
ttIJA'B* ‘irahcl'JaW + on putting in the values 

of A\ B\ H\ 

Now the parallel tangent plane will touch the ellipsoid at the 
extremity of a conjugate diameter; hence its perpendicular 
distance from the origin is the of (137a), and by (115), 

= aH^ + 

so that the area Aq is given by the simple relation 

Ao=‘irabo/Po (187b) 

(h) With this result the required volumes may be obtained by 
a single integration. Consider a slice of thickness dz, parallel to 
and distant z from the given plane, then if A be its area, and the 
volume, 

[Po 

A , dz 

=^o£“(l-2VPo*)-<^«.by(137a), 

= ^oiPo -P<J^-P+ fl^Po) 

— \Trahc{^ - 3/a + fi^), by (1376), 

where // =pIpq, 

Similarly, the volume of the other portion is 
Vg = ^7ra6c (2 + 3 /a - /A®) . 

Hence to determine the ratio vjvp the value of /a must be found. 
Writing the equation of the cutting plane in the form 

p = L? + my + nZy 

and observing that it passes through the points (a, 0, 0), (0, 6, 0), 
(0, 0, c), successive substitution gives 

Z=p/a, m=p!b, n=plcy 

and p^^aW + 6^m® + = 3p^, on inserting the values of 2, m, n > 

hence /* = l/>/3, so that 

: Vsj = (6V3-8) : (6V3 + 8)=(3v'3-4) : (373 + 4). 
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128. Plane Section of a Paraboloid. The formulae given in (137) 
are not applicable to a paraboloid since it is a non-central quadric 
surface. The area of a plane section may, however, be readily 
determined as follows. 

Let the equation of the paraboloid be + and 

suppose it to be intersected by the plane Za? + mi/ + nz=p, then the 
projection of the section on the aji/-plane is 

ax^ + by^=2(p-lx- my)ln^ 


i,e. 




which is an ellipse if a and h are positive ; hence its area is 


n^Jab 


(- 


+^ + 2pn|. 


Now, if this area be divided into triangular elements whose 
bases are infinitesimal elements of the bounding curve, the area 
of each triangle is n times the area of the triangle in the plane 
section of which it is the projection, by (108). Hence summing 
all these areas. 


A=— (‘- + ^+2pi») (187c) 

n*val) lab j 


Exercises 16. 


1. Evaluate 


dy , + 


2. Explain the meaning of double integration in connection with 
finding the mass or volume of a solid. The surface 
x^la^ + y^lb ^ + = 1 

encloses a solid whose density in the first octant is hx. Find the mass 
of the octant and the distance of its mass centre from y=0. (L.U.) 


3. Find the value of the double 


integral ||a;ycZa;(Zy 


the positive quadrant of the circle a;®+y*=a*. 


taken over 


(L.U.) 


4. Shew that the volume enclosed by the surface xy=:z cut off by 
‘the planes x=0, y=a, x—h,y=cia 6*(c*-a®)/4. 


5. The equation of a surface is given in the form z=:f{x, y), where 
/(», y) is a continuous single* valued function of x and of y. 
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Shew that the volume between this surface and the plane z=0 out from 
a cylinder that has its generating lines parallel to the axis of z, can be 
written 

1 /(*. y) dx . dy. 

J*l Jjfl 

Find the volume between the surface z^xy, the plane hx-\-ay—6b 
and the coordinate planes. (L.U.) 

6 . Find the value of \\{a^-x^)dxdy taken over half the circle 

A horizontal boiler has a flat bottom, and its ends are plane and 
semicircular. If it is just full of water, shew that the depth of the 
centre of pressure of either end is 0*7 x total depth, very nearly. (L.U.) 


7. Explain the use of double integrals in finding cwitres of pressure 
of areas under fluid pressure. 

A rectangular tank is filled with water ; the ends are vertical and of 
area 4 ft. by 6 ft. each, the 4 ft. edge makes 30° with the upward vertical. 
Find the total fluid thrust on an end and the centre of pressure. (L.U.) 

1 {^y^ + l)dxdyla^, where y^^^a^x^ - I, 
i/Jo 

9. A right circular cylinder, of radius a, with axis along the axis of 
z, stands with its base in the plane of xy. If it is cut by a surface with 
ordinates z given as a function of x and y, shew that the volume of the 
solid bound^ by the surface, the cylinder and the base can be expressed 

by the integral 

ra 

1 1 z , dxdy, 

J -a J 


Find the volume of the solid left when the upper part of the above 
right circular cylinder is cut away by the parabolic cylinder 2 = 6 + cy*. 

(L.U.) 

10. If 2 =( 1 -a;2/a2-y2/62)2 -1 +a;/a + 7//6, change the variables in 

the double integral ||2 . da; dy from x, y to 6, 0, where x=asm6 cos 0, 

y =6 sin ^ sin ; hence evaluate it between the limits 7r/2, 7r/4 for 
and 7r/2, 0 for 0. 


11. Find the area of the section of the surface 3(1 - 2 )= 2 x 2 + y* 
made by the plane 2 = c, where c is less than unity. 

Utilise this result to obtain the volume of the solid bounded by the 
portion of the surface above the plane of xy. (L.U.) 

12. Find the value of ||xydxdy taken over the positive quadrant of 

the ellipse 6®x2 + aV=®®^*> taken through th» 

volume of the sphere of radius a, r denoting the distance of a point 
from a fixed point on the surface of Ifche sphere, (L.U.) 
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18. Shew that the area bounded by the isothermals 'pv—a,pv=^b, 
and the adiabatics 'pv^ = c, pv^=dy is 


b-a 



14. P is any point on the catenary y =c co&h {xlc), whose vertex 
is A ; find the length of the arc AP. 

Find the values of 




taken over the area bounded by the above catenary, the axis of x and 
the ordinate x=a. (L.U. ) 

15. Find the value of 1 r® cos® B .dr dd taken over the area of the 

circle r= 2a cos 6^. (L.U.) 

16. Change the variables in |J(1 -z^Y^dxdy^ where from 

Jc* y to Of Cleans of the relations a? = sin 0 cos 0, y =8in ^ sin ; 

hence evaluate the integral between the limits ^ to 0 for 0 and ? to 0 
for 0. ^4 

•17. Shew that where 

A® = (a® sin® 8 cos® <^ + 6® sin® 8 sin® 0 + c® cos* 8)^. 


18. Find the volume of the portion of the paraboloid a;®/9 -f-2/®/4=2z 
cut off by the plane which passes through the points (3, 2, 1*5), (0, 6, 0’5) 
and (1*6, 0, 3). 

19. Find the ratios of the volumes cut off from the ellipsoid 

4a;® + 812/® + 5762® =7056 

by a plane which contains the points (0, 2, 2’5), (3, 0, 2*5) and (6, 3, 0). 

♦20. Shew from (133) that the portion of the surface of the sphere 
35 =a sin 8 cos <^, y=a sin 8 sin <f), z=a cos 8, bounded by two meridian 
arcs and the curve 6^ =/(</>), is given by 

S =a®|{l - cos /{<!>)} d(t). 

Hence prove that the area of a spherical triangle bounded by two 
meridian arcs and a great circle is a^E. where E is the spherical excess 
of the triangle. * 
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*21. Prove that the volume enclosed between the cylinders 
a ;2 _ 2ax—Q and z^—2ax 

is 128a»/16. (B.U., Sc.) 

*22. The height z of a point on the surface of a mound above the 
plane of xy is given by the equation a^z = (a^ - x^)(a^ - 2a being the 
side of the square base of the mound. Write down the expression 
for the volume of the mound as a double integral, and find its value. 

(B.U.) 

23. Shew that the value of the double integral 
r f dxdy 

taken over the area of a square bounded by a;=0, ^=0, 

isTT/e. (S.U.,Sc.) 

*24. Taking any point on the edge of the circular base of a right solid 
cone of height h, base radius r and density p, as origin and the axis of 
z parallel to the axis of the cone, shew that the product of inertia for 
the za;-plane of the solid is given by 

^ r* C2r-x , , 

2p \ \ xyz dz . dx. 

JO jX 

Hence evaluate this double integral. 

*26. Shew that the volume of the paraboloid x^la^-\-y^jh^^2z cut off 
by the plane lx+my-\-nz=p is 

irah(aH^-k- 2pn)^l^n*. 

Hence prove that the distance /x between two parallel planes cutting 
a slice of volume V from the paraboloid is given by the quadratic 

7rahpL{aH^+ 2pn+pn)= Fn®. 

*26. A square lamina in a vertical plane is totally immersed in a 
homogeneous liquid of density p, its centre is at depth d below the free 

surface, and a side makes an angle less than with the horizontal. 

Prove that the total thrusts on the portions of the lamina above and 
below a horizontal line through the centre are 

2gpa^{d±la(2 cos sec 0)}, 
where 2a is the length of a side of the square. 


(L.U.,Sc.) 
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129. Expansion of Periodic Functions. The determination of a 
rational integral function approximating to a given empirical 
function which is continuous and non-periodic has been dealt 
with in Chapter IX. The case of a periodic function will now be 
considered briefly. 

The period of such a function may be taken as 27r, for in any 
particular case an appropriate change in the independent variable 
can generally be made to effect this. The approximating function 
may then be taken in the form 

Aq + Ai cos a; + -42 cos 2a; + ... +-4^ cos rx + ,,, 

+ sin X + B 2 sin 2a; + ... + R,. sin ra? + ... , 
where -4,., B^ are constants such that the series will be valid for 
values of x within the period. 

A determination of these constants will now be made. 

Ex, 1. Find the coefficients Aq, A^,, By if 

/(a;)=-4o + -4i cos x+ ... +-4^ cos ra; + ... 

+ B^ sin X + sm 2a; + . . . + Ry sin ra; + . . . 

between the values x=0 and x = 2tr \ and determine their values in 
the case in which f{x)=x between these limits, (L.U.) 

n n 

Write /(a?) = -4o + 2 cos rx + '^By sin rx, 

r—l r=»l 

Multiply out by cos rx, and integrate both sides from 0 to 27r, 
'then 
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Now j*^ cos rx . = i j^sin =0, since r is an integer, 

f2ir 1 f 2ir 

and j cos sx . cos rx . do? = ^ J (r 4- s) x + cos (r - s) x}dx 


_ ipsin (r 4- s) x^ sin (r - s) 

"" 2 L ^ r--— I - 


r-s 


as long as 5 and r are different integers. 
When s=r, the integral becomes 


f2fr 1 f2»r jr "1 2ir 

J cos* rx . dx = 2 J + cos 2rx) dx = ^ 2rx/2r J = tt. 

Similarly 

r2»r 

si 

Jo 


sin rx . cos rx . dx =0 and sin sx . cos rx . dx =0. 


Hence every term on the right-hand side of the above equation 
vanishes, except that which contains so that 


f2«‘ 

J /(x) . cos rx ,dx=^ TrAf . . 


This determines the coefficients A ^ . 

In precisely the same way, by taking sin rx as the multipl 3 dng 
factor and integrating. 


p2ir 

j /(x) sin rx .dx=^ 


Finally, 

f2tr C^ir ft n 

I /(x).dx= Ar cos rx-\-^ sin rx)dx 

Jo Jo rSi 

= 27r^o- 

Hence all the coefficients have now been found. 

When / (x) = x, then 
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and the series becomes 

a;==7r-2^sina5 4-| sin 2a; + | sin 3aj + sin naj+ 

130. Fourier Series. A trigonometrical series whose coefficients 


are 


and 

where 


Ao f (x) . dx, Ar f (x) cos rx . dx, "j 

Br f (x) sin rx . dx. 


f(x) = Ao + 2 Ar cos rx + 2 ®r sin rx 

r=l r=l 


.( 138 ) 


is called a Fourier Series, after the French mathematician Jean 
Fourier, who first stated the theorem in 1822, that an empirical 
periodic function defined in the interval 0 - 27r could be represented 
by such a series. 

It should be noted that in (138) the range is from -tt to tt, 
instead of 0 to 27r. This is often more convenient, and really 
means that the origin is changed to the period (ir, 0). 

The determination of the coefficients when f{x) is given as a 
series of discrete values through which a graph may be drawn is 
more difficult, since the integrations cannot now be effected 
analytically. Several methods have been devised, but space 
permits only the discussion of one of these, which is a general 
method in practice. 


Ex, 2. Shew how a Fourier series can he constructed which will 
represent approximately the equation of a given curve between the 
values 0 and 27r. 

Let y=f{x) represent the approximate equations of the given 
graph; let the interval a;=0 to a;=27r be divided into n equal 
parts, bounded by w + 1 ordinates, y, (s=0, 1, ... n). 

Let 6 be the distance between consecutive ordinates, then 

6=2wfn, 

- Assume that y has the form 

n n 

y = 0 + ^ ^ COS ra5 + ^ R,. sin ra;, 

f-l r-l 
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then since is the ordinate at a;=s^ = 2n-5/n, 

n n 

yg^Ag + ^Af. cos rs0 + ^ -Sr si^i I 

n— 1 n— 1 

= + S + 2s^ + ... + Ri sin 

iTo +R2sin2s^4-...}- 

Taking the general term of the series of cosines, 

n— 1 

= 1 + COS + cos 2md + . . . + cos (n - 1 ) 


= ^cos . sin \nmd^ j sin \md. 


by Ex. 10 (i) (p. 51), on writing mB for 6, and putting a=0, 


( n-\ 

cos mTT . sin mir 

\ n 


\ . rmr 
) sin — , 
/ n 


on putting in the value of B, 


= 0, since m is an integer. 

Hence the whole of the cosine series vanishes. 

Similarly, taking the general term of the sine series, 

n—l 

2 sin m5^ = 8in m^ + sin 2m^ + ... +sin {n-\)mB 
=sin \{n-\)mB , sin Jn?n6//sin \mB, 

on putting in the value of B, 

Hence the whole of the sine series also vanishes, and 

n-l 

«=o 

i.e. Aq is the arithmetic mean of the n ordinates. 

The coefficients A,, may now be determined by multipljdng the 
equations for y^ by cos rsB, and on taking the sum, all the coeffi- 
cients except that of A j. will vanish, thus giving an equation for 
Af, Similarly, by multiplying the y, equations by sin rsB, and 
summing, a relation in remains. 

In practice, only twelve equidistant ordinates are taken, and 
the corresponding Fourier series assumed is 

6 5 

y^A^-^^A^ cos rsB + V sin rsB, 


where ^ = 7r/6. 
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From the above analysis, the coefficients are given by the 
equations, 

11 11 11 

12 Ao=s S y»» 6 Ar= 6 Br= Z y« sin rsO. ...( 189 a) 

■=0 1=0 1=0 

These may be simplified according as r is odd or even. 

Let r = 2 ^ + l (p= 0 , 1 , 2 ), then 

5 

6^2j»+ 1 = yo - 2/6 + S + l)md 

m —1 

+ 2 /is-m COS { 2 p + 1 ) (12 - m) d} 

5 

= yo - 2/6 + S ( 2 /w + 2/i2-m) COS ( 2 p + 1 ) me. 

mxl 

Since cos 3 r^ = 0 , cos 4 rd = ~ cos 2 r^, and cos 5 r^ = - cos r^, 
r being an integer, odd or even, and 6 ^ = ir, the above expression 
reduces to 

6 A^+ i=yo-y«+{yi+ yu -ya- y?) cos {2p+i)e 
+ (ys + yio - y4 - y») cos 2(22> + 1) e. 

Similarly, if r= 2 y (j>= 2 , 4 ), 

QAjj, =yo+y9+ (yi + yii ys + yi) cos 2pe 

+ (y* + yio + yi + ys) cos ipO + (ys + y,) cos 6 pe, 
and 

GBaH-i = (yi - y^ + yj - y,) sin ( 2 ;) + l)d 

+ (ya - yio + ys - ys) sin 2 ( 2 ;) + 1 ) d 
+ (y3-y») sin 3 ( 2 p + l)e, 

6 Sg„ = (yi - yii - yo + y?) sin 2^)0 + (ys - yio - y* + ys) sin 4 j)^. 

The actual numerical calculation is best carried out by the 
following simple scheme of tabulation devised by C. Bunge. 


Ordinates. 

a 

b 

Vo y\ Vt Vz y. yt 

yu Via y* yz y» y. 

d + 6 

c 

d 

f/o Ui Wj W3 ^5 ye 

ye % ^4 

c + d 

V 

Vo Vi Va Va 

c-d 

w 

Wq Wj Wa 

a ~6 

e 

f 

(^a ^3 ^4 ^5 

Ofi O4 

e+f 

9 

hi ha ha 

«-/ 

h 

" Ct Ca 
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The equations giving the coefficients Jj.* be easily 

determined from the following table : 


r=0 and 6 

j 1 and 5 

2 and 4 

3 

Va 

vi ! 

«’o 

«'j/2 

«’in/3/2 

«’o 

-t),/2 

»i/2 

-Va 

6 

1 

§ 

3 

CO 

«1 

ttg 

ag 

«4 

“6 

ae 

— 

a o 

il li 

1 + 
p p 

1 M tS 1 

1 

6^i = a3 + a4 

QA 2 — tlg + Ctg 
6J4 = a5-a8 

6A^=Wq-W2 


1 and 5 

2 and 4 

1 ^ 

bJ2 

b2sl^l2 

Cl >y3/2 

Cg v/3/2 

'f 

'fi 

i /3i 

CO 

^2 


184 

— 

6Bi = Bi + ^ 

65 .=A-/ 3 , 

6Ba = Ba + l3, 

6R4 _ /Jg - /^?4 

0 

Jsj 

11 

1 

cT 


Ex. 3. An empiriail periodic function is defined by the follomng 
twelve equidistant ordinates covering the whole period. 

5-0, 8-1, 10-3, 11-5, 11-4, 10-3, 8-2, 6-0, 41, 3-8, 2-2, 2-8. 
Construct the approxirmte Fourier series for the function. 

Taking the given ordinates, and tabulating them according to 
the scheme of Ex. 2 above, the numerical calculation appears as 
follows : 


Ordinates. 

a 

6 

c 

d 

50 8*1 10*3 11-5 11-4 10*3 

2-8 2*2 3*8 4-1 60 8*2 

ct + 6 

50 10-9 12*5 15-3 15*5 16*3 8-2 
8-2 16-3 15-5 

c d 

V 

13-2 27*2 280 16-3 

C-d 

w 

-8-2 -6*4 -3*0 


c 

6-3 81 7-7 7-3 4'3 

a-b 

JL 

4-3 7-3 

«+/ 

9 

9*6 15-4 7-7 

«-/ 

h 

10* 0-8 


B.M. p 
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Transferring the rows v, w, g and h to the second table : 


r<»0 and 0 

1 and 5 

2 

and 4 

3 

13-2 

28-0 

27-2 

16-3 

-3-2 

-1*5 

-2*7^3 

13-2 
-14 1 

13*6 

-15*3 

-3*2 + 3 

41*2 

42*5 

-4*7 

-2*7^3 

-0*8 

-1*7 


124„= 

12^,= 

83*7 

-1-3 

6*4i=- 

64s=- 

4*7 -2*7^3 
4*7 + 2*7^3 

6^s = 
6^4 = 

: -2*5 
: 0-9 

6^3= -0-2 


1 and 6 

2 and 4 

3 

4*8 

7*7 

7-7^3 

0-6V3 1 

0-4 ^/3 

96-7*7 

12*5 

7*7^3 

0*5 <^^3 

0*4^3 


6Bi = 12-6 + 7-73^/3 
65, =12-6 -7-73^3 

6^2 = 
6^4 = 

0*9^3 

0*W3 

653 = 1*9 


Putting ^/3 = 1*732, the required series becomes 
y = 6*98 - 1*56 cos x - 0*41 cos 2x - 0*03 cos 3x + 0*15 cos 4x 
- 0*003 cos 5x - 0*11 cos 6x + 4*31 sin x + 0*26 sin 2x 
+ 0*32 sin 3x + 0*03 sin 4x - 0*14 sin 5x. 

131. Validity of Fourier Series. It should be carefully observed 
that the representation of a periodic function by a Fourier series 
depends upon the assumption that such a series is valid within 
the period. A rigorous proof of this is by no means easy, and will 
not be here attempted. It was first given by Dirichlet in 1829, and 
may be found in the treatises on the Calculus mentioned on 
p. xii. In the case of a function defined analytically, the infinite 
series supposed to represent it must be shewn to be convergent 
for all values of the independent variable within the period. In 
practical cases, however, it is generally sufiicient to see that the 
function is single-valued, finite and, in general, continuous. It 
must also be periodic, satisfying the condition f(oiy±2mjr) = /(a?), 
and the Fourier series representing it must be tested for the end 
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values of the period, i.e, for 05=0 and oj = 27r, for often the series 
is true for values within the period but breaks down at the 
boundaries. Ex. 11 of the following exercises will afEord an 
illustration of this. 


Exercises 17. 

An empirical periodic function of x is defined by each of the following 
groups of twelve ordinates covering the period 27r. Express each 
function as a Fourier series. 

1. 30, 40-5, 47, 61-5, 63*5, 63*7, 61-4, 45, 35, 25, 17*5, 17. 

2. 20, 39*6, 64, 64, 69*5, 73, 76, 73*6, 70, 63*5, 54, 40*5. 

3. 44*2, 82*6, 110*3, 124*6, 113*5, 100*7, 71*2, 43*3, 28*3, 23*7, 22*2, 
28*3. 

4 . 13*6. 18*5, 20*7, 20*2, 17*8, 14*3, 10*1, 5*6, 1*9, 0*6, 2*5, 7*5. 

6. 16*4, 16*3, 14*1, 11*7, 9*4, 7*1, 5*7, 6*0, 4*1, 5*1, 8*4, 12*2. 

6. For the purposes of an approximation, a half arch of the sine 

curve sin a; is to be replaced by the straight line y—mx. In order 
to find the best value of wi, proceed as follows. Take the square of the 
difference of the ordinates of the curve and the line, and find the mean 
value by integration from 0 to 7r/2. Then find, in terms of a, the value 
of m that makes this mean value a minimum. (L.U. ) 

7. A crank a feet in length rotates uniformly with angular velocity 
(D ; the connecting rod is I feet long ; find the distance of the cross-head 
from the end of the stroke as a function of the time. Shew that the 
motion is very nearly simple harmonic combined with one of half the 
period. 

8. Give concisely, with proofs, a graphical method for determining 

the coeificient of a Fourier series valid between x=0 and a;=27r which 
is approximately the equation of a given graph, (L.U.) 

9 . Find a Fourier series for x valid between the interval = a;=7r. 

10. Shew that if (l>(x) is an even function, the expansion of <f>{x) 
consists of cosines alone, when the period ranges from — tt to tt. 

11. Find a Fourier series for e* valid within the interval 0 to 27r, 
Test the series at a;=0 and a:=27r. 

♦12. Shew that 

oo 

1 +2fl cos x+a^—2 2 cos rxjr when a <1, and •» 

r=l 

=2 log a +2.S ( - cos rxl(ra^) when a > 1. 
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go w. 

♦18. If 0(a?) =zAq + 2 cos Br sin rx, and the Fourier series be 

*•“1 r=l 

denoted by S, the coefficients may be derived from the condition that 
if is a minimum where 


M = \ {<l>{x)-S)^dx. 
Jo 


This condition will be satisfied if ^^=0, and 1^=0 ; shew that this 
gives 


C2ir f2ff 

2tAq = I <#>(a;) . dx, wAr = \ <#>(«) cos rx . dx 

Jo Jo 


and 


ttB. 


C2ir 

</>(«) si] 
Jo 


sin rx . dx. 


14. A function of x is equal to x for values of x between 0 and 7r/2 
and equal to 7r/2 for values between 7r/2 and tt. Prove that it may be 
represented by the series 

(1 + 2/7r) sin a: - J sin 2a;+ J(1 - 2/37r) sin 3a: - J sin 4a; 

+ J(1 +2/57r) sin 6a; - . (Li.U.) 

15. The value of y, a function of x of period 27r, is given for twelve 

equidistant values of x covering the whole period ; 22-8, 20*3, 15*2, 9-4, 
6*2, 3*1, 2*9, 4*3, 7*4, 12*1, 17*3, 21*6. Express y in a Fourier series, 
neglecting terms in cos na; for 77>3. (Li.U.) 


♦16. Determine the Fourier series of cosines of multiples of x which is 
equal to | sin a; |, i.e. =sin a; if 0 < a; < tt, and = - sin a; if tt < a: <27r, 
viz. 


4/1 cos 2a; cos 4a? 
irV2” 1.3 " 3.6 


cos 6a; 

TTT 



(Br.U.) 



CHAPTER XVIII 


DIFFERENTIAL EQUATIONS 

132. Formation of a Differential Equation. Any functional 
relation between two or more variables usually involves, in its 
expression, at least one constant. Thus, in the equation of the 
circle = r^, r is regarded as a constant. But all circles do 

not have the same radius. Similarly for the parabola = 
a is a constant, although different parabolas have different values 
for a. When, however, a general relation for all curves of a 
particular kind is required, the constants must be removed. This 
is done by differentiation. 

Ex, 1. Eliminate the constant a from the equation y^^iax. 

du 

Differentiate with respect to x; 2y^=^4:a, 

This equation divided by y^ = iax, gives 

y=2xly 

dx 

which represents the general equation for all parabolas. It is the 
eliminant of the constant and contains a differential coefficient, 
and is called a Differential Equation. In general, one differentia- 
tion is required to remove each constant, so that a functional 
relationship involving n constants will lead to a differential 
equation of the nth order, and conversely, the functional relation- 
ship between the ’‘’'ariables in a differential equation of the nth 
order, will involve n arbitrary constants in its most general 
expression. This is a fundamental principle in the theory of 
differential equations which is exceedingly important in practice. 

429 
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Ex. 2. Eliminate the constants A and B from the equation 
y=Ax^ + 

Since there are two constants to eliminate, it will be necessary 


to differentiate twice. 

Now y — Ax^ + Bx''^~^; (a) 

yi=‘uAx^“^-(n-{-l)Bx’^^-^, (&) 

and y^ — nin- \)Ax'^^^ + (n 4- 1) (w + 2) (c) 

where and 

Solving (a) and (5) for A and B : 

. _{n + l)y + xyi j,_{ny-xyi)3f^+^ 

(2w + l)a:’* ’ 2» + l 

Substituting these values in (c), 


(2n + l)3^y2=n{n - l){(w + l)y+xyi} + (n + l)(n + 2)(ny - xy^) 
= n (n + 1 ) (2n + 1) y - 2 (2w + 1 ) xyi ; 

x>.g + 2xg-n(n + l)y = 0. 


Exercises 18a. 

In the following exercises, variables are denoted by small letters and 
constants by capitals, unless otherwise stated. 

Eliminate, by differentiation, the constants in each of the following 
equations : 

l^y—Asinx. 2. y=Ae^. 2. y=A'>Ji + x^. 

4. y{a^^6)=x{x-i-A). 6. y^{l -x^)=A sin^x. 


6. c**'=i4xa. 


7. y^(A^-x^)=A^-\-xK 


*S. x^(x^+y^) = A^{y^-x^). 
10. X smy=Ay cos x. 

12. xy=Ax^-^B. 

14. ^=Ax-hBx^e*. 

♦16. = 


♦9. 3x2 + 2^a;y + 32/2 = 1. 

11. 2/ = A sin X + R cos x. 

13. y=-4x + Rx-2. 

♦15. y=A coa (log x) + J5 sin (logx). 
17. y+A=]og{x+B). 


18. y=A cos x + B cos 2x. 

« , 

♦19. 6(y + Ax) = B {2x(.r* + 3) tan-' x - 2 log (1 + x2) - x*}. 
♦20. Ax2 + 6x2/ + Ry*=l. 
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21. The displacement x of a body executing simple harmonic motion 
is, in time given by the equation 

x=A mnd-¥B cos co^, 


where a> is a fixed constant, and A, B are arbitrary constants, depending 
upon initial conditions. 

Shew, by eliminating these arbitrary constants, that the motion is 
represented by the equation 


and interpret this equation. 



o)2a;=:0, 


22. The displacement x of a particle executing simple harmonic 
motion, which is being damped by friction, is in time t given by 


x=Ae-^^sm (oj^ + R), 


where /, w are fixed constants and A^ B the arbitrary constants. Shew 
by eliminating A and B that the differential equation representing such 
motion is 


d^x c^.dx 


*28. The space s described in time f by a body falling under gravity 
in a resisting medium of constant density is given by 

fjL^{s + A) =zg]og cosh + 

where fi, g are fixed constants depending upon the medium and gravity 
respectively, and A, B are the arbitrary constants. Prove, by eliminat- 
ing these constants, that the differential equation representing the fall is 


d^3 ^ 

de*'*'? A®/ 


-fii=0. 


*24. The general equation of a conic may be written 
Ax^-^ 2Hxy^y^ + 2Gx -i- 2Fy -\-C=0, 

where A, C, F, Q, H are arbitrary constants depending only upon the 
position of the cutting plane. 

Regarding this equation as a quadratic in y, solve it, and then, by 
differentiation, shew that if ^ be written for 

= Ex^ + 2Mx + iV, 

where - C){H* -A)-HF- 

Finally, by further differentiation, to eliminate the new constants 
E, M, N, prove that the general differential equation of a conic section 



432 


HIGHER MATHEMATICS 


[cfl. xvra 


183. Linear Differential Equations of the First Order. A dif- 
ferential equation is an equation involving two or more variables 
and their derivatives or differential coefl&cients. When the 
derivatives present are complete, the equations are called 
Ordinary Differential Equations to distinguish them from Partial 
Differential Equations in which the derivatives present are partial 
differential coefficients. 

The Order of an equation is that of the highest derivative 
present, and when only the first power of each derivative is 
present, the equation is said to be linear. Thus the following are 
examples of linear equations of the First, Second and Third 
Orders respectively : 

(a) (16-i/2)g=9 + a?, 


(b) 


dx^ X 


^ + 2 / = 3a5 sin x. 


d?y 


d^y 


(c) cosx.^4-sinx.^ + i/*-l-cos^x=0. 

Onlj- ordinary linear equations in two variables will be con- 
sidered here. 


Ex, 3. 
equation 


The gradient of a curve at any 'point is given by the 
2 sin X . > 


find the equation of curve. 

Here the relation between x and y is required. 
Separating the variables, the given equation becomes 
2 .dy _ dx 
1 -2/^” sin x’ 


Integrating each side and adding on an arbitrary constant, 
logi^=logtan| + ^'. 

Since A' is quite arbitrary, put A' =log A, then 
^og\^=\ogAt&n^, 

l+y=^(l-y)taii|. 


or 
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Ex. 4. Obtain the general solution of the equation 

where A and B are constants, 

A 'particle of mass 1 Ih, moves in a medium whose resistance is 
v/S lb, weight, where v is the velocity^ and is subject to an accelerating 
force constant in direction which at time t is 4t^ lb, weight. If the 
particle starts from rest, find its velocity after two seconds. (L.U.) 

In the given equation the variables cannot be separated 
directly, hence the term in y must first be removed. 

Let y=^uv, where u and v are functions of x to be determined, 
then 

dy __ dv du 
dx ^'dx^^'dx 


Substituting in the given equation, and writing X for /(sc), 

i.e. Av , ^ + (a ~ -i-Bv)u=X. 

dx \ dx / 

Now so far u and v are only subject to the condition that their 
product must be equal to y ; another condition may therefore be 
arbitrarily imposed upon them. Let this be that the coefficient 
of u in the last equation should vanish, 

then A^ + Bv=0, 

i.e, — + c . where c = BIA , 

which, on integration, gives 

log v + csc=0, 

there being no need to introduce an arbitrary constant, since this 
would disappear later ; 


Hence on substituting this value for v in the equation in u, v, 

Ae-«'^=A; 

dx 


/. Adu^Xef^dx, 

p2 


B.M. 
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which, on integration, gives 

Au = C+jxe^^ . dXy 
C being an arbitrary constant ; 

Ay = ^C+Jxe«* .dx^e"**, 

which is the general solution of the given equation. 

Let s be the displacement of the particle in time then the 
equation of motion is 

5 = 


■D *. ^ 


d/0 

equation becomes 


^+kv=igt’‘, 

where 

Put = = this being the substitution necessary 

to remove the term in v, as shewn above. 

Then du = 4^tV^ . (ft, 

so that u = ,dt+Ay 

which, on integrating by parts, gives 

u-^g {W - 2kt + 2) + A . 

Since v = the velocity at any time t is given by 
V « ^g(W -2U + 2)/P + Ae-'^K 
As the particle starts from rest, v=0, when i=0; hence 
0=Sgj1^’\-A or A=-&glJ(^; 

/. v = 4^(W^2fe + 2-2e-*«)/^, 
i.e. vg^ = l2{gH^ - ^gt + 18 - . 

When i = 2, taking g = 32, 

1024v = 12(4096 - 384 + 18 - 9-774 x lO-®) 

= 12 X 3730, neglecting the last term ; 

4 , v==43-7 ft. per sec. approx. 
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134. Integrating Factors. If P, Q denote functions of x, the 
general linear equation of the first order may be written 

dy 


dx 


+Py=Q, 


and the foregoing analysis shews that the term in y may be 

removed by putting y^ue-\^^. This substitution may, how- 
ever, be obviated by multiplying the equation throughout by 

; the left-hand side then becomes a perfect differential, thus 


or 




dx 


which gives 


ye 


jpdx 


dy 




dx. 


Hence, the equation ~ + Py =Q becomes integrable when it is multi- 
ax 

plied throughout by the factor ei^^^ ; the solution then becomes 

= A + (140) 

The factor is called an integrating factor. 

A similar method may be applied to equations of the form 

^ + Py—Qy^, as the following example will illustrate. 

(Lx 


Ex. 5. Solve the equation 3^-y cot x + 2e^y^ = 0. 

This contains y^ as well as y ; to remove the former divide by 

3 dy cot x ,. 
y^ dx ^ 

Now put then, by substitution, the equation becomes 

-^-H2cot5c = 2e®. 
dx 

The integrating factor of this equation is 
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Multiply out by this factor, 

dz ^ ^ , 

sin « . j- + 2 cos »= 2e* sin x ; 

^ (2 sin x) = 2e® sin a;. 

Hence, by integration, 

2 . sin a; = 2je® sin x . (fa; + ^ = e*(sin a? - cos x)+A; 
sinx = y’{ex(sinx- cosx) + A}. 


Exercises 18 b. 

In each of the following exercises, the gradient = is given for 
the curve ; find the equation of the curve in its simplest form. 

1. a;yi + y=0. 2. axpi+p-O. 3. yi(a + a;)*=2a. 

4. yi(a;*-7a; + 12)=2. 5. yi(2a;2 -4a; + 7)=4(a;~ l)y. 

8. yi = y cot X, 7. = e* ( 1 + tan x + tan^x). 

8. yi(a;^-4a; + 3)=y(2a:-3). 9. yi(l -a;)2=y loga;. 

10. yi=2a; tan-* x, 

11. 2a;2 cosec 2a;. 12. yj sin a: - y cos a; = 2c* sin® x, 

13. (a;®-l)(a;-2)yi + 2(a;-2)y = (a; + l)(a;® + a;-3). 

14. yi+CLy - cos hx — 0. 

15. (x - 2)(a; + l)yi - Zxy - 3x{x - 2)*(a;+ 1) =0. 

*16. (3 - cos a;) (yi + y cosec x) = 2 ( 1 + cos x), 

*17. 6yi cos*x - y sin 2x + 2y^ sin® x = 0. 

*18. (l+x)®(yi-y) + xy®=:0. *19. 2(1 +x®)yj -y + y®=0. 

*20. 2x(x + l)(a; + 2)yi-2(x + l)y+(a; + 2)^y®=0. 

21. A pulley ABC having its centre at 0 is driven by a belt connect- 
ing it with a driving pulley. The belt first makes contact with ABC 
at A and leaves it at B, The tension T at any point on this arc of con- 
tact is given by the equation 

where 6 is the angular distance of the point from A measured at O, 
and /i, is a constant depending upon friction. If Tj, are the tensions 
at B and A respectively, and l BOA =<f), shew that 

Ta=!rjC^^. 



EX. I8b] 


EXERCISES 


437 


22. The general equation for the growth of an electric current in a 
circuit having inductance and resistance only is 




where I is the coefficient of self-inductance, r is the resistance, E the 
applied E.M.F., all of which quantities may be regarded as constants, 
whilst i is the current produced in time t. Shew that 

If, when the current has reached a steady state, the applied B.M.F. 
is withdrawn, so that the above equation becomes 

l.-^+n=0, 

shew that the corresponding decay of the current is given by 

jrt 

i=ioe S 

where ^ is the value of i when ^=0. 


23. Find the equation of the curve for which the gradient is given 
by the equation 

(ai® - 3a; + 2)dy = y (2a; - 3)da;. 

To determine the constant, it is known that the curve passes through 
the point (3, 1). 


'*‘24. The displacement x, in time U of a particle moving along a straight 
line is given by the equation 

where a, v, fx are constants. If a;=a, when ^=0, shew that 
^ , a , a; 

fXt = COS”^ j - cos-^ g » 

where h = 

*25. A thick-walled uniform cylindrical pipe of external and internal 
radii, a, 6 respectively, is subjected to a constant internal pressure P 
lb. per sq. inch acting normally to the inside surface. If this produces 
a pressure p on a layer of material distant x from the axis, where 
a>x>h, the equation giving p ia terms of a; is 
dp ^2(p-c)_^ 
dx X 


where c(6* - a*) =6®P, assuming there to be no external pressure. Find 
the precise relation between p and x, and shew that it may be written 


in the form 


- 6 ® 


a® - a;* 


P. 


F 


.p=. 
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*26. The gradient of a curve which passes through the point ( - 1, 0; 
is defined by the equation 

dy y bx 

dx X (2+ic){3-a;) 

Find the complete equation of the curve, and from it find the value 
of y when x=2. 


♦27. The extension z of a long uniformly tapering tie-rod, fixed 
vertically at one end and carrying a load of w tons at the other, is given 
by the equation 


where E is the modulus of elasticity and A the area of cross-section at 
a depth x feet from the fixed end. If the radii of the circular cross- 
sections at the fixed and loaded ends are a and b inches respectively, 
a being greater than b, shew that 


V 

j-.xj . 


where I is the length of the rod in feet. 

Hence, prove that 

Tra^a - , x^Ez—vxc, 

and calculate z when a:=2=30, o=3, 6 = 1, w=13 and -£?=1‘3 x 10*. 


*28. A heavy uniform chain weighing w lb. per foot is lying on a 
rough vertical circle of radius r. The chain is just on the point of 
motion, and its tension T at any point where the slope of the circle is 0, 
is given by the equation 

dT 

-jQ- pT =wr(^m d-ficoB O), 

fjL being the constant of friction. If T=0 where ^=7r/2, find the com- 
plete expression for the tension, and from it, calculate T, when ^=0’767r, 
10=5, r=8*32 and /x=0’2. 

*29. A particle is moving on an ellipse whose major axis is 2a, and 
eccentricity e. The time which it takes to reach a point on the ellipse 
where its distance from the focus is r, is given by the equation 

dt r 

a<o . -r-= ■■■■■ - - ■■■ : 

where (i> is a constant. Change the variable r into by the substitution 
r'=a(l -e cos <f>), arid assuming that f=0 when r=a(l «e), obtain, by 
int^ration, Kepler's equation 

— esin 0. 
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*80. Solve completely the equation 

it being given that x and y are zero simultaneously. 

*81. Solve completely the equation 

^ + y tan a; + sin a; cos*a; =0, 

having given that y=0 when a:=0. 

82. An important equation in the theory of the stability of an 
aeroplane is 

dv , 

cos a-kOy 

where g, a, k are constants. Solve the equation completely having 
given that v=0 when ^=0. 

33. Solve a;(a; - 2) - 2(x - l)y--oi^{x - 2) =0, given that x=3 when 

i/=9. 

34. The equation giving the current y in a conductor at any time t is 
of the form 

a^-^by=c sin pt. 

Find the general value of y and determine the constant of integration 
if y=0 when ^=0. (L.U.) 

86. Solve a^^ + by=ce-'»i<'. (L.U.) 


I. If V . ^ = = when ^=0, a;=0, v—0, prove 


gi/x/T'3_(josh (gtIV). 


A particle falls freely from rest in a slightly resisting medium in 
which the resistance varies as the square of the velocity. Shew that so 
long as the velocity of the particle is small compared with the terminal 
velocity, the distance fallen in any time is approximately x-x^j^h, 
where x is the distance through which it would have fallen freely in 
the time and h is the distance through which it would have to fall 
freely to acquire the terminal velocity. (L.U.) 


37. The equation giving the horizontal oscillation of a compass 
needle is of the form 


dd “ 


- a sin 0 - 6co*. 


Find (I) in any position if it is zero when S—ttIS, 


(L.U.) 
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88. Solve the equation 



(L.U.) 

♦39. Solve x(x^ + y*) ^ = 2y*. 

(Br.U.) 

40. Solve sin a; . ^ - y cos a;=sin*a: cos*x. 

(LLU.) 


135. Linear Differential Equations with Constant Coefficients of 
a Higher Order than the First. The general linear equation of the 
nth order, with constant coefficients, may be written in the form 




d^~‘^y 
' dx^~^ 


+a„y=X, 


where a^, ag, constants, and X a. function of x. 

In this section only equations where X=0 will be considered. 


Ex, 6. Solve the equation 

where a and b are constants, and work out the solutions in suitable 
form in each of the following cases : (i) when 0 = 2*9 and 6 = 2*1, 
(ii) when o = 3*5 and 6 = 3*7, (iii) when a = b. 

Assume as a trial solution, where a is some constant 

which remains to be determined. 

Substituting in the given equation 

a V® + 2oae®® + 6^e®® = 0, 

or, dividing out by e®®, which is not zero for finite values of x, 
a* + 2aa-f62=0. 

This is called the Auxiliary Equation, and is of the same degree 
as the order of the given differential equation. The order, there- 
fore, indicates the number of roots of the auxiliary equation, in 
this case, two. 

Solving the above auxiliary equation, and denoting its roots by 
Gi and 02 • 

-a-¥^Ja^-b^, and - a ’-••Ja^-b^. 

Hence two particular solutions of the given differential equation 
are and these are particular solutions because they 
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involve no arbitrary constants. Since, however, the given dif- 
ferential equation is of the second order, the complete solution 
must involve two arbitrary constants, so that the general solution 
may be written, 

y = ’®, 

or, putting in the values of ai and Og, 

. e-ax. 

This may assume several forms, according as a >, = or < 6, as 
the following will illustrate. 

(i) When a = 2-9 and & = 2-1, sja^ - 6^ = 2 ; 

/. y = (Aeax + Be-2x)e-2*9x. 

But since = cosh 2x + sinh 2aj, 

and = cosh 2x - sinh 2x, 

by substituting these values and writing L for A-hB and M for 
A- the solution may also be written 

y — (L cosh 2x 4* M sinh 2x)e-2*9x. 

(ii) When a = 3*5 and & = 3 7, 

- 1*14 = 1*2\/ - 1 = b2^, where -1 ; 
y = (Aei*2lx4.Be-i*2ix)e-3 6x 
But = cos 1 '2x + i sin 1 '2xy 

and ^i’ 2 ix ^ cos 1 ’2x ~ i sin 1 '2x. 


Hence, by substitution, and writing L for A-\rB and M for 
i{A - B)y the solution becomes 

y = (L cos l*2x-|-Msin l»2x)e”2'^*. 

(iii) Finally, when a = 6, the solution becomes 
y = (A-i-B) or y = Ce-ax^ 

where C=>A + B, There is thus only one arbitrary constant, 
instead of two, and the solution is therefore incomplete. 

To determine the second part, let = where 2 is a function 
of X to be determined ; then 
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Substituting in tte given equation, 


da? 


= 0 . 


Integrating 


or 


an arbitrary constant, 
dz = E . dx. 


Integrating again, 


z=^Ex-\‘F\ 


y=(Ex + P)e-*“ 

This is the general solution, because it contains two indepen- 
dent arbitrary constants. 

Summing up the results, the solution of the equation 


g+8ag+li*y=0 


is 


(a) y = (L cosh x\/a* - b* + M sinh - b*) e-“, when a>b, 

(b) y = (L oos x\/b* - a* + M sin xs/b* - a*) e~“, when a<b, or 

(c) y=(Ex+P)e'’“, whena=b. 


(141) 


The conditions giving rise to these three forms of the solution 
may be expressed as follows in terms of the roots of the auxiliary 
equation. 

If f(a)=0 be the auxiliary equation, the solution of the given 
differential equation is periodic when the roots of f(a) ^0 are unreal, 
and non-periodio when they are real. 


Ex, 7. If a^ + 266^ + w=0, ard x=ku, find the 

differential equation connecting x, t and the constants a, 6, and k. 
Express the relation between a, h, and k so that if x denote a dis- 
placement and t the time, the motion may he just non-osdUatory. 
On this supposition shew that 

X = e-^^f^ixQ + hxQt/a + O^t), 

where x^ and 6^ are the values of x and 0 when t=0. (L.U.) 

dx dO d^x » 

Since ^ ^ ^ = -no , so that the differential equation 
becomes dt dt 


d^x dx X ^ 


The auxiliary equation is thus 

aA»^ + 26fca + l=0. 
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the roots of which are 

a — {-bk± sjb^k^ - ak^jak. 

For the solution to be just non-oscillatory, i,e. non-periodic, 
b^k^-ak must be zero, i.e. 

— a. 

With this condition a= -6/a, so that the roots are equal; 
hence, by (I4I), the solution of the differential equation is 

To determine the constants E and F, put x-Xq and t=0, then 

F=Xg. 

Also, by differentiation, 

0 =e-m{E{l - Uja) - bFla). 

Putting 0 i = 0, F = x^^ 

F = + 

so that the solution becomes finally, 

X = + (^o + 
which agrees with that given. 


Ex. 8. Find the complete solution of the equation 


6g + 2+5y=0, 


having given that ^=0 when y = l-4, and x=Tr/6 when y=0*5. 


This equation is characterised by the absence of a function of x 
other than the differential coefficient. When this is the case the 
equation can be integrated directly, as the following solution 
will shew. 

Multiply throughout by 2 . ^, then 


10 . 


d^y d^ 
d^ dx 


+ 2(2 + 5y) 


d^ 

dx 


=0, 


which, on integration, gives 
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The given conditions serve to determine the arbitrary constants ; 
thus, since ^=0 when y = 14, 

4=6-6+9-8=154; 

(I/-308-0.8!,-/ 

= 1-82- (0*4 + 


dx = ' 


dy 


N/l-82-(0*4 + y)2 

Hence, by integration, 

. , 0-4 + v . D • 1 2 + 5 w 

X==SlTr^ -^^+5 = 810 “^ — 


1-8 

Since when 2/ = J, 5=0; 


+ 5. 


or 


. i2 + 6y 

/. a; = sin-^— 

5y + 2 = 9 sin X, 


Exercises 18c. 

The constants of integration should be determined where the neces- 
sary conditions are given. 

Solve the following equations : 

d^x dx 

1. ^ +(o2a;=0, given that =0 and x^a when ^=0. 

2. =«» given that and «=0, when f =0. 

3. given that ^=3 when ^=1, and x=2 when y= - 1. 

6. ^ + ^=3, given that ^=0 and «=1 when w= - 1. 

6. 2 . ^ = given that ^=0 and <=0 when s=sa. 
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7. 


9 . 


dai? dx 

dx^ dx 


-3y=0. 


+ 52 /= 0 . 


8 . 


dx" dx ^ 


I0y=0. 


10. ^ given that = 15 and y—0 when a; =0. 

11* *S-2oS+ 25*=0- 12. 5g + 7| + 3y=0. 

*14. 4(1 +**) g - 8* . (g J - 8(1 + 3(1 +.»)» tan-*=0. 

by putting z = tan y. 


Solve the following equations by changing x into t by the substitution 


16. 10*»g-13.g+12y=0. 

17. 4**g-8*|+9j,=0. 
*19. .3*.g + 7. J+6,=0. 


16. 2.»g + 7*|+3j,=0. 
*18. 2^»g-3^| + 4j,=0. 


20. If c . ^ = ^^ = Fy ^=w, where w and c are constants, find 

the precise relation between Xy y, c and w, having given that both 
M and y vanish at each of the points where x={) and x=^l. 


*21. A uniform vertical strut OA, whose length is ly is loaded at its 
upper extremity A with a weight Wy with the result that the strut is 
deflected from the vertical between its extremities. If A remains 
vertically above O, and at a height x from 0, the deflection of the strut 
from OA is y, measured horizontally, then x and y are connected by the 
equation 

5| + «.y=0, 


where c is a constant depending upon the cross-section and the material 
of the strut. Solve the equation, having given that d is the maximum 

deflection, t.e. the value of y when 

Assuming that the maximum deflection takes place at the middle*of 
the strut, shew that 

cl^w = Tr\ 

nearly. 
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♦22. If the upper end A of the strut in the previous question be free 
to move laterally, whilst 0 remains fixed in both direction and position, 
and that under a load tv, A moves to a position h horizontally from the 
vertical through 0, then x and y are connected by the equation 

g=c«,{/.-y). 

Solve this equation completely, and shew that the solution may be 

expressed in the form 

t/=2A sin* (\xslcw). 

Find also the value of w producing the maximum deflection. 


♦28. In the case of a uniformly loaded beam supported at each end, 
it is found that, at a distance x from its middle point, the deflection y 
from the horizontal is given by 


c 






where Z= length, u;=load per unit length of beam, and c is a constant 
depending upon its section and material. 

Find the actual relation between x and y» 

Assuming that y is a maximum when a;=0, and that its value there 
is A, prove that 6l^w=:3S^ch, 


24. The vertical deflection y at a horizontal distance x from A of a 
loaded horizontal cantilever AB, having the end A fixed, is given by 
the general equation 


c^ = a{l-xr. 


where c is a constant, I is the length from A to B, and a, n are constants 
depending upon the distribution of the load. 

Determine the precise relation between x and y in each of the following 
cases : 

(i) A load W is placed at J5, in which case a= IT, n=l. 

(ii) A load is distributed uniformly along AR, in which case 2a=M? 
=load per unit length, and n=2. 


25. The deflection of a loaded beam AB oi length I is y, measured 
vertically downwards from the horizontal line AR, at a distance x from 
A along AR. The general equation connecting x and y is then 

e^=ax(ax-b) + p, 

when the ends A, R are fixed, c is a constant depending upon the 
section and material of the beam, and a, jS, a, b are constants depending 
upon the distribution of the load. 

Assuming the greatest deflection to be at the middle point, except 
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in (iii), determine the precise relation between x and y in each of the 
following cases : 

(i) A load W is placed mid-way between A and R, in which case 

2a = lf, = a=0, 6 = 1. 

(ii) The load is uniformly distributed along ABy in which case 

2a=w = load per unit length, ^ a = 1 , 6 = /. 

(iii) The load W is placed at C, where AC=s, s being greater than 

in which case a=Tf, a=0, 13=0, 6=-y^, and it is known that when 
x=s, then ^ 

dy _ Ws{l - s)(l - 25) 
dx ~ 3ci 

Determine the deflection at (7. 


*26. The distance s passed through in time ^ by a body falling from 
rest under gravity in a medium of constant density, satisfies the 
equation 


where /x and c are constants. Find, by integration, the equation 
connecting 5 and t 

If V be the velocity of the body in time t, shew by means of the 
identity 

d^s _dv dv ds dv 
dfi~^ dt~^ ds ' dt~'^ ' ds* 


that 2 <[x* 5 + log (c* - fjL^v^) = 0. 

If /x=0*03 and c=5*66, find how long it will take for the body to fall 
982 feet. 


27. Solve the equation 

x=0, (ii) ^1=0 when x = 
x^l 


f^=c, with the conditions (i) ^=a when 
dx^ ’ . da:® 

0, (iii) when x=ly and (iv) y=0 when 

(B.U.) 


28. Shew that the solution of 

g-2a.g+(a.+»)j,.0. 

where a and 6 are constants, is given by 

y—At”^ cos hx -I- Re®* sin bx, 
where A and B are arbitrary constants. 

29. Shew that the solution of 
d®r ^dr 


(M.U.> 
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30. A curve passing through the point (0, 1'6), is given by the 
differential equation 

a.g.s-?!,. 

Its gradient is zero when 2 / = 4, find the equation of the curve, and 
find the value of x when i/=2*75. 

*31. A body oscillating in a medium of constant density has its 
motion retarded during each swing, and the displacement x in time t 
satisfies the equation 

d^x g..dx , ^ 

3^+2/^+»»x=0. 

dx 

provided /<w, / and n being constants. Having given that ^ = 0 and 

x=za when <=0, find the exact equation connecting x and t, and shew 
that it may be written in the form 

ljjx=ane-^ sin (pJt -f e), 
where and tan 

♦32. If the constants / and n in the equation 

d^x ^ ^dx 
— + 2f-^+n*x=0 

are such that f>n, what form does the solution take ? Is the motion 
oscillatory in this case ? 

Examine also the case in which /=w. 

33. Obtain the general solution of the differential equation 
dH .dx ^ 

distinguishing between the cases when the roots of the auxiliary quad- 
ratic are (1) real and unequal, (2) imaginaiy, (3) equal. 

A condenser of capacity C is discharged through a circuit of resistance 
R and inductance L. Prove that the charge Q at any time t is given by 
d^Q 

hence shew that if i? is sufficiently small, the discharge is oscillatory, 
and determine the period of oscillation. Calculate the frequency if the 
capacity is 0*02 microfarad, the inductance 0-0003 henry and the 
resistance negligible. (L.U.) 

136. Solution of the Linear Differential Equation with Constant 

Coefficients by Operators. Let D denote the operator so that 


r ^ ^ , P ^ — O . 

• -715- +il -j7+7i— u ; 
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and so on ; and let /(D) denote the operator 

D^ + aiD”-i+a2^”“^ + --. +«n> 

where aj, ag* ^ 3 » ••• constants, then the linear equation of 

the wth order may be briefly written 

f(D)y=X, 

where Y is a function of x. 

Let te be a particular solution of this equation, so that 
J{D)u^X\ 

then, if the complete solution be «/ = w + v, by substitution, 
/(D)w+/(D)v = Z; 

hence f(D)v-0. 

V may therefore be found by the method illustrated in Ex. 6 
of § 135 (page 440). 

The solution of the equation 

f(D)y-X 

therefore consists of two parts : 

(i) The complete solution v, of /(D)y =0, containing n arbitrary 
constants, and called the complementary function (c.f.) 

(ii) A particular solution u, ot f(D)y^X, which, since it con- 
tains no arbitrary constants, is called the Particular Integral (P.i.)* 

Since f{D)u = X, 

and the evaluation of u may be effected by the following important 
results of operation : 


(a) i.X=D->.X=jx.dx. 


(b) l(D).e**=f(a).e«. 

(c) f(D)e“.X=e“.f(D + a).X, 


i(D) • i(D + a) ■ 




1 sinbx_ 1 sinbx I 

f(D^ ’ cosbx“f( - 1 ^ 2 ) * cosbx* j 


(142) 
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If, after appljdng these results, an operation remains, this 

may readily be evaluated when F(D) is capable of valid expan- 
sion ; thus, assuming this to be the case, 

jr^.X={F(D)}-‘X=a+o.0+o,D» + ...).X (142e) 

Ex, 9. Find u when (D^ - 3Z) + 4) = e®®. 

1 

• ""* = 3*— 373T4“^ 


Ex, 10. Find y when {Ifi - 3Z) + 3) y - ar*e^. 

Here, applying (142c), 

9! — ______ __ ^ / m 3 

2'”2)2~3Z) + 3*^ (Z> + 2)2-3(Z) + 2)+3‘®^ 

• a? = e**{l + i) + I>*)-^x» 

=c*»{l-(D + D*) + (Z) + JDa)*-(D + D*)* + ...}x», by (142e), 
= e**(l-D + D»-D« + ...)a? 

= e2x(x3.3x2 + 6) 

Note that in this case there is no need to expand the operator 
beyond IFy since D*(7?)==0, 


Ex, 11. Perform the operation 
1 


. sin 2x, 


Z>4 + I>3 + J92^Z>-2 
By (142d), the result of the operation is 

1 . « 1 


(- 4)2 + 2 ) 3 ~ 4 - 2)-2 
1 


sin 2x== 


sin 2x^ 


10 + Z>(Z>2-1) 
1 


sin 2x 


sin 2x, 


10 + j0( -4-1) "‘*‘^•"■"5(2-1))' 

To render the denominator a function of IF, multiply numerator 
and denominator by 2 -h 2), then the operation becomes 

•sin2iC = p^^^sin2.r=:^(2 + D)sin2aj 


6(4 -i>2) 


6(4 + 4)' 

~ I2^(8m 2z + cos 2x). 
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Ex. 12. Evaluate the integral 

COS 3x • dcs 

hy operators. 

By integrating by parts, we obtain the standard result 
1 = cQg .dx- cos 3x + 3 sin 3a;). 

By operators, we have 

/ = ^ cos 3a;, by (a), (1^2c), 

=e*® 3a;=e«» • ^os Zx, by (U2d), 

= ^ . e^*(4 cos 3x + 3 sin 3x), as before. 

137. Solution of Equations by Operators. The particular 
integral of the equation f(D)y-X may readily be determined in 
many cases by the application of (142), as the following examples 
will shew. 


Ex. 13. Solve the equation 

2 ^ - 5 ^ + 32/ = 1 7e* sm 2x. 

By (141), the complementary function is + 
Writing the equation in the form 

(2D2 - 5Z) + 3) ^ = 17e* sin 2x, 

the particular integral is 


2 / = 


17 


. e* sin 2x=e® . ; 


17 


. sin 2x 


2Z)2_52) + 3-" ‘ 2(Z> + l)2-5(Z) + l)+3 

2W=r3 • 2x = - e* ^ . sin 2x = - e* • sin 2x 

= - e* — . sin 2a;== - Je®(8 sin 2a; - 2 cos 2a;) 

bo 


= Je* (cos 2a; - 4 sin 2a;). 
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Hence, the complete solution is 

%j = Eel*®* + e*{F + cos 2x - 4 sin 2x), 
writing ^2A=E and 2B = F. 

Ex, 14. Solve the equation 

hy putting i=e®. 

Since,..., 1-..=, nnd 

Similarly, <3 . A ^ 2)(D - 1) (2) - 2)y. 

Substituting in the given equation, 

{D(Z) - 1)(D - 2) + 2D(D - 1) ~ 9D + % = 24e®x2, 
or ( D - 1 ) ( D - 3) ( D + 3) 2 / = 24e*a;2. 

Hence, the c.f. is A'e*+Be3*-hCe--3*, 

and the p.i. is given by 

24 24 

+ LA^ 

^{d^2-D 4+D/ 

= - e*{3I»-i + (1 - - J(1 + 

= - e»{3I^l + 1 + ID + i2)3 + . . . - J + ^2) - 1^2)3 + . . .}it3 
= -e*{32)-i + f + tVD + ||D3 + ...}x* 

= -e*(x3 + fx* + fx + ||). 

Hence the complete solution of the equation is 

i/ = e* (A - x3 - 8 x 2 ~ »x + Be2* + Ce“2xj^ 
where A is written for A' - 
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Ex. 16. Find the particular integrals of (a) (D-3)y = e®®, 
(6) (2)® + 4)y = 2 sin 2x. Hence solve (b) completely. 

(a) Applying (1426), 

gSx g3« g3* 


This difficulty may be overcome by considering unity as a 
function multiplying ; then applying (142c), 




(b) Appl3dng (142d) to this equation, 

2 

V = — i — I . sm 2a; == GO. 

J -4 + 4 

This difficulty may be overcome by writing the exponential 
expression for sin 2a; and proceeding as in (a) : thus, 

^ = 2 j 2 ^jr 4 • where i-\l 

^2ix 1 6*"2tVc 4 

r (D+2i)* + 4 r (D-2i)* + 4’ 

gZix I e-2ix I 


~ ~r ' IF + UD 

- - (\ 1 A - —X 

~ “4 Bv 4 J)\ ii) 

4 \S 4i 16^ ’J 4 \Z>'''4i le"*" 


i IF -HD 
e--«» 1 A, 
4 ■ /U 


e2u; / 

'TV 


} 


1 


= - + e-*2i'*) + _ (e2w - e-2ta;) 


= - cos 2x + i sin 2x. 

It is readily seen that the complementary function of the 
equation is 

A' sin 2x + jB cos 2a; ; 

hence, writing .4 for .4' + |^, the complete solution is 
?/ = A sin 2x + (B- 4x) cos 2x. 
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Exercises 18d. 

Establish by means of the operator the following results : 

f c** 

e'** sin hx . (a ainbx-b cos bx). 

2. jx cosh X . dx=x sinh x - cosh x. 

3. 128|e«'»» . dx = (32x» - 24*» + 12a: - 3) e«*, 

4. oj** log z . dz =z®(3 log z - 1), by putting z =e*. 

Find the particular int^rals of the following equations : 

6. (Z»»-6i>* + lli)-6)y=2sinh5x. 

6. (6D*-6Z) + l)j/=3a:» + 2a! + l. 

7. (D»-3D‘ + 5D-4S)y=26co8 5x. 8. (D^ -5D+4)y=e^ sin x. 

9. (D*-l)y=2a:cosha:. 10. (D»-6Z)+6)y=e®*. 

11. (Z)®-4Z)+4)y=2e“. *12. (D‘ + 7D»+6)y=6co8a:. 


Solve completely each of the following equations : 


18. (D‘-7D + 12)y=3x^e^. 

*16. (D* + Z) + 6)y = 17 sin 6x. 

17. (Z)»+42) + 6)y=6e-®*. 

19. (Z)*+4D+4)y=oe-®‘. 

21. (jD*+2D-3)y=3x‘+4x. 

*28. (Z)» + 62)-72)y=3e®>’+4sW 
*26. (J5»-D*-6Z))y=x®+a*sin; 
27. (Z)»+6i)-7)y=e*+4a:®. 


*14. (2)® + 12D + ll)y=2 8in2®. 
*16. (D>-5£)-6)y=3x+5 8mx. 
18. (D=>-I)‘-12D)y=5e^. 

*20. (2)®-4i)+4)y=2sin3a:. 

22. + 67) + 13)y =*» + o»e®*. 

x. 24. (Z)*+2i> + l)y=2e*+6x®. 
e. *26. (D* + l)y=4sinx. 

*28. (J!>*-2mD+m*)y=x®e”“. 


*29. (2)»-3D+2)y={aa:+6)e*+ce-»*. 

80. (2)»-2i)+4)y=x+e-®*. *31. (D«+3Z)*-4)y=4ooBx+3e*. 

82. (I>*-16)y=:6x+7 ; determine also the arbitrary constants when 
X, y, Dy, and Ifiy vanish simultaneously. 

' 38. (4D* + 16Z> + 16)y=4e“®*; determine also the arbitrary con- 
stants when y =3, and Dy= -6'6 for the zero value of x. 

84. (D-4)*y=« cosh 2x. 
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Solve completely each of the following equations by changing z into x 
by means of the substitution z—e^i 

86. J + 13y=9z*log*. 

*39. *»g-3**g+6eJ-6y=2(log*)». 

*“• **S+'^*3-3*S+32/=24*loga + 6A 


41 . The vertical deflection ^ at a distance x along a horizontal strut 
subjected to a constant thrust at each end, is given by the equation 

where I is the length, w the transverse load per unit length, c and P are 
constants. ^ 

Solve the equation completely having given that ;i-=0 for ar=0, and 
y=0fora5=^f. 

42 . If the strut in Ex. 41 were a tie-rod, the same equation 
applies, provided the sign of P is reversed. Solve the equation in this 
case. 


43 . An important equation in the theory of strains set up in rotating 
discs and cylinders is 

where c is a constant. 

Solve the equation completely. 


* 44 . A body is vibrating at the end of a vertical spring, and the 
point of support of the spring is also made to vibrate. If the frictional 
resistance of the medium be neglected, the equation of motion is 




-{■n^x=n^a sin co^. 


where a, n, w are constants. Solve the equation completely. 


* 46 . If, in Ex. 44, the frictional resistance of the medium is considered, 
the equation of motion becomes 

^+2/^ +«**=»*« sin <irf. 

Solve this equation when n >/. 
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*46. Obtain the solution to the equation of Ex. 45, when n </, 
interpret it. 

*47. The equation of motion of the body hung on a vertical sp 
whose point of support is executing a damped vibration is 

^^2 + ^ = sin mt, 

where n, /, w are constants. Solve the equation completely, havir 
given that both x and ^ are zero when <=0. 

48. Solve the differential equation 

g + 10g+60j/=sin«<. 

A spring is loaded with 32 lb. weight, its point of support has 
motion given by sin feet, the resistance to the motion is measure 
by 10 times the speed in feet per second. If the spring extends l/SOth 
foot per lb. load and its mass may be neglected, give, when the oscilla- 
tions have become steadv, and o)2=50, the amplitude of the oscillation 

(L.U.' 

49. The motion of a weight at the lower end of a spring is given b^ 

^^ 2 +6^-|-25y=sin 2^, the other end of the spring having a simph 

harmonic motion. Solve this equation, and point out the part of r 
which gives the steady motion when i is large. (L.U. 

60. Solve (L.U. 

138. Simultaneous Linear Differential Equations. In many 
practical problems differential equations occur involving several 
dependent variables. In such cases there are as many equatior 
as there are dependent variables, and the methods of solution 
are illustrated in the following examples. 

Ex, 16. Solve tine simultaneous equations 

^’\-kx + ly = E cos pty ^-ky-lx^F cos pt, 

where E, F, p, k and I are constants, (L.U., Sc. 

The given equations are of great practical importance, especiall 
in Electricity. 

Write them in the form 

(D-¥k)x-^ly—E cos pt, 

-lx+{D-k)y = F cos pt. 
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Eliminate cc, then 

IE} cos pt 

= - pF sin pt + (kF + IB) cos pt. 

Now the o.F. is clearly 

+ B'e~^^ = A cosh bt-hB sinh bt, 

where assuming that h> I, 

And the P.I. 

_ pF sin pt - {kF + IE) cos pt 
p^ + k^-l^ ' 

Hence the complete integral for y is 

y = A cosh bt + B sinh bt + {pF sin pt - (kF + IE) cos pt}/(p® + b’^), 
where b^=^k^ - 

Similarly, by eliminating y, the complete integral for x becomes 

X = L cosh bt + M sinh bt + {pE sin pt + (kE + IF) cos pt}/(p2 + b*). 

If A and B be arbitrary constants, then L and M will not be 
independent constants ; for by substituting the values of x and y 
in the second differential equation, the relations 

lL = bB-kA, IM = hA- JcB, 

must be satisfied. 

The same relations must hold for the first differential equation 
to be satisfied by the values of x and y. 

It is left as an exercise for the student to work out the case 
when k < I, 

Ex, 17. Solve the eqmtions 

dy^2x + iy-z^e-\ = 

Here the number of dependent variables is greater than 2, and 
h such cases it is better to employ the following method rather 
t ban that of elimination. • 


B.M. 


Q 
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Multiply the second equation by a and the third by /3, and add 
all the equations together, then 

j^{x + ay + ^z)-^2{a- li)x + (4a - 1)^ - (1 + a + ^8)2: = + ae-“^^4- /St. 

Denote the function x + ay+fizhj o), and suppose a, A. to be 
three constants so chosen that 

A.(o = 2(a~/3)a; + (4a-l)2/--(l +a+l3)z, 

then ~ + A.<t) = 4- ae“^^ + I3t. 


Hence, by integration, 



+ . dt+A 


e(X4-3)t 

~XT3 


Qg(A-4)« R^Xt 

"\'a +-)r2-(^*' 


l)+4. 


It therefore remains to determine a, ^ and A. 

Since Aw is to be identically equal to 

2(a-/J)a? + (4a-l)«/~(l +a-¥/i)z, 
by equating corresponding coefficients of x, y, z, 

2a“2j8- A=0, 

(4-A)a -1=0, 

a + (l+A)^ + l=0. 

Eliminate a and fS from these equations, and 
2 -2 -A =0, 

4-A 0 -1 

1 1+A 1 

i.e. A3-3A2-4A + 12=0, 

or (A + 2)(A-2)(A-3)=0; 

A = 2, -2, or 3, 

and the corresponding values of a, 13 become a = |, 1 and 

P— ‘2- 

Hence the three integrals are 

* + i(y - 2 ) =^e3t - i(2t - 1) + A,e-2t, 

*+i(y + 7*) =e»‘-^8e-“- A(2t + 1) +A«e«, 

X + y - Je = - e- « - ^ (3t - 1) + A,e- 

These equations may now be solved to give x,y,zif necessary. 
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Exercises 18 e. 

Solve each of the following systems of simultaneous equations : 

+ §=4(*+2y). 

^ + ^4+2« + 5J/=0. (Li.U.) 

n dz , dy y 

8. -^=ax + h,. l=bx-ay. (Br.O.) 

- dy dz 

4. J+y=*+e^ ^+z=y+e. (B.TJ.) 

6. ^ + 4-(:+6y=7co82l, ^-4y-5x=8cps2t 

6. ^=4x+6y + 2z, ^=3{x+y), ^+16*+24y+6*=0. 

m dz dy y dz , 

7. ^^=cz^az, f^=az-hy, j^^hy-cz. 

8. ^£ + 2z-y + z=t, ^ + 4a; + 3y + 2z=0, ^^ + 4a; + 2y + 32=e^ 

9. 10a; -2y+ 92=0, ^+4a;+42/+6z=0, 


£+Uz-^22y+25z=0. 

10. ^+4a;+3y + 22=2 sin 2^, ^^+4a;+8i/+4z=0, 

dz 

+ 22a;+ 9^/+ 8z = 14 cos 2<. 

^5+®S+2x=0. 

Apply the method of Ex. 17 (p. 457) to solve: 

<12. S-l—Sj, g=3— 4y. 

<13. 5=8.-, y, ^-..-Sy. 

*14. Solve, by the method of Ex. 16 (p. 456), 

d^ dy , a ft d^y 4 - dz ^ ^ 
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15. Solve ^-Ht;=sina;, ^+iA=cosa:, given that when a;=:0, t4 = l 
ax ax 

and f;=0. Hence shew that m* - v®=co8* x+2 sin x . sinh x. 


♦18. The following equations occur in problems on small oscillations : 

a, &, c, g, r, 5, being constants. By assuming that y=mx, where m is 
constant, shew that m is given by the quadratic 

cgm*+ {cp+ bq - as)m+ hp - ar =0. 

Hence solve the equations for the case in which a = l,6 = 5, c=2,2? = 3, 
= r=:21i 5=9, it being given thata;=3 and ^=0 when <=0. 

• 

*17. If - 72«, ^= 20 z- 28 x, J^=Sx - 5y, shew that 

4a;*+ 9y*+ 362* and 5x+lSy+63z 

are constant. 


2^+3^-3-2a:=4co8 «, 


•18. Solve 
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Energy, kinetic, 387. 
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general solution of trigotiometri- 
cal, 37. 

graphical solution of, 168. 
independence test for system of, 
88 . 

quartic, 163, 170. 
solution by determinants, 17 
theory of algebraic, 238. 
transcendental, 156, 172. 
types other than linear, 185. 
Errors, small, 189. 

Euler’s theorems, 84. 

Evolutes, 269. 

Eii^nsion, approximate, 4. 
Bertrand’s, 168. 
by differentiation, 145. 
by difierential equations, 148. 
by integration, 147. 
by Maclaurin’s theorem, 144. 
by Taylor’s theorem, 142. 
in power series, 142. 
of determinant^, 17, 24. 
of periodic functions, 420. 
of polynomials, 156. 

Whittaker’s, 178. 

Exponential and series values of 
sine and cosine, 47. 

Focus, 207. 

Formulae, trigonometrical, 36 
Fourier series, 422. 

validity of, 426. 

Fractions, partial, 7, 111. 

Function, complementary, 44. 
Functions, empirical, 179. 

Gflfmma, 134, 139. 
hyperbolic, 49. 
homogeneous, 84. 
integral, 182. 


Geometry, three-dimensional, 302. 
two-dimensional, 196. 

Glisettes, 228. 

Gradient, 73. 

Graeffe’s method of locating roots, 
166. 

Harmonic analysis, 420. 

Homer, G. W., 156, 164. 

Hyperbola, 207, 210, 221, 222 
normal to, 242. 
properties of, 288. 
rectangular, 258, 260. 
tangent to, 242. 

Hyperboloid, 323. 

Hypocycloid, 229. 
four-cusped, 231. 

Inflexion, points of, 94, 99. 

Integral, particular, 449. 

Integrals, definite, 107. 
standard, 105, 113, 117, 121, 122, 
127, 134, 137. 

Integrating factor, 435. 

Integration, 105. 

by partial fractions. 111. 
by parts, 126. 
double, 401. 
graphical, 366. 
miscellaneous, 134. 
of quadratic function, general, 122. 
irrational, 119. 
rational, 115. 
triple, 409. 

Intersection of curves, 252. 
of plane and ellipsoid, 413. 
of plane and paraboloid, 416. 
of plane and quadric, 326. 
of three planes, 314. 

Involutes, 269. 

Jacobian, 87, 411. 

Lagrange’s identity, 307. 

Latus rectum, 213. 

Laws, determination of, 179. 

Length of arc, 344, 349. 

Maclaurin’s theorem, 144. 

Maxima and minima, 94. 

Modulus of complex number, 43. 

llloments of inertia, 387, 405. 
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Napier's analogies, 66. 

Normal to any curve, 260. 
to quadric surface, 336. 

Normals to conics, 240, 242, 249. 

Operators, differential, 448. 

Pappus, theorems of, 380. 

Parabola, 207, 209, 213, £15, 

219. 

normal to, 241. 
of suspension bridges, 214. 
properties of, 281. 
semi-cubical, 271. 
tangent to, 241. 

Paraboloid, 323. 

intersection of plane and, 416. 

Parameter, 241. 

Partial derivative, 82. 

Path of particle projected under 
gravity, 215. 

Plane, the, 311, 323. 

Polar equation of asymptotes, 280. 
of chord, 279. 
of conic, 208. 
of straight line, 278. 
of tangent, 279. 
formulae, 275. 

Polyhedra, 318. 

Pressure, centres of, 407. 

Principal axes, 393. 

moments of inertia, .303. 

Products of inertia, 302. 

Progression, arithmetical, 11. 
geometrical, 11. 

Quadric surfaces, 323. 
circular sections of, 331. 

Quartic equations, 163, 170. 


Radius of gyration, 388. 

Rectification, 344. 

Roulettes, 228. 

Routh’s rule, 400. 

Runge, C. 424. 

Sarrus, rule of, 20. 

Series, exponential, 38. 
for circular functions, 49. 

Fourier, 422. 
summation of, 10, 51. 

Simpson’s rule, .368. 

Spherical excess, 24. 

Spherical triangles, 69. 

Spheroid, 361. 

Straight lines, 198, 204, 206, 218, 
220, 278, 304. 

Subtangents and subnormals, 253, 
275, 276. 

Surface areas, 357, 404. 

Suspension bridge, 214. 

Tangent planes, 333. 
to any curve, 250. 

Tangents to conics, 240, 244, 249. 

Taylor’s tlicorein, 142. 

Tetrahedron, volume of, 318. 

Theorem of parallel axes, 391. 
perpendicular axo.s, 390. 

Traj^zoidal rule, 367. 

Trigonometrical formulae, 36. 

Trigonometry, spherical, 59. 

Volume, ayjproximate, 370. 
by double integration, 401. 
of regular solids, 358. 
of right pyramid, 3G0. 
ol solids of revolution, 367. 
of tetrahedron, 318. 




ANSWERS TO THE EXERCISES 


Exercises 1. (Page 13.) 

1. 19. 17. 13. 11. 3“. 2“ 8. l + 16a:+116a;2+504a^ + 1463a;« + ... . 

3. 2472. 4. 12. 

6. ai=y, a2=^(4g-p*)/8. 03=2>(7>* -4?)/16, 

(1,= -(16q^-2ip^q + 5p*)im. 

6. 0-99891245. 

10. 564-99646 ; error less than 0-000008. 

13. a=6-=4, c=-2. 14. l/v'2 =0-7071. 

16. Fifth term = - 5/6144 ; cube root =0-856. 

17. N + a/Sm- 2a=/25iV* + 6a»/ 125iV>< - . . . . 

18. (l-a:/3r^; 243/32. 19. (8/9P = l-61. 

24. a: + a:* + 7a:’-t-13a^-f... ; {3»'® -( -2)"*2 - 5)/30. 

26. 2/(l-2j:)+(a: + l)/(a:2 + l); 3 -t5a:-t7a:= + IS*® -t-SSx* + ... . 

27. 8/(4a:-3)-(6x-(-l)/(3x2+2): 

- 19/6 - 59x/9 -431x2/108 - 295x2/162 - ... 

28. {(4x - 3)/{ 1 + 2x)2 -43/(1- 3x)}/25 ; x -x^ + 9ifl -5x* ... . 

29. {(X - 14)/(4 - x)2 - (x - 6)/{4 + x2)}/20 ; - 2469 x 2-25. 

82. n(n + l){2n + l)IG; 4795. 

88. n(n-l-l)(2«-(-l)(3»2+3ft_i)/30. 34. n(M-4l)(n-42)(3JH-6)/12. 

36. »(»-4l)(»i-l-2)(ji-f3)/4. 37. nl(2n + l). 39. \nl(Zn + 2). 

40. l/{(l-x)2(l+a;)}. 

Exercises 2. (Page 31.) 

1. -123. 2. 4. 3. 0. 4. 6040. 5. -204. 6. -195. 

7. -972. 8. 12. 9. 234. 10. 8100. 11. 0. 12. 0. 

13. x = 22/13. 2 / = 157/117, 1=203/117. 

14. x = 865/203, t/ = 79/203, := -311/203. 

15. x= -12, y = 9, c= -2. 16. x = 22/41, 3 ^ = 18/41, s = l/41. 

17. x = l, y — 2, z—5. 18. x=4, y—5, 2 = 2. 

19. x=2, y = -2, 2=3, tfl=5. 20. x=l, y=3, 2 = -2, w=7. ^ 

22. x=0, 2 or -2. 23. x=Oor|-. 24. x = 6/2. 

25. x= -2 or -3. 26. x=2abcj{a^ + b^ + c‘-2ab-2bc-2ca). 

B,M. 465 (j2 



HIGHER MATHEMATICS 


466 

27. x = 

28. x=c + a±{b +d)t or :^s/a^ + + -hd^ -2ca -2bd» 

29. (c+a)®=6*. 


30. 


32. 

35. 

37. 


(oa+6* + c2 + f^2)2. 

+012^2 I 

ajb^ + aj)2 V +^2^ I 

47 46 1=22. 

69 68 


30. 2 


93 - 18 70 

- 9 29 23 

36 23 69 


= 676. 


1 1 -2 

2 -1 1 

a b c 

181 182 1=361 

182 186 1 

7 2 8 1=78. 

9 4 9 1 

I 10 12 11 ! 

40. I 3-i 7-5il. 

I -7-5i 3+i I 

42. {a^+b^+c^-Zabc)^. 


= 0. o=-l. 


44 . 4{x-\'y + z)(a + b +c)(a^ + b^ + c^ -ab -be -ca)^. 0 . 

48. A = sin a; cos x. 49. - 2. 

50. a = 0, or 2, a: = 0 or 2, y=0 or 10. 51. 2751. 


Exercises 3. (Page 63.) 

^ = 5, a = 63® 8' = 0«9274 radian. 3. .s = 5-5. 

sin* J5=r(a -c)/{6(a + 6 -2c)}. 13. 0- JwTr or ■3^2^{6n + ( - 1)”}^. 

0=n7r4-l*1071, ?i7r + 2‘0346, J(6ti + l)7r, or '|(67i + 6)7r. 

0 = i(4n±l)Tr, or i(nTr + 1-4940). 16. 0 = i-n7r, or {2n +( - l)’»}ir/16. 


2 . 

10 . 

14 . 

15 . 

17. 6=lmr, 2(n7r ±0-6590), or |(6n±l)7r. 

21 . 


18. a; = 3. 


22 . 

28. 

24. 

25. 

26. 
27. 


30 . 


If CO be produced to meet the circle again in C", this point represents 
the second value. 

^+^/3+|V3^ i +^/3 + (-|V3-2)i, 5-3!, J - - (1^3 +2)!, 

^-C/3-i|-s/3.t. 

(i) 2(p2-?W +?*)*: 

(ii) (tan x sech® y+i tanh y sec* a:)/(l +tan* x tanh* y). 

6-403 (cos 38° 40' + t sin 38° 40') ; Sq. rt. = ±(2-388 +0-8377i). 

3-060 (cos 140° 10' + i sin 140° 10') ; Cnbe roots=0-9954 + l-057t, 

- 1-413 + 0-3335!, and 0-4176 - 1-391!. 

J log (o* +5*) +» tan-’ 6/a. 

(i) r = 113, 0=-7°38', Product = 112 -15t. 

(ii) r=2641, 8= - 132° 43', „ = - 1792 - 1940!. 

„ 0=- 12° 43', „ = 2576 - 681-6!. 

„ 8= 107° 17', „ =-784-7 + 2622!. 

2 ^ 2 a£+a*jh!/* _ 2ay 

a:* + 2oa:+a*+y*’ PT?/*~a*’ 

a: = (tt* +»*-«)/(«* +!t*-2« + l), y= -vj(i^ +u^ -2u + \). 
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^ ® RWLp - Cp). 

82* cosh 1 cos 1 + i sinh 1 sin 1, s/cos^ 1 +sinh^ 1 (cos 0 + i*sin 0 ), where 
0-tan“^(tanh 1 tan 1). 

a = n/1/(cos‘‘* p + sinh* p), b — tan“^ ( cot 2 >/tanh p), 

34. (a* + 62)4pe-9 un-^fr/w^cos + i sin ^), where <4 — ir/ log (a^ -f- 6^) + ® tan“^ - • 

b ® 

Expression will be real when p tan~^ - = - log (a^+b^), 

a 

88. 0-52110, 1-12763. 40. 0-4055. 

42. 2tanha!/(l+tanli2x), ^ = |(S + 7i), B=^(5-7i). 48. x = 2-23. 

44. X =0-4055 or 0-2231. 45. x = 1-85. 46. x = 0-1. 47. x = 1-253. 
48. x=0-47. 49. x = 0-9163. 60. x=0-6931. 61. x=0-6101. 

62. (l-ae"ri; ^{(1 -ae»»ri +(1 -ae-«ri}. 


53. sin 


. r 1 W-1 1 / . TT 


V'' 


A 


54. {n sin x cos x + cos (n-\-2)x . sin nx}l{2 sin x). 55. e. 

66. sin » + « cos 57. sin {a + |'(w - l)i3} sin |^wj8/sin 


62. ^ log (1 +2x cosa+a;^). 


- TT 77 

61. (i) -q 5 cosec^ — , (ii) 2r cot — • • 
2n 2n 


Exercises 4. (Page 68.) 


1. 

i4=52‘’ 46' 

5 = 60° 1'; 

c=64°. 


2. 

a = 57° 46' 

6=39° 9'; 

c = 65° 34'. 


4. 

A=U° 58' 

6 =61° 46'; 

C=64°42'. 


5. 

A =74° 50' 

5 = 53° 32'; 

c = 78° 26'. 


6. 

a =67° 58' 

6 =78° 7'; 

c=56° 45'. 

Note. According to the 

7. 

^=52° 29' 

5 = 71° 22'; 

6=66° 15'. 

method employed and the 

8. 

a = 36° 36' 

6 = 77° 8'; 

5 = 82° 14'. 

use of four-figure tables. 

9. 

^=51° 16' 

6=47° 32'; 

c = 60° 11'. 

variations of a minute or 

10. 

6=c=B = 90°. 


two may be expected in the 

11. 

^=82° 56' 

6 = 51° 21'; 

c = 84° 24'. 

answers to Exercises 4. Re- 

12. 

a = 64° 24' 

6 = 39° 30'; 

c = 70°32'. 

sults within 5% of a degree. 

13. 

c = 86° 30' 

5 = 64° 12'; 

>4 =82° 48'. 

i.e. a variation of 3' may be 

15. 

^=88° 11' 

5 = 51° 12'; 

^7 = 62° 27'. 

regarded as approximately 

16. 

>4=58° 24' 

5=46° 30'; 

(7 = 94°. 

correct. 

17. 

A =56° 20' 

5 = 89° 46'; 

(7 = 48° 48'. 


18. 

>4=62° 28' 

5 = 57° 38'; 

0 = 100° 5'. 


19. 

>4 =36° 40' 

5 = 38° 24'; 

(7 = 120° 46'. 


20. 

>4 =63° 51' 

5 = 60° 45'; 

c=54° 18'. 


21. 

>4=66° 25' 

6 = 104° 54'; 

C=>79° 54'. 
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2S. «=66‘’36': 5=69° 29'; C = 100°36 . 

88. A = 117®37'; 6 = 32‘’37'; 0=63°66'. 

84. A = 87° 30' ; B = 63° 14' ; c = 26° 48'. 

88. A =49° 6'. 

80. A =5=0 = 76°; o=6=c = 69° 34'. 

88. A =64° 27'; 5 = 66° 68'; c = 88°38'. 

84. 3316 miles. 35. 2941 miles. 36. 3308 miles. 87. 1023 miles. 

88. 3618 mUes. 39. 6971 miles. 40. 6319 miles. 41. 6097 miles. 

48. 3867 miles. 43. 50 =24° 2' ; 55 = 29° 68' ; 5A = 62° 27'. 

44. 248-7 miles. 45. 47° 33' or 3287 miles. 


Exercises 5a. (Page 79.) 


1. 20* -17. 2. 18a:*+46a:-l. 3. -8/(.3a;»). 

4. 5. -6/(3a:+2)». 6. -28/(2a: + 3)’. 

7. lO^logelO. 8. dce^^. 9. log^a. 

lO. 4/(4a;-*9). 11. 4 sec’® 4a?. 12. 5a cos (5a? + 3). 

13. l/\/4o>-a!». 14. V3/N/8+2a!-3*». 15. 3o/(o» +9a:»). 

16. l/(2a:* - 2® + 1). 17. 2 cosh (2® + 3). 18. 4 /n/16®®-26. 


19. 6®* + l/®. 

81. 10(6®-1)(6®*-2® + 7)<. 

28. -4®(6*-®*)~^/3. 

26. 1/n/?>^. 

27. - 6 sin 2a? . cos®2x. 

80. 9 sec* 3a? tan* 3a?. 

32. a?(l +2 log 4a:). 

34. 2x log (a; + 3) + a?*/(x + 3). 

36. 4 sin a? + 4a? cos a?. 

88. sec* (a: + 5) log (a? + 9) + ■ 

89. 4a; sin (3a; + 2) + 6a;* cos (3a; + 2). 
41. sin (log a?) + cos (log x), 

48. 2c»*“ 2 * cos 2a?. 

46. 2(l+a?*)/(l-a?2)* 

47. -3/(2a;-l)*. 

49. a»/(a»+®»)^. 

61. (2 + 2®-®*)/(1 -®)». 

63. -®(®’*+3)/(l-f®*)i 

66. 2®(3®-10)/(3®-6)*. 

67. (39;5»-2»^69)/(6®* + 6®-9)». 


20. tan* X. 

22. Zx\l{a^ -Ha?*). 

24. -i(8®+3)/(4®»+3® + l)^. 

26. 4(l+tan»2®)/(l-tan»2®). 

28. - 4 sin - . cos® -. 29. cot x 

a a 

31. (2a;* -f 3a? + 4)/\/a?* 4- 2a; + 4 . 

33. (a?-a)(a?-6)*(5a? -3a-26). 

35. log cot a? - a? coscr* x . tan a;. 

37. 4 sin 3a; +3 (4a; - 3) cos 3a?. 


40. 4a6 sin® {bx +c) cos (6a; +c). 
42. €*(8in a; +COS a?). 

44. e-*^(3 cos 3a; - 2 sin 3a;). 

48. 2(a;*~a;-3)/(3+a;*)*. 

48. -55/(4ar-9)*. 

60. 4a6(a + bx)l{a - 6a;)®. 

52. (5a?*-6a?~2)/(a;*-a? + l)». 
54. -(a* + 2a:)/(a*+a?2)^. 

6p. - 7(3a?* - 10a? + 2)/(5 - 3a?)*. 
58. - 5o/{2(<i - 2a;) ^ (a + 3a;)^ }. 
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30!e(5+a:)a/(3 +*)'>. 


60. 28xj{2x‘ +5){4a^ +3). 


2(l-»-)/(*»+. + l)(^-. + l). 62. 

2 (sin x+x cos x)l{l - x^ sin^a;). 64. {1 - a;(log x)^}l{x{l +x log x)^}. 

{2 cos * log a log . 

2(62 - a;2)2x{log (6* - x^) - 2x^l{b^ - x^)}. 
e^{a cos (bx +c) - 6 sin {bx +c)}. 

l/(l+cosa;). 69. - (6 +a sin «)/(« +6 sin a;)*. 

« ^ _.2x-2 5x^ 

2xtan 33._2 + i3j;S_24a: + 13' 


3/(1 +*«). 

4^15* _ 4 . 

3{2-x)Jx 3(2-*)“®*" 

c* c* , 11. 

— cos — log sm — . 

a a ° X X a 

e*(sin®a: + sin 2a:). 


72. 1/2. 


sin (2a: - 1). 


75. (sin a;)*(log sin a: + a: cot x), 

77 y(^^ cosec 2a; - log tan a;) 

a;(2a: cosec 2y — log tan x) * 
79. y^l{x{l-ylogx)}. 

81. a:*^+''{(log a;)2 + log a: + 1/a;}. 

.l_2 

83. ar>^(l+loga:)+ar' (1-loga;). 
85. 2(1 -loga:)/a:2. 


. - (aa; + hy)l(fix + by). 79. y^l{x ( 1 - ?/ log a:)}. 

. e^^x^ log ex. 81. a:*^+*{(log a;)® + log a: -h 

. - Jb^ -a^l{b-^a cos x). 83. ar*'(l +log a:) +ar' ^(1 - 

. l/(a;logx). 85. 2{l-logx)lxK 

. (tan X log sin x + cot x log cos a:)/(log cos a;)*. 

, {y sec^x- sin y)l{x cos y - tan x). 88. (1 - x)lx. 

. (a* + 2a«a:» - x*)l{[a^ +*2)- (a* - a?*)”}. 

. 2/(l-a^). 92. a/(a*+6» + 26a:+x»). 

. (i) - 5 . 10 log 10. (ii) sec a;, (iii) -6/\/3(2 -3a;-). 

. 2a; cot x'*\ 

, - cos X cosec* X ; abj{a^ cos* a; + 6* sin* x) ; 

^ ^ 3 l(a:-l)'‘+i (2a; + l)"'M 

1. t/ = 24-336ft. 


Exercises 5b. (Page 90.) 

1. 3(a:2 ^ 3(^2 2, 2(aa: -\-hy + g), 2{hx + by +/). 

3. 2a;/a*, -2y/6*. 4. 4a:/(a:* + ?/* +a*), 4y/(a;* +y* + o*). 

6. (a;* + 2xy - y^)l2{X^ + 2a:*?/* + ?/* + a:* + 2xy + ?/*), 

(y* + 2a:i/ - a;*)/2(a:* + 2a:*?/* + y* + a;* + 2xy + ?/*). 

6. ay + 2bx + 3.t*, 2y-\-ax- 2cy^. 

7. (1) 6a; +4?/ -3^ = 24. (2) 4a;/a* +.3y/6* + 32/02^.1. 

9. V. 18. 2a:3/, a;* ; a:(4y* + xy- 2a:*)/(a: + 2y). 

83. (i)2a:; (ii) 2a: + v*/2a:®. 
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Exercises 5c. (Page 100.) 

M. = maximum, m. = minimum, L = point of inflexion. 

1. M. X— -1, y = 2 ; m. aj=6, y= -106; 1. x = 2. 

8. M. x=2'5, y = 88 ; m. a;=3, y—81‘15; 1. x=2-75. 

8. M. a; = l, 2 / = 14 ; m. a; = 1-6, i/ = 13*75 ; I. a; = 1*25. 

4. m. x= ±3, y = 8, 5. m. x=0, t/= -4 ; I. a; = 5, 6/3. 

6. M. a; = l, i/ = 14 ; m. a; = 2, y=-9; 1. a;=0, 0*61, 1*64. 

7. M. a:= -0-5, y= -0-25 ; m. a; = 2, 2 /=:l. 

8. M. a:=4, y = l ; m. a: = 6, y=9. 

9. M. a;=4/3, y = 4/27 ; m. a; = 2, y=0; 1. a;=5/3. 

10. M. a;=0, y=8 ; m. x= ±J2, y=4; I. x= ±\/l~2. 

11. M. . 1 ;= 0*6282, 2 / =0*0669. 

12. M. 2mr + tau"^ a/b, y = s/a^+b^ ; 

m. a; = (2n - l)ir + tan“^ a/6, y — - sJa^ +6®. 

13. M. a;= -2, y — 0 ; m. a; = 4/3, y— -600/27. 

14. w/4. 15. r = 4*6 in., Z=9 in. 16. radius = 6 ft., side = 10 ft. 

17. 2=20 ft., r = 10 ft.. 18. 100. 

19. 9/(4ir 4- 18) =0*294, 9/(27r +9) =0*589, radius = 3/(27r + 9) =0*196. 

20. Side=6<s/2 ft., volume = 648 cu. ft. 

21. 66° 4' = 1 *153 radian, V =27rr3V3/27. 22. h:r =^2 : 1 ; 0*5773. 

23. 6 : d = l : 3. 24. a; =6 in. ; z=6^/3 in. 25. rj =2rlS ; 

26. r = 10^6/3, 2= 20^/3/3. 27. : 2i=2rV3/3. 

28. r=5 ft., 6 = 5 ft. 29. ^ = 7r/4 = 45°. 

80. Radius =6 in.. Arc = 12 in.. 32. a; = 23, Expenditure = £325 18s. lOd. 

34. M. a;=(2n7r+tan”^/3/a)//3 ; m. a;={(2w - l)7r +tan-^j8/a}/j3, where n is 

a positive integer. 

35. 24 in. X 12 in. X 4 in. 36. 8r^ = hK 37. r = 7, side = 14. 

38. Side = diameter = 2bl{mr + 4) ; Each =4. 39. 16*9 feet. 

40. CLuj^ = hgiYing\M^w^lR\Cu)^2L - i^^O) =2, giving 4M*I{R»C{4L - i2*C7)}. 
42. M. a;= -6+;V21 = -0*417, y=z -0*1966 ; 

m. a; = - 5 - ^21 = - 9*583, y = 0*948. 

45. a;=22/9, 2 = 5W132/^ 

Exercises 6a. (Page 109.) 

1 . 2 . tV( 2 ®- 6 )* 8. i(4-x)-' 

4. 5. i log (3* + 7). 6. ^+8*»(a: + l). 

7. 8. |®*-6a:+|. 9. glog(5® + 3). 

10. ^V(3* - 7)*- 11- » - 1 log (3* + 2). 

12. ^(*•+44) -**+4* -13 log (*+2). , 


18. iV*(^!’-25). 



ANSWEES TO THE EXERCISES 


471 


14. f(2o+a:)^. 16. +3o® log *). 

17. ^(4a:> - 4x - 3) + 1 log (2a: + 1). 

18. f {11 - 6x - 3a:i‘ - 2ar> - 6 log (1 - x)}. 

20. 3x + 9 sin x). 21. - g cos 5x. 

28. - 1 cos 2x. 24. log sin x. 


16. -A(3-2*)* 


19. J'(a;-sina;cosa;). 

22. log sec (2a; +3). 

26. 4 + 10 log 6 = 20-094. 


26. 1(36 -log 13) = 22-29. 27. ^(18 -log 5-5) = 6-4318. 


28. ^ (31 - 18 log 5) =2-7077. 29. 2 (log 35 - log 19) = 1-2218. 


80. 111. 31. :] log 3 -2 = 0-7465. 82. 0-2. 

83. }jTr. 34. 1. 36. 


36. l-ir =0-2146. 37. log 9 = 2-1972. 38. 10§. 

40. {x^ - 4x)/2 + 4 log {x + 2). 41. J log (a® + x^), i log 2 =0-3466. 

43. i(l + y^)-ilog(l+v2). 44. 1. 45. i/=x-l. 


1 . 


J 

X +2 x+Z* 


log 


Exercises 6b. 

a; + 2 
a; + 3‘ 


3 . 

6 . 


3 1 . (a; + 2)^ 

X + 2-2X-3' '°%2x-3+ 

^ ^ 1 
3a; - 4 4a; - 3 ’ 4a; - 3’ 


(Page 114.) 

2- jb + ^^3' log(x-2)(x-3). 

. 2 7 , 2x - 3 

■2x-3 7x + 2’ ‘^®7x + 2' 

®' i:-'3''‘x'74 ’ '"g(*"3)‘(x + 4)». 


8- 3^-4^' i'og(4-3x)-®log(3-2x). 

2 , 


9. 


2 3 

S-Sx'*'? -x’ 


;iog{8-3x)-31og(7-x). 


“• S^+:^2 + i^3' log(x-l)(x-2«x-3)3 


■(x- 2 )* 


*> 3 2, (2x-3)(3x-l) 

12 - ^+ 3 xrT-xr 2 = 

.oil 2x , _ x(x + 3) 

° xi ‘+4 ■ 

1 1 2x , 1+x* 

14. - - - — . + T-rr. ! Jog ^ 


1-x l+x''l+x®' 

„ 1 1 , 2+x 

yr^+^x’ '°8 2 -x 


’l-a; 2 ’ 
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2 2a: 4a; . , (a; -3)*(a;2 + 2) 


(a;* + 3)* 


17. 


3a;* 3a;2 


a;®-! 


Utiy I *U — X 


18. -- 


4a;4-l 


1, 


4^* + 2a: TT^^> log (2a; - 1) log (4a;* + 2a; + 1). 

-ft 1 1 1 1 , a+x 1, .X 1 , b-\-x 

a® -a;* ^a* + a;* -a;* * 2a ^^a-x^a a^2b ^^b-x’ 


20 . 


2a; -1 


2a; + l 


log 


O'* - a; + 1 


88. log 2--^= -0 0923. 


x^-x + l x^+x + l* 

21. log 2-5 =0-9163. 22. log 4 =1-3863. 23. log 15 - log 11 =0-3102 

24. log 2-86 = 1-0608. 25. log 2-5 = 0-9163. 26. log 6 - log 3 = 0-5108. 

27. log 4 = 1-3863. 28. log 7 + 3 log 2 = 4-0252. 

29. 3 log 6 - log 7 - log 3 = 1-7837. 80. log 3 = 1-0986. 

81. 9 log 3 -4 log 2 = 7116. 82. ^ 

84. A=2, S=0, £7= -1, D = 1 ; 0-6108. 

85. 8-8 +log 2 =9-4931. 

86. ilogtan|-glog(l+tan|^-^log (l-2tan|y 

87. log 1-026 =0-0247. 

88. 2 log 1 -26 - 0-5 + 1 - 2 tan-> 0-5 =0-6896. 40. 0-0965. 


, 1 1 4 +0; 

1. glos^-- 

A 1 1 

^ 10 °*a: + 3’ 

_ 1 , 3* -17 

72 3a: + 7 ’ 

- ft 1 -I X — 5 
20*°«— • 

-ft 1 , ax+b-c 
2ac aa;+6+c’ 


Exercises 6c. (Page 118.) 

1 nf . 

2 . 


1 , a;-6 

12^^^ a; + 6* 


. 1 , 11 +0; 

O 1 1 9+2a; 

24^^® 3 -2a;* 


11 . 


log 


14. 

ax -2 -2b 


2a(2+6*)*^®^aa;+2 
18. 0-046. 19. 6- 

21. 7r/20 =0-15708. 

24. 0^0004. 

26. (a*-a;2)-^; a;/{a*(a* 


42 

tan- 
ac c 

-6* 


lx 

6 -7a;' 

,ax+c 




3. 


1 .X 
gtan-‘g. 

1 . , a;+5 

gtan->-^. 


9. gtan-M6a: + l). 


12 . 


1 , 6a:- 

15*^ ^ 


1 , ax 
2ac 2c - ax' 
1 


17. g log 2+1^=2-1255. 


-26+6* 
fT = 1-2876. 

22. 0-446. 

26. log 6=0-17918. 

28. f tan-i J =0-2146. 


20. flog 170 + 1-4940 = 9-1977. 
28. log 2-08 = 0-7.324. 


+ a:»)^^}. 
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89. tV log 6 =01 194. 80. i (log 3 - 2) = - 0-22636. 

81. ^ log =0-861. 84. T cosec o. 

89. A =3, B= -2,C = l ; 37r/2 + Iog 2 = 6-4056. 

Exercises 6d. (Page 126.) 

1. 8sin-i|+^Wl6-a:*. 2. sin*’ |. 

3. ?*Va:“-36-18 cosh-if. 4. cosh-> -. 

o b 

6. ^a;v/a;2+81 +y sinh-^ 6. sinh-^ 

1 . 2/5 -T <»• _ 2 

7. 2 “ 2)\/a;“ -4a; -21 - cosh-^ — 8. cosh-^ — 

9. 32 sin-* -h 5 (* ■f3) •J55-6x-x\ 10. sin-* 

o Z o 

11. ^ (a; -I- 6)\Jx^ + 10a; + 106 sinh”^ sinh”^^-^. 

18. i (3a; - 5) - 119 - 24 cosh-i 14. ^ sin-i 

15. i {ax + b) s/a^a;* + 2ahx + rosli - ^ . 

16. - sinh“^ . 17, ^ gin-^ ~ +^(ax- c) slax (2c - nx). 

a c 2a c 2a ' ' ' ' 

18. sin-i-— . 19. 0-5952. 20. 21. 0-847.3. 

c Z 

22. log 3-5 = 1-2528. 28. 24. log 2=0-6931. 25. log 2. 

26. 27. TT. 28. log 2. 29. SItt/IG. 

80. 9-226. 31. 0-3107. 32. 97r/4. 33. 47r. 

84. IT la. 35. 119-6702. 36. 394-535. 88. 977r. 

39. y=asinha;. 41. 0-9707. 42. 7/ = log 3a; -log (1 +n/ 1 +x*). 

Exercises 6e. (Page 132.) 

1. {nx sin na; + cos na;)/n®. 2. Je^(cos x + sin a;). 

8. x(loga;-l)=a;log 4. a; tan'^a; -i log (1 +x2). 

5. " (a;* tan-^a; + tan-^r - a;). 6. ^ x^{2 log a: - 1) = ~ log 

7. .2l^{(2-9a;2)cos3a;+6a-am3a;}. 8. f (2a;2 - 1) cos 2a; + J^x(2a;2 - 3) sin 2a;. 

9. {x\ogx + {l-x)\oii{l-x)}l{l~p). 11. c"(4a;2+3). 
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12. e*x{x^ -Zx-k-Q), 18. c*sinar. 

15. e* sec x. 16. e* log x, 

18. 25- 19c = -26*64. 

20. c«^“-'o«log2 = l*319. 


14. 

17. (ca)*/log ac. 
19. (3c- 4) e8 =83*45. 

21. 8/81. 


22. = - ^(2 + sin^a;) cos x\ /Ss = - ^^^(8 + 4 sin-a; + 3 sin^a;) cos x, 

28. (>3=^(2 + cos® a:) . sin a; ; C'6=Yg^(8 +4 cos^a; +3 cos^a;) sin a:. 
24. 7^8=^ tan* a; + log cos a;. 25. 4/3. 

26. /g = 3 (a;* - 2) sin a; -a; (a;* -6) cos a;. 27. 0-5. 86. 7r-2. 


8/315=0*0254. 

1/120 = 0*0083. 
2/35=0*05714. 

8/15=0 5333. 

=0*2105. 

107^2/10080 = 0*0015. 
0*4003. 


Exercises 61 (Page 138.) 

2. 16/35=0*4571. 

5. t/4. 

10. 4/35=0*11428. 

13. -1/6= -0*1667. 

16. 37r/256 = 0*03682. 

5. 19. 2*1972. 

22. i log (v'S + 3) = 0*5876. 
1 . /9 -X 
\4x-9 


3. 37r/16 = 0*5889. 
6. 2/35=0*05714. 
11. 4/63=0*06351. 
14. 3/5=0 6. 

17. 1/60 = 0*0167. 
20. 0 1567. 

23. W6* 


^=6/17, J5= -3/17, (7=4/17. 


Iritegral = i js log + tan'* 


27. 0-04 (log 28 - log 3) =0-089. 


64/45 = 1-42. 29. ^TT. 

(o) log 2 ; (6) 7-5 + 8 log 2 = 1-955. 

““(2-i)- __ 86. 

tan-^ a/——-— - tan-* a/ ^ • 

M nx - a \ nx- a 

^2 . , ll~x^ 

2 Vl Vx** 

^ log (2-^/3). 




40. 37r/128. 


46. 0*4236. 


Exercises 7. (Page 151.) 


1. COSX = l-j^ + ^-.... 

X* aj^ 

8. coshx = l +.-2+j-^4-... 


2. sinhx = .x- 


[ 3+[5 + -' 


OrrS 

4. e*sinx=x+x* + y'^-^-.... 
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5. e*co8*=l+* 




6. sin a; cosh a; = a: 


sfi 

■^3 


12. log (1 +x)=x-x^l2 +a:*/3 - ... , log 2=0*6931. 

13. log -J = 0-2877. 16. cos-ix = ^ 


a:* _ 3a:^ _ 5a;’ 
6 "40 "If 2 


17. 8mh-i*_a:-i. . 

18. tanh"^a;=a; +a;®/3 +a;®/5 + 19. (sin-^a;)2=a;*4-^ 

U 

20. sin (X’i-h) =sin a; + A cos sin a; - JA® cos a; + ... . 

86. .4o = l, ^2 = 1/12, ^4= -1/720. 


+ 


8^ 

45 


Exercises 8. (Page 175.) 

1. a; = l*611. 2. a; = 1184. 3. a;=3*5, 2*5, -6. 

4. a; = 1+^13 =4-6056, or J(-1-^/13±\V13-T)= -1*9137, or -2-6919. 

6. a; = 0-2502, 1-343, -1*471. 6. a; = 2-35y ; a; = 96-35, y = 41. 

7. y= -1-195, 0 0895, 0-3522 ; a; = 2-34. 

5. f{x + 2)=X^ -25x^ + lU ; a;=-l, -2,5,6. 

9. a;= -1, 2, -^2±i. 10. a; =0-8284, -4-827. 

11. a; = l, 3. 

12. a; = 128° 41' = 2*246 radians, or 201° 38' =3-5192 radians. 

13. a; =0-8826 radian. 14. a; = 6186. 

15. a;=0-200064, 1-44036, -1-5419. 16. c = 4. 

17. a; = 1042. 18. a;=l-()08. 19. a; = l-44. 

20. 0 = 65° 30' = 1-1432 radians ; Chord =5-409 in. 

21. <?=48°55'. 22. a; = 7-08. 23. a; =0-1047 radian. 

24. a; =0-11 radian. 25. ^3= 54° 35-5'. 

26. LEOF is the solution of ^ + sin ^ +2 cos 0 = 2, which is 118° 9'; 

Radius =5-829 in. 

27. a; =2-84. 

28. If 0 be the angle subtended at the centre of the circular end by a hori- 

zontal chord drawn through the reading “ w-hundred gallons,” then 
0 -sin 0=O-O8n, from which the graph may be drawn. For the 
reading x ft. from the lower extremity of the vertical diameter, 
a; = 6^1 - cos For 500 gallons, 0 = 79° 12' and a; = l*1475 ft. 

29. a; = 1-4429. 30. a; =0-4578 or 3-314. 

31. a; = l ±^/6 = l-449, or -3-449. 32. a;=0-259 or 3-26. 

33. a; = 3-4563. 

34. a;= -0-5858 or -3*4142 ; ar= -0*7913 or 3*7913. • 

85. a; = 2, - 1 div/3= 0*732 or -2*732. 

36. a;=0or0*63. ?*7. a:=0*125. 
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Exercises 9. (Page 191.) 

Equational laws are only approximate. 

1. ^„=0124-f0-00005T. 2. T = 40^^ 46, F = 1400^^ ‘«5. 

8. P = 31t;i'’’. 4. w = 1-065, c =480. 5. 1F = 16A; + 4300. 

6. w = l-473; (7 = 1115. 7. ^=10, 6=0-273. 8. a = 2-6, 6 = 30*2. 

9. a = l-758xlO-S 6= -0-18. 

10. a = 3* 11, 6 = 1-064 x 10-^, c= -2-75 x lO'®. 

11. 0 = 8-3^2 + 2-64x10* 12. 1532 1b.; ±20-3, ±1-325. 13. 4*47%. 

14. 0=0*1779 or 0-1774 by approx, formula ; Percentage error =0-281. 

15. 0/f =5-084 X 10“® ; k reliable to nearest tenth. 

16. (2 sin ^ sin C . 06 + a sin ^ . 0(7 +c sin O . dA)l{b sin A sin (7). 

17. 0-13464. 

18. 329*8 sq. in. ; True area = 329-5 sq. in. ; Percentage error = +0-09105. 
20. -0*04527. 

Exercises 10. (Page 233.) 

1. 70. 2. Ja(26-a); Points are collinear. 

8. 2y=5x + l. 4. a=0or3; a; = 0 or 5a; -3y + 9=0. 

6. PQ=QT = 25^2,12; tanP0T=4/3. 

6 . z = {lx2 + rnx^}l(l+m), y = {ly%^my^)l(l-\‘m ) ; 17 : 49 ; 20 : 13. 

7, -3/2. 9. a; = a+r cos y = j8 +r sin 

10. tan-^ (167/12) =tan~^ 13-92=85® 53' approx. 

11. tan-^ {2 V62 - a6/(a + 6)}. 

12. Two lines are a;-7y + 2=0, 2a; + y-3=0; Anglo between them 

= tan“^ 3 = 71° 34' ; Parallel lines through (1, 2) are 
2a;2 - 13a;y - 7i/2 + 22a; - 41y - 52= (a; - 7y + 13)(2a; +y - 4) =0. 

13. 12a; -y -31=0. 14. a(y-/?)=6(a; -^). 

19. Two straight lines, 3a; =2, 3y= -7, 

20. An ellipse ; centre at origin, semi-axes 1-6, 1-2. 

21. Two straight lines, 3a; + y - 1 =0, 2a; - y + 3 = 0. 

22. Two parallel straight lines, 3a; + 4y + 2 = 0, 3a; + 4y + 1 = 0. 

28. A parabola whose axes are a; + 3y - 4 = 0, 3a; - y - 2 = 0, and latus rectum 2. 

24. A parabola whose axes are 3a; + 4y - 25 = 0, 4a; - 3y = 0, and latus rectum 1. 

25. A parabola whose axes are 15y-8a; + 3=0, 15a; + 8y + 2 = 0, and latus 

rectum 4/17. 

26. Two straight lines, 2a; + y - 10=0, 2a; + y=0. 

27. A hyperbola; centre (-2, -6), squares of semi-axes, 48(^5 + 2), 

48(v/5-2). 

28. A hyperbola ; centre (1, -3), semi-axes, ^2, 3^2. 

29. (a) Two parallel straight lines, a; + 2y - 1 = 0, a; + 2y + 3 = 0. 

(6) An ellipse ; centre ( - 1, -0-5), semi-axes 1, 1*5. 
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31. 5a;2 - 2xy+by^ - 20a; - 2Qy + 15 =0. 35; y=^2x. 

33. If a, h be the radii of large and small circles respectively, the ellipse 
referred to the point midway between the centres as origin and the 
line of centres as a;-axis, is 4a;‘^/(a +6)^ +4y^/{(a + 6)^ -d*} = 1, where d 
is the distance between the centres. Its eccentricity —dl(a + b), 

39. 10a;2+3y2=:l87;{0, ± ^/(l 309/30) } ; 20a; + 21y = 0. 

42. a;8+9y2=/-2; 6=2^2/3=0-9428. 43. e=J3l2. 

44. x^ja^ + (2xylab) cos e + _ gjjj 2 ^ 

(a) Two straight lines, (6) Circle of radius a. 

45. ay = (2a;* - a*) cos e - 2x\la^ - . sin e. 

47. Locus is 4a;*/6* - 4i/*/(a* - 6*) = 1 referred to BD as ar-axis and its mid- 
point as origin. 

49. l/r = A;+.4 cos (d + a) ; A .k. 

51. V = 170 ft. per sec. 


Exercises 11. (Page 2G1.) 

1. (a:-3)*+(y-4)* = 10. 

2. g^+P>c; {-g, -/); Zx^ + l2xy + Sy‘-24x-24y + 12=0; 

2^3. 

5. y = mx + aim , ; y ~ mx - 2am - am^. 

12. a = 10. 6 = 8 ; ( - 150/17, 64/17). 

16. 101x* + 48x1/ + 811/’' -330a: -3241/ + 441=0; m=4( -2± v'13)/27 =0-2379 
or -0-8305; {1, 2(23±2v/l3)/27}. 

24. (0-2, 0-4). 

26. XT,* + yi^ ={a^r,)^ ; (x - - (y - v)v* =0- 

28. 2y =m{3x - am^) ; m = 2;y/2/3. 

32. When ab -h^ is not zero, the locus is the director circle of the conic. 

When ab -h^=0, the conic is a parabola and the locus is its directrix. 

33. {l-2t^)y=t{2-t^)x-Sat^; 

(1 - 2l^)x + 1{2 - t^)y + 3a<(l - t)(l + < + Sf* + + t*)l(l + «®) =0. 

34. 6 =tan-^( ±2^6) =78° 30' or 101° 30' approx. 

Length of common chord = 8/v/6/5=3'9192. 

35. (0, 0) ; (2a, 4a) ; 90° ; 30° 58'. 36. 16° 19'. 

37. (0,0), 90°; {2aK\ ±8*afc*), taa.-^8*a*c*l(2c* + 3ah]- 
39. Tangents at (1-8, 2-4) are : 3a; + 4y = 15, 3y ~4a; = 0. 

41. At (±8, ±3), 2a;4-3y= i25, 3a; + 8y= ±48. 

At (±6, ±4), 3a; + 8y= ±o0, 2a; + 3y= ±24. 

Angle of intersection = 13° 8'. • 

43. c=0 or 4. 
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44. (i) t =200 sin 66°/gr =5*665 sec. 

(ii) Taking horizontal and vertical lines through point of projection as 

axes, a; = 2*555 ft. and 954*8 ft., 2 / =4*018 ft. 

(iii) Range =957*4 ft. 

45. Common point = (2, -1); Tangent, lly= 4a;- 19. 


Exercises 12. (Page 296.) 


1. p=a. 2. p=5/^y5p/2. 8. p = cosec a;. 

4. p=a;^(9a;^+4a)i/6a^. 

5. p = 3{axy)^. 6. p = i{a* -^9x*)^la*x. 7. p = Ja:^(4a-}-9a;)^/a. 

8. p=J(a; + a)*/a. 9. p = ax^(8a-3x)-l{3(2a-x)^}. 

10. p = 2a(l +w2)?/m3. 11. p=a cot 0. 

12. 70° 32' and 109° 28'; p=a/4. 

15. (i) 62±apv/3=0. 

/ii) / P (b^-2a^)+2ac p c2-a2i>2 + 6* 

\6« + 2ap (62 - a2) (ap - c) c _ a p + o . 

16. P(±\/6*4, ±\/0*6); pi=4N/r5/3 = l*633, P2 = 8*8n/M=13*05. 


17. a2 = 62; pi= -(a4 + 4c4)^/a2; p^^{a* + 4c*y I2c^ ; a8 + 2ca=0. 

18. ^=5a, n= -2a. 

19. At (0, 0), p = ic ; at (3c, 0), p = ic(9 +c^yi{3c - c* - 3). 

21. The length of the normal is y\^i+yi% and p = {l +yi^)^ly 2 f equating 

these and multiplying by 2yi : 2yiy^l(l +2/i^) = 2yi/y, the integral of 
which is 1 ■^y^—d?‘y'^. This on second integration gives 
ay = cosh (aa;+6), 

the equation of the required curve. 

22. p = - 2^/2/3 = - 0*9428. 23. p = Ja. 

26. p=2slarj3. 27. p=rcosectt. 28. p=a J2 . coseo- 20. 

29. A=a\ B=- 46 (a - 6)/(a - 26)2. 30. = 4ap2. 

47. 62 ft. 4 in. 


Exercises 13. (Page 337.) 

1. (a;+2)/5 = (y-l)/0 = (z-3)/(-5). y = l. 

2. a; + 2y=0. 1 s/6l5. 

3. ^ 2 +^ 1 ^ 2 +^1^2=0. a;/( -7)=y/ll=2/( -10). 

4 . l^ + m^ + n^ = l. x+y ^2+z=0. 

6. a; + 2y+4z-7=0. P is (3, -4,3). cos QPP= 0*7044. 

7. cos ^=ZiZa + ^i^ 2 +Pi^ 2 * Equations of faces are hs/2{x±y)±8z=0. 
- Edges are xj2l{±s)=yl0=zl{-h), and a;/0=2/N/2/( ± «)=«/( -^). 

^=cos“^{(2^2-«2)/(2A2+«2)}, where 5 = side of square base and 

/^=height =is \/cot2 Ja - 1. 
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8 . a;-4y + 23 + 4 = 0. 

9. 12a: -4^32 = 0. PN = 13. -ijON, -IjON, 20H30N), where ON 

= \/445/3. 

10. a»+6*+c®-(oJ + 6»i + cji)«. 11. (a:-l)/8 = (j/-l)/12 = (2-l)/13. 

18. 2. 

14. (i) 3a;- 6y- 72 + 23 = 0. (ii) 23/^83. (iu) 3U83, -SUSS, -7/v'83. 
(iv) -23/3, 23/5, 23/7. 

16. \/6/27, -19\/()/54,1K'(V54. sm-iN/Ti7^=38° 1'. sin- = 46° 39'. 

18. (2,1, -3). a; + 2/ + z = 0. 

19. 4/13, -3/13, - 12/13. (7, 4, - 10), ( -1, 10, 14). 

21. 2v/5/5. 126° 36'. 

22. Taking (x - a^)lli = (y - = (z - y^)ln^ ; {x - = (i/ - 

(z - y 2 )l'f ^2 equations of the lines, the condition that they should 


intersect is 



k 

^2 “1 

-aa 

=0. 




Wi 

mj ft 

-^ 2 ' 






712 7l 

-72 


The surface is 

2z- 


y 

X -a 

2(a- 

-x) 


2(y 

- 

a) 

z~2x 

a - 

y 


z - 

a 

2(a-z) 

2y- 

X 


i.e. 2a {x^ + y® + 2^) + 9a(a:y + yz + za;) - 9a- (a: + y + z) + 7a® = 14a?yz. 

23. 6i^. 24. 28. 

26. a;-a=y-^=z-7, where (a, 7) is any arbitrary point on the line. 

26. 6^/5. 

27. x^+y^~x {Xi + ajg) - y (yi + ya) + ^^1^2 + Vith 

{fn - klf -I- {<jn - hmf - n {fn - hi) {x^ + x^) -n(gn- hm) {y^ + y.^ 

-l-(xia;2 + yiy2)a2-=0. 

28. The line Ls (x - 1)/ - 3 = (y + 1)2 — z/13 ; its direction cosines are - 3/s^r82, 

2/v/182, N^r82/14 ; 1° 8'. 

29. ^Zl = 32 09 ft., (7i)- 27-48 ft., aBi> = 29-32 ft. 

lADB = U^ 17', .l/l/>C'=4r33', ^CDB^4:V 16'. 

30. D is 24/7 in. from vertex. 

31. Take A as (1, 2, 3), B, (0, 0, 2), C\ (0, 0, 1), D, (1, 0, 0), then 

AB — ^^y direction cosines are 1/^/6, 2/^6, l/\/6. 

AG = Zy „ „ „ 1/3, 2/3, 2/3. 

^/)=v'13. „ „ » 0, 2,V13, 3/^13. 

CD =yJ2y „ „ „ -1/J2, 0, l/v/2. 

^ 8(7 = 1 , „ „ „ 0 , 0 , 1 . 

BD=J5y „ „ „ 1/^/5, 0, 2/^5. 

The edges are : A BCy 2x — y; A BD, 4a; - 3y + 2z = 4 ; ACD, • 
2a;-3y + 2z = 2; BCDyiy—O. 

Volume = 1/3. . 
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82. 82° 48'. 34. X=3. 

85. a:2+2/2 4.22_2r(a; + y + 2) + 2r2=0. 

(2 - r)x + (1 - r)y + (3 - r)z = 14 - 6/, where r =3 ± 

36. 3177r/24. 

87. r=^14=3-742, w=;^10=3162, ^=tan-K'ro/2=57° 42', 

0 = tan-i 3 = 71° 34'. a;* + + ^2 _ 4^ _ 2^ = 4. 

r* - 4r sin 0 sin 0 - 2r cos ^ =4. -m* + z® _ 22 _ 42^ sin 0 =4. 

(2x - 7)a + 4y2 + (22 - 1 )* = 60. 

88. (1) Ellipsoid, (2) Elliptic cylinder, (3) Hyperboloid of one sheet, (4) Rect- 

angular hyperboloid. 

39. (a; + 19)/2 = (y+56)/5=2. 

^{{x - a)* + (y - + (2 - 7)® - Hx - a) - 7n{y - _ w (z - 7)}. 

The cone is (a; - 1 )« -h (y - 3)® + (2 - 2)» - I2(x - 1) - 16(y - 3) - 2(a; - 2) =0. 

40. An ellipsoid, p-* — 5(4/2 + 3m® + 12n2)/3. 

Points of contact ( ±2, il, ±2). 

42. afl + bgm + chn ~ (al^ + bm^ + cn^)(ap + bip +cU^ -\) ; 

{ax^ 4- 6y^ + 02^ - 1 ) (aV^ + bm^ + ai^) -f {alx -1- btny -1- cnzY — 0. 

48. Let {x - a)ll = {y - p)lm = (z -y)ln be the given axis, and a the radius 
of the cylinder. The sphere whose centre is (a, jS, 7 ) and radius a 
has for its equation (x - a)^ + {y- + (2 - Let (x\ y', 2 ') be 
any point on a line parallel to the axis, then any other point on this 
line is given by a;=a;' + ?r, y=y' + wr, 2 = 2 '+??r. This will meet the 
sphere where (x' +lr - a)® + (y' + mr - + ( 2 ' 4- nr - 7 )® = a^, i, e, 

r* 4- 2r{lx' 4- my' 4* nz' -al- - yn) 4- (x' - a)* 4- (y' ~ 

4-(2'“7)^ -a* = 0. 

The line will therefore bo tangent to the sphere if the roots of this 
quadratic are equal, i.e. if 

(lx' 4- wiy' 4- nz' -al- - ynY = (x' - a)* 4- (y' - + (2' - 7)* - a*. 

This equation will therefore represent the locus of all tangent lines 
to the sphere parallel to the given line, i.e. it is the enveloping cylinder. 

(1) For the axis given in the question a = l, j8=0, 7 = 3, 1 = 21^6, 
m = llsJQ, n — - 1,V6 ; hence the equation of the cylinder becomes 

(2a; 4-y - 2 4- 1)V6 = (a: - 1)2 4-y2 4- (2 - 3)2 - 4, 
or 2a;2 4- 5iY + 62^ - 4a;y 4- 2yz 4- 42a; - 16a; - 2y - 342 + 36 = 0. 

(2) 2v/4±;p=6-35 and 1-83. 

44. ( 6 a; 4- 4y + 22 - 15)2/45 = (a; - 3)* 4- (y - 1 )2 + (z 4 - 2)^ - 4. 

Tangent plane is Za; 4- my 4- nz =0, where I = 10(2a - 2/3 - 7 - 6 ), 
m = - 20a 4- 29^3 - 87 4- 16, n = 2( - 10a - 8/3 4- 4 I 7 4- 120), (a. jS, 7) being 
the point of contact. 

46. 47r s/33719. 47. 107: 126. 

48. Semi-axes of ellipse are \/(4 ±^Z)IIS ; eccentricity =0*7776. 
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ftO. xx'ja^ +zz'lc^ = \. To solve the second part of the question, 
let {x-a)ll—{y-p)lm={z-y)ln—r be any chord of the quadric 
ax^ -^rby^ +cz^ — l, then the chord intersects the quadric where 
a (Zr + a)* + 6 (mr (nr + 7)2 = 1 , 

t.e. r* (al^ + 6m* + cw*) + 2r (aal + b^m + 0771) + aa* + 6^* + C7* - 1 0. 

The roots of this quadratic will be equal and opposite if 
aal 4- b(im + cyn = 0, 

in which case (a, /3, 7) will be the middle point of the chord. Elimi- 
nating Z, m, n by means of the equations of the line, 
aa(x -a) +b^(y - ^) +07(2 -7) =0, 

which is the plane containing all chords bisected at (a, /9, 7). In the 
question a = l, /Ji = l, 7 = 1, a = 1/4, 6 = 1/9, c = l/16, so that the plane 
required becomes 36a; + 1 6.y + 92 = 61 . 

50. 12a; -H 3y + 8z = ± 36. 32a;* + Sxy + = 64. 

61. (5v'6/3, ±v/3/3, 0); Diameter = 4*8. 

58. 3a;+y + 2 = x/ 22 -4. 3a; + y +2 -3n/11 +15=0. 

5^, Ixja^ + mylb^ + 7izlc^=0 ; a;/3= ~y/4 = 2/0 ; a;/16 = y/4 = 2/19. 


Exercises 14a. (Page 352.) 


1. «= 98- 12, .4=1440. 

3. 5 = 10-33. 6. .4 = 167r, 

9. ^=3. 10. .4=57-16. 

12. 5 = 86(a + 6)/a. 13. 5 = 8a. 


2. 609/240 = 2-554, .343/160. 

6. .4=97r. 8. /I =100. 

11. s — 8r, .4=37rr*. 

14. 8 = l-5a. 15. 5 = 24. 


16. 5 = 2a(3\/3-l). 17. s = ia^ -b^)lab. 19. 5 = log 3-2 = 1-1632. 

20. 5 = 12-21. 22. 5 = 2a{\/2+log(v/2 + l)}; 22-95. 

23. 5 = 2-4141. 24. .4=62-8 sq. in. 

25. (1) 1-435 X 10^ ; (2) 1-65 x 10^ 26. a= -3, 6=9. 

27. A = 7ra6, 6 = 7. 28. w = 7r/46, ^ = 0- 109. 29. 5 = 497r = 1 53-9. 

30.5 = 1-015. 31. .4 = Ja*. 32. .4 = -^Vra*. 33. .4=208. 

34. ^ = 14^/3/5. 37. 3a%/1662. 40. 128a2/’l5. 41. .4=20. 


Exercises 14b. (Page 362.) 

1. a = 3-036, 6=0-142.3, K = 1617. 2. 167r = 50-24. 

3. 6l7r/1728 =0-1109. 4. a = l-32, 6 = 0-5, P = 37-53277r. 

5. F=27ra/t*. 7. F =27r(15 - 16 log 2). 

8. F = \h(2ab + a/S + a6 + 2aj8), 4750 gallons. 9. 51807r/3. 

10. 8=^^Trr\ F = 57rV3. 

11. /8 = 47rr(r sin a-ra cos a +<Za), (a) S = 47rr*(8in a - a cos a), 

(6) iSf = 47rr* sin a. (c) S = 47rr*. 

12. /S' = 27rr*(7r - 2). 13. V = 1642 cu. ft. 14. F =3407r/3. 

15. r = 12-5 in. ; F =8-746 gallons. 
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16. F=^ir(2r»-3r><J + (P), (o) F = f5jrr», (6) F=|7rA(A“ + 3o*). 

14-67S gallons. 

17. Fi=3889f cu. ft. r = 10-5ft. 20. S, = 74-9)r, S,=86-968jr. 

21. F=216ir. 22. Area = 384-8 sq. ft. 

24. F = §«i»(14 + 3)r). Side=3. 26. F = 23047r= 7234-56. 

26. (a) ^0=11-25 ft., CD = 1 ft., AB = 13-25 ft. ; (6) S=699-5 sq. ft. 

27. F=iirJ-'‘(A+c). 28. ^irr{slir^ + (h -~cf + 2 (r + ft + c)}. Area = 2-57r. 

29. g {(2f» + 6«)(ft - a) - 3a6(r - 6)} + — , 

2-552 cu. ft. 

80. r=5-5m. 81. S=2Tci* F = Jttc® ^e + 5 -4^ 

82. S = 16r*, F = -\jM. 88. F = ;‘ir<i6c; radius = 6. 84. F = 216s-. 

85. S = 128(n/2 + 1)toV 1216, F = 128iro»/510.3. 86. F = i7ro». 

37. 3*3 cu. in. 


1. 1070. 

4. 3*65 sq. chains. 

7. 972 sq. ft. 

10. 20,448 cu. in. 

14. 1*000043. 

18. (a) 341*48 ; 341*3. 


Exercises 14c. (Pago 
2. 96 cu. ft. 

5. 756 sq. ft. 

8. 33,420 cu. in. 

11. 32,857 cu. in. 

15. 1360 cu. ft.. 

(6) 341*33. 


) 

3. 179*5. 

6. 1*94. 

9. 174,498 cu. ft. 
12. 1105*12 cu. ft. 


1 , » = 

4. x~ 
6. x = 
9. x = 
10. 3 5 
13. 3-5 

17. 2 = 


Exercises 15a. (Page 381.) 

2*44, y = l. 2. 2 = 1, y = l. 3. 2 = 2*56, y = 2*2 

1*12, y = l*6. 5. 2 = 2*4, y=005; (-48, -1). 

li ft., y = ft. 7. At the centre of hexagon. 8. a;=9in.,y = 6in 
Y^^(8 + 7 y/ 2)6, y = 'J(1 +^2)6, where 6 is the side. 


lb. 

in. 

2r sin \ d 


11. Mid-point of AD. 

14. PA:=44in., y = 25*12. 

1 o - 
1*- 


12. DO = 2^ in. 

16. y = 


'^ira. 


= ir. 

= 3A/5. 


2 sin 0 
"3^* “ 0 ”* 


4r 

21. *=y = 3-. 


19. y=ir. 

22. 2 = 4a/37r. 


24. .v = l/t (from base). 


20. y = 

23. 2 = 

26. 0*1 in. from centre. 27. 6*45 in. along axis from flat end of cylinder. 

28. 2 ? = 

30. y = 


_ 4 

F=3»-. 


sin®0 


4r 


20 -sin 20*^ Stt’ 


_ a -1-26 


89. » = g»'- 




81. 2=|?o=0-4647a, j? = ^o = 0-6304a. 


‘66 
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82. r=7m. 84. x=|a, y=|6, 5=|c. 36. 

1 sh 

86. (1) P= 3 *- (2) where a'^^r^^hK 37. 0-11 cm. 

88. y = 45 in., ^ = 14 in., y = 16‘5 in. Length of strip = 27 in. 39. 20*5 in. 


40. {a) J height, {b) J height. 41. a; = 20 in., 2 / = 4-8 in. 

42. a; = 16/157r, y = 128a3/1056V. 

43. Radius of section = {(a -6)i/ + 6A}/A, when not bearing load or 

when bearing load IL ; 

y = J(3a* +2aft +6*)/i/(a2 + a6 +6*), whore a, b are the radii of the 
larger and smaller ends respectively. 

44. 'x = lmlh, y=0, z = l(mW^4h^)lh, where m=tan 6 ; 1*76 ft. 

45. ^=2aM/3: *=36/6, j/=3aM/8; F=4 to^6«/5. 

48. =0-8459 : *=0-5126. 49. 109-2 lb. 


61. * = §a/{T-2), y = e6/(«--2). 


Exercises 15b. (Page 395.) 

1. (1) -rswP, (2) 8 in. 2. 1=2 ft. 

8. (1) Jmr». (2) mr* ; - r*. r = 14-75 in. 

4. (l)^.4^^ (2)^Al’‘, (3) tV^(P + 62), (4)^A(P-f62); W3, 2K/3 
•VV3. 29^3. 

6. (1) (2) (3) .i.l6»; 37044, 12348, 111132. 

6. (l)i^(o*+6»), (2) lA{a^ + b^);. 6 = 8. 

7. (1) (2) * = 2in. 

8. (1) hnaK (2) |TO(a»+6«) ; 6 = 16-6. 9. ; 1-67. 

10. — fc = 26-36. 11. * Jif(a* + 6»), 6 = 4ft.8in. 

4(o 4" tt) Z Z 

12. ^Mr^f A: = 56*2 ; Angle decreases by 45° 16' approx. 

13. (1) i\sMr\ (2) ■i^gM{3r^+2h^). 

11. h = \M{b^ + c^)-, h = Ul(cUa‘}; /,=^JI/{a» -46>) ; fc„ = 8-64, 

1-4 =5^5 = 11-18, ic = 6 = 13-42. 

16. k^ = i(p‘+pq+y‘). 16. TiV^f («*+ 6® +<-,»), fc = 8-5. 

17. = *=7-31. 18. 16 in. or 16 in. 

12 (o* - TT*) 

19. *»=J(o*-l-6* + 26*c»)/(ai' + 6*); 6 = 1 ft. or ^/6“4=2-324 ft. 

81. P = (5P + 20Pr + 45lr^ + 32r»)/(3/ + 4r). 

22. *« = .j^(976 + 285jr)o»/(14 + 37r). 

28. (1) *» = j6*(a + .36)/(a + 6), (2) *=0-996, (3) *=0-516. 
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84. p*=§(a»-6»)/(o»-6»), g»=|(a'-6‘)/(o>-6»); a = 19-3in. 

1 , , r /o r X AW 2 , , a® - 6® 

6 ^ o* +3*’ *■ 87. g K . 

88. 6 inches. 89. = + * = 37. 80. *=3(3ir + 8). 

81. 20*656 ft. per sec. 87. 19*53 ft. per sec. 

89. 6r*a;* + 3 (4^® + + 2 ®) = 20/ot®, where fx is constant. 

40. it =5*45. 

Exercises 16. (Page 416.) 

1. I _ I log 2 . 8. Ta<‘bchll6; ^ = 166/16®-. 

3. oV8. 6. a262/24. 6. 2roV8. 

7. Let yOX.4 be a vertical rectangular end having 07 = 4 ft. and inclined 

to the vertical through 0 at 30°, then total fluid thrust on this end 
is 750(2^/3 + 3) =4849 lb. Taking OX, 07 as axes of x and y respec- 
tively, the centre of pressure is 

* = 2^3=3*464 ft., y=:2(7 -2 v/ 3)/3=2*357 ft. 

8. {102 sl2 - log (3+2 v'2)}/(8a3). 9. 7 = ia®7r (46 + a®c). 

10. (4-V2)/6 + (x/2-3)7ra6/24. 

11. i4=37rV2(l -c)/2. F=j7rcV2(2-c). 12. 

14. i4P=c sinh {xjc ) ; Jc{c sinh (2a/c) - 2a}/{c sinh (a/c) - a} ; 
c{a sinh (a/c) - c cosh (a/c) +c}/{c sinh {aje) - a}, 

18. 64aV15. 16. log (1 +^/2) - 7r/4. 18. 121*47r = 381*5. 

19. 72.5: 1472. 88. zdxdy, l6(i>/9. 84. 7ro»V/12. 


Exercises 17. (Page 427.) 


r — 

0 

1 

2 

3 

4 

5 

6 

1. Ar 

38*92. 

-11*51. 

1*09. 

0*43. 

0-65. 

0*36. 

0*14. 

Br 

— 

14*03. 

3*72. 

0*95. 

0*55. 

0*17. 

— 

8. Ar 

58*04. 

-21*39. 

-7*16. 

-3*91. 

-2*41. 

-2*19. 

-0*96. 

Br 

— 

-0*11. 

0. 

-0*33. 

-0*14. 

0*03. 

— 

3. Ar 

66*08. 

- 10*05. 

- 6*59. 

-2*93. 

-0*12. 

- 0*49. 

-M3. 

Br 

— 

51*14. 

-0*03. 

1*40. 

-0*86. 

Ml. 

— 

4. Ar 

11*10. 

1*75. 

0*75. 

0. 

0. 

0. 

0. 

Br 

— 

9*84. 

0*66. 

0. 

0. 

0. 

— 

6. Ar 

9*62. 

4*89. 

1*26. 

0*29. 

0*10. 

0*18. 

0*06 

Br 

— 

3*07. 

0*35. 

-006. 

2*31. 

0. 

— 

15. Ar 

11*8. 

9*95. 

1*05. 

0. 

0. 

0. 

0. 

Br 

— 

-1*28. 

0. 

0*03. 

-0*03. 

-0*04. 

— 

6. m = 

12a(7r- 

2)1^- 







7. a; = a(l - cos ut) +l ~ls/l - sin^a;/ 

=a(l - cos cot)+fi^{l - cos 2ut)IU, approx. 
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9. -Y*'- sin. rxjr, =7r/2-4/«-. X cos (2c-l)a:/(2»‘-l)®. 

r=l r=l 

11. - 1) = J + 2 cos rxl(r^ + 1 ) - 2 sin rxl(r^ + 1). 

r=l r=l 

15. See under No. 6. 


Exercises 18a. (Page 430.) 




!• yi=ycotx, 2. yi=2^. 8. i/i{l +x^)=xi/. 

4. a;yi(a;®-6) + 2y(a:® + 3)“-a;2=0. 5. (i/i -i/ cot a;)(l -a;*) = X2/. 

6. x^yi+xy = 2s 7. 2xy2/i = (2/* - 1). 

8. 2a^yy^ = {2x^-^ y^)y^-x^. 9. a:(l -3a;2 +32/2)2/^ + {l +3(a:2 = 0. 

10. ic(y cot y - l)yj4-(l +a; tan a;)y=0. 

11- y 2 + y = 0- 12. xhj^~2y. 13. xhj^-^2xy^-2y-{^. 

14. 3a;2 (a; + 1 ) + 1 ) - i^^y^yi - ?/®) (a:* + 4a: + 2) = 0. 

15. a;2?/2 + a?yi + y = 0. 16. 3x^y2 + 2yi^ = 6xyi. 17. 2/2 + 2/i^ = 0. 

18. ^2(2 sin^a: - 3) + cos 2a: . cot a; - 4y sin-a; = 0. 

19. tan-^a: + 2 log (1 -^x^) +a:2}y2 + 6(l +2a; tan"^a;)(y -aryj) =0. 

20. xyy^ + ( 1 - 9xy)(xy^ - 2/)3/i + ^^yi - S?/® = 0. 


Exercises 18b. (Page 436.) 

1. xy=A. 2. xy^—As 3. {y ■\-A)(x ^a)— -2a, 

4. .d(a; -3)eiy=a: -4. 6. Ay = 2x^ - ^x ->rl , 6. Ay = Bmx. 

7. y + A— e^ tB,nx, 8. .42/® = (a; - l)(a; - 3)®. 9. Ay = e^^*x^(\-x), 

10. X =tan 1, e^=:A tan x. 

1 4- a:® 

12. y = {e'*'(sin a; -cos a:) +^4} sin a:. 

13. (a; - l)y = ^ (a: + 1) log e^(a; + 1 )(a: - 2). 

14. (a® 4- b^)y -1-446"“^ = a cos bx-\-b sin bx, 

15. y = (a: - 2)2 (a: 4- 1 ) log x4 (a: - 2)2 (a: 4- 1 ). 

16. y tan^4-i4=2 log +sin2|^. 

17. y2(J tan® a; 4log cos a; +.^4) cos a: = l. 

18. ^(\+x-y)=Ay{\-^x). 19. y2(l +^e-t»«"‘*) = l. 

20. x=y^x + 2) log A . 23. 2y = {x - l){x-2). 

•>Jx + 2 + l 

28. eJ(3-a:)=4(2+a;) : j; = 8 log 2=5-5448. 27. z = 0-038in. 

28. (Aii‘ + l)r=M>r{(#i*-l)cosfl-2M8in9+2Me'‘('’~2)) ; T = 178-4. 

30. 9e®''y + 7 = 3(3 -a;®)a: sin-^a; 4 6\^i - a;® + (1 -a:®)^. 

31. 4y 4-sin®a: cos a;(l 4-cos®a;) = 0. 32. kv = g coa a {I 

33 . y =x(x - 2){x + 2 log (x - 2)}. 
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84. (6® + a*p*) y = c (6 sin ~ ap cos pt) -H ; A = ocp. 

35. aycw/'*=c<+^. 

87. o;»(6a + 1) + a(h sin ^ - cos 6) + ia(l - hJZ)e^^^ 3-®) =0. 

88. 27a;=9<3-6<+2+27^-2<+^e~8f. 39. +a;2 =0. 

40. 2y + * sin a: + 8m3 x cos a;=^ sin ar. 

Exercises 18c. (Page 444.) 

1 . x = acosb)f. 2. 5=ut + Jat*. 8. i/+2=e®“®. 

4. y = -4 cos na; + ^ sin wa;. 6 . 3-m=4cos<. 

6 , «*=a* + i*. 7. f/=^e3* + 5e“*. 8. y=Ae^-\-B^. 

9 . y = e3-®(^e** + = e^(G cos x + D sin x). 10. ye^ — .3 sin 5a;. 

11. x = (A+Bt)e^^. 12. y = (^ cos a;\/0'll + -B sin a;\/011)e“°’^*. 

18. y = (A cos ia;^7 + 5 sin \x,Jl)e~^‘, 

14. a=tan(^ei-5* + 5e0-5*). 16. y^Ax^-^ + Ba^K 

16. y = Ax-^ + Bx~^'^. 17. y — {A^B log a;)a;’ K 

18. y=^{A cos (i>y7 log a;) + ^ sin (\>Jl log a;)}a;^. 

19. y={A cos (J\/n log a;) +5 sin (is/ll log a;)}a;“^. 

20. 24cy=v)x{l-x){l^ + lx--x^). 21. y=d siaxslcw, 

22 . w = wl4cl^. 23. ky = -^-gw{2x^ -Zl^)x^ + -^^jwl\ 

34. (i) 6cy = TFa:* (21 - a;), (ii) 24c2^ =wx^ (Ql^ - 4lx + a;*). 

25. (i) 48cy = Wx^ (21 - 4x). (ii) 24cy = wx^ (x - 1)\ 

(iii) My = If a;(5 - 1) (x^ -{-8^-2sl); ya = k (I - s)^lcl 

26. /x*5 = log cosh yjct ; ^ = 9*018 secs. 

27. 24y=ca;*+4aa;3 -4/3a;(cZ + 3a) -6cl- 16a. 80. 2y- 3 =5 sin a;; a; = 

32. X = Ae-^^ cosh (t n//* - w* + B) ; No. a; = (^ + Bx)e-'^K 
38. When 6* > 4ac, a; =(4 cosh lA + B sinh 
When 6* < 4ac, x = (A cos ijji + 5 sin 
When 63=4ac, x = (A where fjL^ = (b^ -4ac)l4aK 

Frequency = II(2ts/LC)=65. 

Exercises 18d. (Page 454.) 

6. y=(14e«* + e-«*)/336. 6. y = 3x3 + 32a; + 125. 

7. y = 13(3 cos 5x ~ 10 sin 5x)/545. 8. y = - (3 cos x + sin x)c**/10. 

9. 4y = (2x3 ^ I ) x-2x cosh x. 10. y = (x - 1 ) e®*. 11. y = x*c**. 

\2. 20y = lOx sin X + cos X. 18. y=Ae** -(x® +3x3 + 6x + B)6**. 

14. y=(Ae-^^^ + ^e-*) + J^-f^(^ sin 2x - 24 cos 2x). 

15. y=e“^*M sin(|^x^l9) + 5co8(-|^x.^l9)}-^(cos6x + 4sm5x). 

16. y = Ac®* + Bc”* - 4^x + (5 cos x -- 7 sin x). 

17. y = ( A sin X n/ 2 + 5 cos xy2 + 1^) e-K 


OiM 
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ANSWERS TO THE EXERCISES 

18. y = ^ + + Ce-^^ - 19. y = ae~^^ + ( A + Bx) e-**. 

80. y = (^ + ( 12 cos 3a; - 5 sin 3a;). 

21. y = + J5e* - ^'(9a;^ + 24a; + 22). 

22. y = A + ( J? cos 2a; + (7 sin 2a;) 

+ a;® + i 

23. y = ^e®-' + ^a;). 

24. y = (^ + J5a;)c-* + 4e* + 5(x2 -4a; + 6). 

1 fl® 

25. 7 = 4 + Se»* + Ce-»» - (Br* - 3a? + 7a:) + (sin a: + 7 cos a:). 

26. y-(A- 2x) cosx + B sin x. 

27. y =^e-’^ + ^ B + e-' - g|j (49a:2 + 84a: + 86). 

28. y~{A+Bx+ j^a;^) e'"*. 

29. y=[A-{-Bx-\- (36 - a) a;^ + + (C - \cx) e-^ 

30. y = (.4 + y\ya;) e-^-^ + ( B cos a; + (7 sin a;) c*. 

31. y = (A + y^x) 6* + Be-^ + O cos 2a; + i) sin 2a; - 1 cos x. 

32. y=Ae^^-\- Be-^ + Ccoa2x-\-D sin 2a; - yV + ’^)* 

^“iV* -^“TiV* 

33. y = (^+a:)e"^* + Be'*‘; ^ = 1, B=2. 

34. y = (.4 +Ba:)e«»+^(x + l)e» + js4j-(3x + l)e-». 

35. ij=z{A^ + Bz+i). 

36. y=z^{A cos (3 log z) + B sin (3 log z) +log z}. 

37. y—Az^ + Bcos (s^ log z)+C sin {s'Z log z) 

+ p {3 cos (2 log z) - 2 sin (2 log z)}. 

38. y = .4z® + Bz-*+Oz + ^’j)-(z’-2z-’). 

39. y=z(A+Bz+ Cz‘) - J(log z)* - Y log z - 1|. 

40. 1/ ~z{A + B log z - J (log z)“ + (log z)®} + z* + Cz"“. 

48. y=.lz+--Lz». 

Z o 

7i^Cl 

44. a; =.4 cos nt-\-Bamnt + -» r, . sin (ot. 

v? - (a^ 

45. x=i(A cos -/* + B sin t^7i^ -p)e-^^ 

n^a 

■^(i?^)* + 4^ 


{(n® - w®) sin cjt - 2fwcoB (at). 
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46. x=(Ae*''7^ + Be-‘''7^)e-A 

' + 8“ “‘-2/w COB 

47. n{n^ - (a^)x — e^-^* {n sin cot -o) sin nt). 

48. y~{A cos 5t + B Bin 5t)e-^ +{(50 - w®) sin ut - lOw cos a)Q/(2500 + w^) 
Amplitude =0*01414 ft. =0*17 in. 

49. y — {A cos 4« + J5 sin 4A)e-^ + (7 sin 2^ ~ 4 cos 2<)/195. 

As t becomes large, y-> (7 sin 2^ - 4 cos 2^)/195. 

60, y — (A-\- Bx)e^*, 

Exercises 18e. (Page 459.) 

1. x — Ae^^ + Be-^^ y=zEe^^ Fe-‘^^ where 4J^=5A, and SF = B, 

2. x — {A cos i 5 sin t)e-^, y~(E cos < + sin t)e ~^, where E=^A + B, 

F = B-A. 

Z. x = A COB fd-^ B Bin / jlU y = E cob yt + F Bin fit, where bE=fi- a, 

— bF—fi+a, and fi^ =a* -j- b\ 

4. y + z=2e*+A, y -z = i5<?-^. 

5. x—A cos Zt + B sin 3< - (14 sin 2t - 68 cos 20/5, 
y =X cos Zt + M sin 3^ - (16 sin 2t - 67 cos 20/5, 

where 5if=3A-4i?, -6Ir=4A+3i?. 

6. 4a; + 4y + z=Ae=^, x + Zy ^-z = Be-^, 7a: + 6y + 2z=C'e2«. 

7. a;+y + z=A, a; + 6(a4-Xi)y + (a + Xi)(6 + Xi)z=Aie^>^ 

a;+6(a + X2)y + (a + X2)(6 +X2 )z=A 2C^®^ where Xg are roots of 
X* + {cl + 6 + c)X + ab + be + ccl = 0. 

8. 12(X“y4-2)=6^-3+4e'+Ae-^, 

8a; + y + 5z = 8f/5 - 8/25 + 5c</6 + Be-% y - z = 1 + Ce~*, 

9. 4a; -Sly +6z=44 + A, 11a; - 20y +z = ile-*% 2a; + 2y + Sz = C7c"3s<. 

10. 14a; -3y -22 = 14 (cos 2^ +8in 20 +A, 2a; -y =sin 2i -cos 2i + 

41 (4a; + 3y + 2z) = 25 sin 2t + 61 cos 2t + (7e‘ 

11. x + y—Ae-^t^^, X -2y — Be:^. 

12. x-y —A sinh (2t + B), 3a; - 8y =(7 sin (/ + D), 

IZ, x~)f~ABinh{2t + B), 4a; - 7y =(7 sinh (f + D). 

14. x~A cos Zt-\-B sin Zt-\-C cos 2t + D sin 2t, 
y=AB\nZt-B cos Zt-C sin 2t-\-D cos 2t, 

15. M +v=e“* + 8in a:, w - y=e^ -sin a;. 

16. w = 2 or -3. For w = 2, 2a;=y = 6 cos 3/. 

For m= -3, Zx= -y~9 cosh t 

18. a; = Ae^ + Be^ - 5(277 cos t - 127 sin 0/1601, 
y—Le^ + ilfe* + 6(39 sin / + 41 cos 0/l^l» 
where - 16A/25, M=:2BI5. 
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